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Cohomologies Of Holomorphic Pullback Line Bundles In Smooth And
Compact Normal Toric Varieties

Both in type IIB orientifold compactifications with D3- and D7-branes as well as in
F-theory model building the need to compute the spectrum of localised zero modes
arises. This task can be formulated as the computation of cohomologies of holomor-
phic pullback line bundles. In this thesis we present the Koszul spectral sequence and
establish it as the optimal way to compute these cohomology groups. In particular we
present a Mathematica notebook that computes a first approximation of the Koszul
spectral sequence. Extending this notebook to compute the entire spectral sequence,
to improve the used algorithms and to apply it to model building is reserved for
future work.

Kohomologien Holomorpher Riickzugsgeradenbiindel In Glatten Und
Kompakten Normalen Torischen Varietiaten

Sowohl in Type IIB-Orientifold Kompaktifizierungen mit D3- und D7-Branen als auch
im F-Theory Modelbau besteht die Notwendigkeit das Spektrum der lokalisierten
Nullmoden zu berechnen. Diese Aufgabe kann formuliert werden als die Berechnung
der Kohomologiegruppen von holomorphen Riickzugsgeradenbiindeln. In dieser Ar-
beit prasentieren wir die Koszul’sche Spektralsequenz und etablieren diese als den op-
timalen Zugang zur Berechnung dieser Kohomologiegruppen. Insbesondere stellen wir
ein Mathematica Notebook vor, welches eine erste Approximation der Koszul’schen
Spektralsequenz berechnet. Die Erweiterung dieser Notebooks zur Bestimmung der
gesammten Spektralsequenz, die Verbesserung der verwendeten Algorithm und die
Anwendung des Notebooks im Modelbau sind fiir zukiinftige Arbeiten vorgesehen.
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Part 1.

A Motivation From Physics
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1. Why Cohomologies Of Pullback
Line Bundles?

1.1. From String Theory To F-Theory

Superstring theory is one of the most promising candidates for a unified description
of the standard model and gravity [, 2, B, 4]. In taking superstring theory seriously,
one approach to obtain the standard model from perturbative string theory is to con-
sider heterotic string theory models [6]. Another well understood perturbative string
theory corner is the perturbative type ITA string theory. There one can consider the
setup of intersecting D6-branes in type ITA superstring theory [6, [, R, 9]. In these
constructions the standard model gauge group SU (3) x SU (2) x U (1) can be imple-
mented very easily and in the past years many such models have been constructed
[0, @1, 12]. However, to date we are still missing the perfect model describing our
universe from such a construction.

Yet another well understood perturbative string theory corner is type I1B string the-
ory. The latter is very similar to the case of intersecting D6-branes in type ITA in
that the standard model gauge group can be easily implemented in constructions
with D3 and D7 branes on the internal Calabi-Yau space X3 [8, 9, 13]. We denote
the associated orientifold by Bs, so that Bj is not a Calabi-Yau manifold in general.
Whilst the gauge group picture is very similar in the type ITA and type IIB con-
struction, there is also a crucial difference - the perturbative description generically
breaks down in the type IIB situation [14]. Consequently one has to turn to non-
perturbative techniques to describe such models. F-theory provides such a means in
that the varying axio-dilaton from the type IIB picture is identified with the complex
structure modulus of an elliptic curve [I5, 06, I7, IX]. This elliptic curve is then
fibred over the three complex dimensional internal space B3. Thereby the internal
space X3 is replaced by the elliptically fibred 4-fold Y, in F-theory.

In conclusion, turning to type IIB for model buidling naturally leads to the study of
elliptic fibrations. A general feature of such fibrations is that they become singular
whenever the fibred elliptic curve degenerates. On a first glance these singularities
might look worrying and one might be tempted to restrict to F-theory models without
singularities to begin with. Surprisingly, the picture is precisely opposite. The singu-
larities of the elliptically fibred internal 4-fold Y, encode the gauge degrees of freedom
[d]. So focusing on non-singular F-theory models is not an option for model building.
In addition, the singularity structures allow to implement more general gauge groups
than available in type IIB constructions [19, 20, 21, 22]. For example Eg gauge the-
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

ories can be achieved in this way.

F-theory thus allows to handle non-perturbative type IIB string dynamics and ex-
tends the accessible gauge groups. In particular one can therefore use F-theory for
GUT model building [21, 19, 20, 22, 23]. Thereby one makes use of the fact that
the singularities of the elliptically fibred 4-fold Y, are in one-to-one correspondance
with the gauge groups along the 7-branes in the type IIB setup, the localised matter
fields at the 7-brane intersection curves as well as the Yukawa interactions between
these localised modes [24, 25, 21, 19, 20]. This makes F-theory an interesting setup
for GUT model building.

In most of the F-theory model building, the ellitpically fibred 4-fold Y; 5> Bj is re-
quired to admit at least one global section in order to ensure that we can identify B3
with a suitable subset of Y, . This restricts the elliptic fibration to be of Weierstrass
form up to birational equivalence [27, P&]. Hence the elliptic fibre can be described
as hypersurface in CPy3; parametrised by two complex parameters f, g

C(f,9):= {[Q%ya 2] €CPy31 , 3/2 -z° - fl'24 —926 = 0} (1.1)

Therefore f and g describe the shape of the elliptic curve. They are related to the

complex strucutre modulus of C (f,g) via a special modular function, termed the
J-invariant [28, 29]

. 4-(24f)°

j(ry= L O

A(f,9)

—e4 —e6
In the elliptic fibration, f and g are promoted to global sections of K 23 and K 23,
so that they become functions of the coordinates u; of the base space Bs. The
singularities of the elliptic fibration are then found to lie over the following set

(1.2)

A:={ueBs, 27¢° (u) +4f*(u) =0} c B; (1.3)

To analyse this singular locus further one has to resolve it. For this reason we require
that a smooth resolution Y} exists in which the singular fibres are replaced by suitable
chains of CP's. Over the irreducible components A; of A, the intersection structure
of the CP's correspond to an affine Dynkin diagram of an affine Lie algebra g;. Vector
multiplets propagating on A; and transforming in the adjoint representation of the
associated Lie group G; finally encode the gauge and matter degrees of freedom
(4, 30].

Recall that we required Bz to be non-Calabi-Yau. The reason behind this can be
seen as follows. First of all it can be shown that for an elliptic fibration Y; - By it
holds [37]

o (Ty) 2 e (Ts) - 8 2 (1) (1.4

In this expression the Poincaré dual of the irreducible components A; of the singu-
larity locus are denoted by [T';] and the vanishing order of A along A; is denoted by

Tn [26] F-theory on elliptically fibred 4-folds without such a section is discussed.
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

0;. Consequently Y} is a Calabi-Yau manifold precisely if

This strongly resembles Tadpole cancellation conditions in type IIB-theory. This
relation can be made more precise [4] and leads to the conclusion that the tad-
pole cancellation conditions from the type IIB picture are reflected in a well-defined
geometry in F-theory. In particular note that if Bs was a Calabi-Yau manifold, i.e.
c1 (Tg,) =0, we would find from Y} being a Calabi-Yau manifold as well, that A must
not vanish to any order on any irreducible component of Bs. This in turn would lead
only to trivial gauge dynamics as mentioned above. As the latter is not of interest
for model building, the case that Bj is a Calabi-Yau manifold is to be excluded.

In addition to these gauge symmetries we can enforce additional U (1) gauge symme-
tries. To achieve this let us recall that the elliptic fibration Y3 = Bj is required to have
one global section, so that we can identify B3 with a suitable subset of Y;. Suppose
now that we specialise the Weierstrass form of the elliptic fibre further, such as to
ensure the existence of a second global section. Then this additional section gives rise
to a new divisor class of the elliptic fibration. Poincaré duality relates this class to a
(1,1)-form w. The duality between F- and M-theory [30] finally allows to expand the
3-form potential C3 according to C5 = AAw+. ... In this expression A is identified as
the gauge potential of the new U (1) gauge symmetry |7, 08, 32]. Such constructions
have been studied extensively in F-theory model building [33, 34, B5, 38].

The interest in such constructions is based on the study of the GG4-flux associated to
the M-theory 3-form potential C'3. This G4-flux should be treated at the same footing
as the field strength in gauge theories. The field strength however does not provide all
data about the gauge theory, rather the gauge field does so. Consequently the 'gauge
field’ for the G4-flux in the F-theory construction is what one should look for. As
proposed in [37] this object should be identified with an algebraic cycle A € Z2(Y}).
An interesting long term objective is to investigate the validity of this proposal by
applying it to the F-theory model building. To this end the ability to compute
cohomologies of pullback line bundles is needed as we will point out momentarily.

1.2. Gauge Data In Type IIB Orientifold
Compactifications

Before we explain this reasoning further, let us first recall how gauge data is specified
in type IIB orientifold compactifications with stacks of D7-branes. We denote the
holomorphic 4-cycles in X3 that are wrapped by the D7-branes by D;. As pointed
out in [38], the gauge data for such a setup is specified by a family {F;} of derived
and bounded coherent sheaves on the holomorphic 4-cycles D;. Note also that the
existence of charged open string zero modes with non-zero vacuum expectation value
between the stacks on D; and D; is reflected in non-trivial sheaf homomorphisms
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

a;: F; = F;. To make contact with the Abelian U (1) gauge symmetries described
above, let us simplify this setup by making the following three assumptions.

e «a;; = 0. This means that all charged open string zero modes between the
D7-branes are massless.

o We restrict to Abelian gauge data.

Given these simplifications one would think that the gauge data is now specified by
holomorphic line bundles £; on the holomorphic 4-cycles. However in [3Y] it was
shown that this data is incomplete. To illustrate this let us for a moment consider
two D7-brane stacks Dy, Dy and holomorphic line bundles £y, £5 on the respective
holomorphic 4-cycles. We assume that Dy and D, intersect. Then on D;n Dy we can
consider the holomorphic line bundles £| DD, and Lo DinD,- Lhe enhanced gauge
theory on the intersection locus would naively be described by Ly|, p. ® La|p. p,-
This however is non-generic and to be more general one would specify how the two
line bundles glue along the intersection Dy n Dy. This data is provided by a gluing
morphism which is a meromorphic map between Li|j, p, and Lo|p p,. Here we
prefer to avoid this subtlety. For this reason we assume that all gluing morphisms
vanish and consequently the above-presented naive picture does apply. For setups
with non-trivial gluing morphisms the interested reader is refered to [40, #1].

In summary, given the above simplifications, the gauge data in a type IIB orientifold
compactification with stacks of D7-branes along holomorphic 4-cycles D; in the com-
pactification space X3 is given by a family {£;} of holomorphic line bundles on the
4-cycles D;. Had we worked with coherent sheaves instead, the localised zero modes
at the intersections Cy, = D, n D, would be described in the language of Ext groups
[@2]. Still the above assumptions pay off a second time, in that this description sim-
plifies to that of cohomology classes of line bundles. By setting La, = Ly|o  ® Ly|¢,
we thus find that massless open strings stretched between D, and D, are counted by

H' (Cap Ly \/Ke,,)  i=0,1 (1.6)

We require Cyy, to be a compact and connected Riemann surface. As proven in [43]
the spin structures on a compact complex manifold correspond bijectively to the
isomorphism classes of holomorphic line bundles S with S®2 = K, with K¢, the
canonical bundle of Cy,. By use of this non-trivial statement, we can shematically
state that /K¢, is a spin bundle on (. Unfortunately however, it was also proven
in [@3] that on a compact and connected Riemann surface of genus g there are 2%
inequivalent spin structures. This we exemplify in kecfion T4 where we describe the
4 different spin structures on C; ..

In conclusion we have to choose a spin bundle S on C,;. A canonical choice is made
by use of the embedding of C,, < D, [19, pp. 58]. By means of the adjunction
formula [d4] it holds

Kcab = KDG|Cab & NCab/Da (17)
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

In addition we have since X3 is a Calabi-Yau manifold

Kp,lo,, = (Kx; ® Ox, (Da))lc,, = Ox; (Da)le,,  Neowp. = Oxs (Dy)le,, (1.8)

The Freed-Witten-quantisation condition now ensure that the bundle
~ 1
T = 0% (D) ®Ox, (Dy) @ Ox, (5 [Da+Db]) (1.9)

is well defined. In conclusion, massless strings between D, and D, are counted by
HZ’ (Cab> Lab|Cab
In the mathematics literature there are many very elegant theorems describing coho-
mologies of holomorphic line bundles. For a holomorphic line bundle £ on a compact
and connected Riemann surface M, of genus g, it holds [44]

), i.e. the cohomology classes of a pullback line bundle.

B0 (M,, L)~ B' (M,, L) = deg (L) — 1+ g = [01 (L) (1.10)

My

The first equality is known as the theorem of Riemann and Roch. Apart from
Koidaira vanishing and Serré duality [d4] [45] the above result is the most impor-
tant result and can be used to constrain the chiral index of £. This result also shows
that the chiral index is only sensitive to the first Chern class of £. In particular
note that the chiral index cannot tells us the dimension of the individual cohomology
groups H' (L) but only their difference, as we see from the second equality in
Eion T10. Still these dimensions count the massless zero modes between the stacks
D, and D, and are what the model builder is really looking for. We conclude that
index theorems are not enough to determine the spectrum at the intersection locus
Cu. Rather additional techniques need to be used.

1.3. Gauge Data In Global Tate-Models In
F-theory

We mentioned already that the singularity structure of Y; = Bs encodes the gauge
data in an F-theory model. Therefore one is interested in studying this singularity
structure in detail. Such an analysis starts locally. Let us be more precise here an
state that this means that for a point p € B3 there exists an open neighbourhood
p € U c Bs such that for every p € U application of the Tate algorithm allows to
express the Weierstrass polynomial at p as the so-called Tate polynomial [24]

Py (2,y,2,P) = 2°—y* +xyza, (P) +222%as (D) +yz3as (P) +wztay () +2%a6 (D) (1.11)

Note that in this expression a; € Kii (U). So over U the elliptically fibred 4-fold Y,
is obtained by fibering the elliptic curves

C(p)={[z,y,2] € CPs3; , Py (2,y,2,D) =0} (1.12)
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

over U. The advantage of the Tate polynomial is, that from it A n U can be easily
read off. A summary of the so-obtained local singularity classification can be found
in [24, Table 2].

A special class of F-theory models are the so-called global Tate-models. In those
models on describes the fibration Y; - Bs not only locally, but globally by a Tate
polynomial. Then the local classification of singularities gives the global singularity
classification and one can easily read of the gauge degrees of freedom in the model.
Let us exemplify this construction on an SU (5)xU (1) y-model along the hypesurface

S={peBs, w(p)=0}cB; (1.13)

where w is a holomorphic function. To obtain such a model, which is also refered to
as a U (1)-restricted model, we now take the sections a; € Fi; to have the following
form [32, 46]

A =G1-W, A3=032-W, G4=0a43 W, ag=0 (1.14)

and require that as 1, ag 2 and a4 3 are not divisiable by w in the ring Op, (B3). Given
this setup we consider the following curves.

o Ci:={peBs, w(p)=ai(p)=0}
e Cs,={peBs,w(p)=as2(p)=0}
e Csy={peBs, w(p)=as3(p)- a1 (p)-asz(p)az(p) =0}

Due to the gauge enhancement new matter transforming in the 10, 5 and 5 represen-
tation appear localised on the curves Cyg, C5,, and Csy [14], which are at the same
time charged under the additional U (1) symmetry. The above representations of
SU (5) can in turn be split into the following representations of SU (3) x SU (2)

« 10 (3,2)+(3,1)+(1,1)

« 5 (3,1)+(1,2)
« 5 (3,1)+(1,2)

Those of course quality for interpretation in terms of standard model particles. The
only exception to this statement is the exotic (3,1). To rule this one out, suitable
fluxes have to be used [30]. We will not discuss this any further but rather focus on
the additional U (1), symmetry.

This U (1) y-symmetry corresponds to an additional divisor in the elliptic fibration.
Poincaré duality relates this additional divisor to a (1,1) form w, so that one can
expand the M-theory 3-form potential C3 according to C3 = AAnw+.... The A
in this expression is then identified as the gauge potential of the additional U (1) -
symmetry [I7, I8, 82]. This U (1), symmetry can be described by a holomorphic
line bundle £ on the GUT [37] and is oftentimes referred to as a G4-flux.

The particles on the Cg-curve carry charge —1, those on the C, -curve charge +3 and
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CHAPTER 1. WHY COHOMOLOGIES OF PULLBACK LINE BUNDLES?

the ones on the Csy-curve charge +2 under the U (1) -symmetry [47]. Consequently
the cohomologies of L], ® \/Kc,, count the number of matter states localised on
the Cjp-curve. Similarly the cohomologies of ,/3‘3’3|Cg ® /K¢, count the matter

states along Cj,, and the cohomologies of L#2| ® \/K¢,, the states along Csp.
Consequently this brings us back to computing pullback cohomologies.
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2. Why Toric Varieties?

In [A8] Witten introduced in the context of heterotic string theory a gauged linear
sigma model whose vacuum configurations form toric varieties. This is the most
prominent appearance of toric varieties in physics. For a nice exposition of this ma-
terial the interested reader is refered to [49].

Also type II superstring theories can make use of toric varieties once fluxes are intro-
duced. Then namely one wishes to stabilize the moduli of the theory. To this end
one has to use complex spaces with SU (3) structure, and toric varieties give a nice
means to construct such spaces as outlined in [50].

For our applications however the motivation stemms from the fact that for model
building a lot of computations need to be handled. For example intersection products
have to be computed. On toric varieties the intersection theory is so well-understood,
that it was even implemented in Sage [51] [62].

Before we mention yet another attractive feature about toric varieties let us recall
that an analytic subvariety of C" is a subset of C" that is locally cut out by the
vanishing of a finite number of polynomials. In particular the number of polynomials
that locally cut out the subvariety need not be constant. In case it is, one terms
such a variety a pure-dimensional variety. Note that analytic varieties are very gen-
eral and play a crucial role in the local theory of complex spaces, which naively can
be thought of as complex manifolds with singularites. In particular note that all
submanifolds of C™ are smooth analytic varieties. So handeling all submanifolds of
C™ requires the ability to handle all smooth analytic subvarieties, which for most
practial purposes is not the case.

Now let us look at CP". We pick homogeneous polynomials Q1,...,Q, and then
define the associated algebraic variety as the set

C={peCP" . Qu(p) == Qu(p)=0) (2.1)

Chow’s theorem now tells us that in fact any analytic subvariety of CP" is an algebraic
subvariety. This is a major simplification and should be contrasted to the case of C.
And this result even generalises to simplicial toric varieties, which includes smooth
and compact toric varieties, i.e. those toric varieties that we will focus on during the
major part of this thesis [62]. So we conclude the following.

Let X5 a smooth and compact normal toric variety and C' ¢ Xy, a manifold.
Then there exist a finite number of homogeneous polynomials @4, ..., Q, on
Xy such that

C={peXs, Qi(p)=-=Qn(p)=0} (2.2)
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CHAPTER 2. WHY TORIC VARIETIES?

This major simplification means that we can even in pratice handle every submanifold
of XE o

Yet another simplification for the case of smooth and compact normal toric varieties
is that an isomorphism class of line bundles is uniquely specified by its first Chern
class. Physically speaking this means that a U (1) gauge theory on Xy is uniquely
specified by its field strength. But recall that the first Chern class is only determined
up to C*-isomorphisms [44]. This freedom allows us to trade C*-line bundles for
holomorphic line bundles. The latter in turn are much easier to handle than their
smooth counterparts. This in essence follows from the observation that a holomorphic
function is much easier to handle than a smooth function. In particular this means
that the computation of cohomology classes simplies considerably. The latter has
been used to implement the computation of cohomology classes of holomorphic line
bundles on Xy in the cohomCalg algorithm as well as applications thereof [53, b4, b3,
56].

The ability to handle submanifolds, intersection products and cohomology classes
of holomorphic line bundle are all imporant in the model building. As all of those
simplify enourmously on toric varieties, we focus on such spaces.

'More details on this statement are given in Eection 2.
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3. Outline Of This Thesis

3.1. The Content

In this thesis we expect that the reader is familiar with the notion of holomorphic
line bundles, the first Chern class of a holomorphic line bundle, sheaves and coho-
mology of sheaves. In addition basic knowledge about toric varieties is required. For
convience of the reader, we give a discussion of all this material in the appendix.

In we discuss the notion of a holomorphic line bundle, its first Chern
class as well as its divisor. To exemplify these notions, we discuss holomorphic line
bundles on special manifolds - in [Appendix B on compact and connected Riemann
surfaces and in on complex tori C"/A. For the latter we make use of
the Appell-Humbert theorem, which classifies holomorphic line bundles on complex
tori. The complex 2-torus C, ; is a compact and connected Riemann surface which
is a special complex torus at the same time. Thus we can use the combined power
of both approaches to discuss holomorphic line bundles on C,; ; in a very detailed
fashion. Finally we introduce the topic of toric varieties in [Appendix D).

In the actual thesis we then describe the techniques needed to compute the coho-
mologies of pullback line bundles. We restrict on the study of the situation that a
holomorphic line bundle £ is given on a smooth and compact normal toric variety
Xy, and then pulled back onto an algebraic submanifold C' ¢ Xy. Note however that
the general techniques can be applied to far more general geometries.

We first discuss the notion of holomorphic line bundles on smooth and compact nor-
mal toric varieties in Parf Tl. This discussion includes computing the cohomology
classes of such line bundles by two means - first we present the classical way of com-
puting line bundle cohomology on toric varieties via chamber counting in Eection 63
and subsequently the modern and fast cohomCalg algorithm in Eection 64.

After that we present the sheaf exact Koszul sequence, which gives us a means of
computing the cohomologies of L], from cohomologies of line bundles on Xy, and di-
rect sums thereof. In particular we discuss how this sequence is evaluated by means
of the exactness properties in Parf 111 and point out that exactness is in general not
even enough to only determine the dimension of the cohomology classes of £]..
Whilst the evaluation of the Koszul spectral sequence by means of exactness prop-
erties has been implemented in the Koszul extension of cohomCalg [57] [64] and an
algorithm for the evaluation of the generic mappings in direct product of CP" has
been formulated in [58], a computer implementation that evaluates the Koszul spec-
tral sequence by use of the actual mappings and is applicable beyond direct products
of CP" is so-far missing. Here we aim to make one step towards closing this gap.
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CHAPTER 3. OUTLINE OF THIS THESIS

To this end we discuss the Koszul spectral sequence in detail in Parf TV. The tech-
nologies presented in this chapter are then implemented in a Mathematica notebook
whose source code is displayed in Appendix F]. Details on the implemented function-
ality is given in chapfer 13.

We mention that this notebook is so far only able to compute the mappings in the
FE-sheet of the Koszul spectral sequence. Therefore this solves only those cases that
the spectral sequence converges on the Es-sheet. Hence we present a computer im-
plementation which solves the study of pullback cohomologies onto hypersurfaces
completely. Whilst in fortunate cases this analysis can be enough to study pullback
cohomologies onto higher codimension loci, there are cases in which this is not the
case. Thus for those cases a full computer implementation is still missing. Extending
the functionality of the notebook to cover also these cases fully is reserved for future
work.

Finally we put our notebook to a use in a model building teaser in chapter 16. Study-

ing more models by use of our notebook is also reserved to future work.

3.2. How To Read This Thesis

The core of this thesis is to investigate the following purely mathematical question.

Given a smooth and compact normal toric variety Xy, £ a holomorphic line
bundle on Xy and an algebraic submanifold C' c Xy, defined as the common
zero locus of a finite number of polynomials @), ..., @, in the homogeneous
coordinates of Xy, how does one compute the pullback cohomologies L|.7

For this reason we aim at a rigorous mathematical investigation of this question.
Whilst such a rigorous exposition of the material is certainly in favour of a technical
reader, the non-technical reader might find it hard to work through this thesis in a
timely fashion. To bridge this gap we give summaries at the beginning of all parts
and chapters. These summaries give a brief and less-technical presentation of the
material covered in the respective parts and chapters. That said we point out that
there are essentially two ways to read this thesis.

1. The non-technical reader is advised to read the summaries.
2. The technically interested reader however should read everything.

The author hopes that this kind of exposition of the material allows many people to
profit from this thesis.

3.3. Convention

Our main source of reference for toric varieties is [62]. There Cl(Xy) is used to
denote the divisor class group. We follow this notation whenever we deal with toric
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CHAPTER 3. OUTLINE OF THIS THESIS

varieties. However, when we present material about holomorphic line bundles on
Riemann surfaces and complex tori in the appendix we use Div (X) to denote the
divisor class group on these spaces. The latter is in agreement with the convention
in [d4], which is one of our main sources of reference for general background on
holomorphic line bundles.

This convention can be confusing because Div (Xy) is used for the Weil divisors on
a toric variety, whilst Div (X)) is the divisor class group on X. To emphasise this
difference we reserve the symbol Xy for the rest of this thesis to denote the normal
toric variety associated to the fan . We hope that it will then always be clear from
the context, in what meaning we use these symbols.
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4. Summary

Let us recall that our goal is to answer the following question.

Given a holomorphic line bundle £ on a smooth and compact normal toric
variety Xy and an algebraic submanifold C' ¢ Xy given as the common
zero locus of a finite number of polynomials @)1, ..., Q, in the homogeneous
coordinates of Xy, how does one compute the cohomology classes of L|,7?

This we will achieve by considering the so-called Koszul spectral sequence. This spec-
tral sequence we will present in chapfer 12. For the time-being we suffice it to state
that it relates the cohomologies of certain holomorphic line bundles on Xy, with the
cohomologies of L|,. Consequently our first step is to understand the cohomologies
of holomorphic line bundles on Xy. This is what we do in this part of the thesis.
The task of understanding these cohomologies we divide into two tasks. First of
all we want to have a nice description for all holomorphic line bundles on Xy. In
smooth normal toric varieties such a nice description is given by the divisor class
of a holomorphic line bundle. This statement we establish in chapter 3. Secondly,
given this description we want to study the cohomology classes of the corresponding
line bundle. It turns out that if we restrict Xy to be compact also, the cohomology
classes are finite dimensional vector spaces whose bases can be expressed as certain
rationoms, that is quotients of suitable monomials in the homogeneous coordinates
of Xyx,. The latter we describe in chapfer G.

Let us mention that our main source of reference for toric varieties is [62]. In partic-
ular most of the theorems, lemmas, ...that we present on toric varieties are taken
from there. Whilst we omit the proofs of those statements here in order to give a
brief but precise exposition of the necessary material, the interested reader is refered
to [62] for the proofs and more details.
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5. Divisors On Toric Varieties

5.1. Summary

In this chapter we discuss divisors and establish them as suitable description of
holomorphic line bundles. Therefore we first discuss divisors in Eection h 2. A careful
treatment needs to differ prime, Weil and Cartier divisors. Let us first give the rough
picture of prime and Weil divisors.

e A prime divisor of a toric variety X is a special codimension one subvariety of
Xy.

o Let Dy,...,D, prime divisors and a4, ...,a, € Z, then D = ¥, a;D; is a Weil
divisor. The set of all Weil divisors we denote by Div (X7y).

On any toric variety one can consider the rational functions C(X). Given a prime
divisor D c Xy one would now like to discuss the vanishing order of f ¢ C* (X)
along D. As it turns out this is not possible in just any toric variety, rather the toric
variety has to be well behaved. This well-behavedness is phrased mathematically as
the condition that the local coordinate ring of X is normal [52].

As we point out in a normal toric variety X is biholomorphically equiv-
alent to the toric variety of a fan . So to give an example of a non-normal toric
variety we have to consider a toric variety that does not stemm from a fan. A
standard example of a non-normal but irreducible toric variety is the cuspidal cubic
curve

C:=V(2®-y?) ={(2,y) e C?, 2° —y* = 0} (5.1)

It can be shown that a curve is non-singular precisely if its coordinate ring is normal.
As it turns out C' is singular at the origin.

Whilst for curves singularity and normality are linked quantites, this is not true for
higher dimensional toric varieties. To shed more intuition on the term normal let us
cite from [AY] that normality is equivalent to Ry + Ss where

e R; means that the singular locus has at least codimension two.

e Sy is the so-called ’extension property’ stating, that every function defined on
an open set whose complement is of codimension at least two, extends to the
entire variety.

As special case, we obtain the above-mentioned statement for curves.
To cut things short, we want to avoid such subteties and hence focus on normal toric
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CHAPTER 5. DIVISORS ON TORIC VARIETIES

varieties Xy. In particular this allows for the following additional divisor construc-
tions.

o Let f e C(Xyx) arational function on Xy. Then the vanishing order of f along
prime divisors D; c¢ Xy can be discussed. It turns out that there are only
finitely many prime divisors along which the vanishing order a; of f is non-zero.
We then set div(f) = ¥, a;D; and denote the collection of these divisors by
DiVO (Xz)

o A Weil divisor D = Y, a; D; which is locally the divisor of a rational function is
a Cartier divisor. Those divisors form CDiv (Xy).

From the above we find Divy (Xy) ¢ CDiv (Xy) c Div(Xy). This allows to consider

e The class group Cl(Xy) = Div (Xy) /Divy (Xyx). Oftentimes the class group is
refered to as the divisor class group.

o The Picard group Pic(Xyx) = CDiv(Xyx) /Divg(Xyx). This group describes
holomorphic line bundles on Xy, [44].

So the task that we have set for is to find a map Cl(Xyx) — Pic(Xy) which is
bijective. On a smooth and normal toric variety Xy, this can indeed be achieved by
the following mapping. Let D € Div(Xyx). Then D gives rise to a divisor class and
also defines an element Ox,, (D) € Pic (Xyx) given by

(Ox, (D)) (U) ={f eC(Xx)", div(f)l, + D >0} u{0} (5-2)

Note that the above really defines a sheaf, so that for a complete understanding of
the above equation one has to know the sheaf theoretic picture of line bundles. This
construction we describe in Appendix A

This finally reduces the task of finding a nice description of holomorphic line bundles
on a smooth and normal toric variety Xy to finding a nice description of the class
group Cl(Xy). This we explain in Eecfion 53. To formulate the central result let us
mention that given a fan ¥ we can consider its ray generators X (1). Moreover note
that the proper definition of Xy includes the definition of an action of an algebraic
torus T' = CF onto Xx. As it turns out there are canonical prime divisors associated
to the ray generators p € 3 (1) which are torus invariant. These torus invariant Weil
divisors form the group

Divy (Xs) = @ ZD, c Div(Xy) (5.3)

pexi(1)
Now the central result is that the following sequence is exact
0 - Z" 5 Divy (X5) - Cl(X5) - 0 (5.4)

In this expression n is the dimension of the fan . Note that exactness implies

Cl(Xx) 2 coker () = Divy (Xx) /im (o) (5.5)
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CHAPTER 5. DIVISORS ON TORIC VARIETIES

This gives us a way of computing the class group of X and thereby, given that Xy, is
smooth, even the Picard group. The reader might find it instructive to see the above
in action. To this end we give a few examples at the end of Eection 53 including the
famous result

7 = C1(CP") = Pic (CP") (5.6)

Finally we conclude this chapter by presenting for completeness in Eection 54 that
in analogy to there also exists an exact sequence involving the Picard
group. This sequence could therefore be used to compute the Picard group directly.
However, as we focus on smooth normal toric varieties in this thesis, we find it more
comfortable to use the sequence in for the computation of the class
group and then to use Cl(Xy) = Pic (Xy).

5.2. Prime, Weil and Cartier Divisors

5.2.1. Prime Divisors

Definition 5.2.1 (Prime Divisor):
Let X an irreducible affine, projective or abstract variety. An irreducible subvariety
D c X of codimension 1 is a prime divisor in X.

Remark:
Recall that any toric variety is by definition irreducible. Therefore the above gives
the notion of prime divisors on toric varieties.

Lemma 5.2.1:
Let X a toric variety with coordinate ring C[X]. Then there is the following one-to-
one correspondance.

prime divisors of X <> prime ideals I c C[X] of codimension 1

Remark:
The notion of dimensionality of rings and ideals is given by the Krull dimension [60].

5.2.2. Weil Divisors

Definition 5.2.2 (Weil Divisor):
Let X a toric variety. Then we define the following.

o Div(X) is the Abelian group generated by the prime divisors on X over Z.
o The elements of Div (X) are termed Weil divisors.

Example 5.2.1:
Cn is a toric variety and we find prime divisors by

D;=V(X;)={peC", 2;=0} (5.7)
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CHAPTER 5. DIVISORS ON TORIC VARIETIES

since (x;) c C[xy,...,x,] is a prime ideal of codimension 1. Thus D := ¥1" ;| a;D; with
a; € Z is a Weil divisor.

Definition 5.2.3 (Effective Weil Divisor):
Let X a toric variety and let

D =% a;D; € Div (X) (5.8)
i=1
a Weil divisor. Then D is effective precisely if a; > 0 for all i. We denote an effective
divisor by D > 0.

Definition 5.2.4 (Support Of A Weil Divisor):
Let X a toric variety and D = Y7, a;D; € Div (X) a Weil divisor. Then we define the
support of D as

Supp (D) := | J D; (5.9)

a;#0

5.2.3. The divisor Of A Rational Function

Lemma 5.2.2:
Let Xy a normal toric variety with field of rational functions C(Xy) and D c X5 a
prime divisor. Under these conditions the following holds true:

e There exists a discrete valuation
vp:C(Xxs)" - Z, f+ vanishing degree of f along D (5.10)

o It holds vp (f) # 0 only for finitely many prime divisors on Xs.

Remark:

Note that in the above statement Xy is required to be normal. Otherwise such a
discrete valuation need not exist. This is the reason why we restrict to normal toric
varieties.

Definition 5.2.5 (Principal Divisor):
Let Xy a normal toric variety and f € C(Xy)". Then

o div(f) =X vp(f)-D € Div(Xyg) where the sum runs over all prime divisors
D of XE.

e Divo(Xy) = {div(f) , feC(Xx)"} - this is the set of principal divisors on
Xy.

o Let D, F € Div(Xy). Then we define a relation
D~FE < 3feC(Xx)", D=FE+div(f) (5.11)
This we term linear equivalence.

Remark:
» Divy (Xy) c Div(Xy) a subgroup.

e The relation D ~ E is an equivalence relation.
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CHAPTER 5. DIVISORS ON TORIC VARIETIES

5.2.4. Cartier Divisors

Definition 5.2.6 (Cartier Divisor):
Let Xy a normal toric variety and D € Div(Xy). D is a Cartier divisor precisely if
f is locally principal.

Remark:
This means that Xy has an open cover U = {U;},.; such that there exist functions
{fi e C*(Xx) (U;)} with the property

Dy, = div(f)],, Viel (5.12)
In particular we then term {U;, f;}..; the local data of D.

Note:

o The Cartier divisors form an Abelian group CDiv (Xy) which is a subgroup of
the Weil divisors.

o Every principal divisor is a Cartier divisor.

Consequence:
This implies Divy (Xyx) ¢ CDiv (Xy) c Div (Xy) where the inclusions mean subgroup
inclusions. Consequently we can make the following definition.

Definition 5.2.7 (Divisor Classes):
Let X a normal toric variety. Then we define

o Cl(Xy):=Div(Xyx) /Divg (Xx) - the class group.
o Pic(Xy) := CDiv (Xyx) /Divg (Xx) - the Picard group.

Consequence:

There is a canonical inclusion Pic (Xyg) < Cl(Xyx). Recall that Pic (Xyx) is the set of
all equivalence classes of holomorphic line bundles on Xy. Therefore the canonical
inclusion Pic (Xy) < Cl(Xy) states that one can always associate to a holomorphic
line bundle a divisor class. For our purposes however we want exactly the converse
- namely we want to associate to every divisor class a holomorphic line bundle. To
achieve this we need smoothness as the following lemma shows.

Lemma 5.2.3:
Let Xy a smooth normal toric variety. Then every Weil divisor on Xy is a Cartier
divisor.

Example 5.2.2:
Since CP" is smooth and normal, we thus find Pic (CP") =z C1(CP").
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CHAPTER 5. DIVISORS ON TORIC VARIETIES

5.2.5. Computing Divisor Classes

Note:
Let Xy a normal toric variety and U c Xy, open and non-empty. Then

|y :Cl(Xs) -~ CL(U) , [D] = [Dly] (5.13)
is a well-defined mapping.

Theorem 5.2.1:

Let Xy a normal toric variety, U c Xy open and non-empty. Moreover let Dy, ..., Dy
the irreducible components of Xy, — U. Note that those are prime divisors. Then the
following sequence is exact.

Pz, - C1(Xs) > CLU) -0 (5.14)

Example 5.2.3:

Recall that CP' = C u {co}. With the topology of the Riemann sphere, the set
{00} c CP' is open and an irreducible subvariety of CP'. Consequently we have the
exact sequence

Z{oo} % C1(CP') > C1(C™) > 0 (5.15)
But C1(C") =0 since C" is a UFD. Thus we have the exact sequence
Z {00} % C1(CP') >0 -0 (5.16)
So by exactness the map f is surjective. But note that f is explicitely given by
f(afoo}) = [a-{oo}] (5.17)
This shows that f is injective also. To see this let g € C ((CIF’l) with
a-{oo} =div(g) = div(g)|c =0 =g is constant = a =0 (5.18)

where we used that g is continous. Consequently Cl ((CIP’l) > 7.

5.2.6. Sheaves Of Ox-Modules On Toric Varieties

Remark:
Let Xy a normal toric variety and U c Xy, open. Then the sheaf Oy, is defined by

Oxy (U) ={feC(Xz)", div(f)|,>0}u{0} (5.19)

Remark (Generalisation):
Let Xy a normal toric variety and D € Div (Xx). Then we can define a sheaf Ox,, (D)
by

(Ox, (D)) (U) = {f e C(Xx)" , div(f)ly + D >0} u {0} (5.20)

for U ¢ X open.
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Note:
This definition coincides with the sheaf-theoretic notion of a holomorphic line bundle
associated to a divisor D that we give in Eecfion"A™@ in more general setups.

Lemma 5.2.4:

Let X5 a normal toric variety and D € Div (Xy) a Weil divisor. Then Ox,, (D) is a
coherent sheaf of Ox.-modules. If in addition D € CDiv (Xy), then Ox,, (D) is even
invertible.

Lemma 5.2.5:
Let Xy a normal toric variety and D, E € Div(Xyx). Then Ox, (D) 2 Ox, (E)
precisely if D ~ E.

5.3. Computing The Class Group

5.3.1. The Divisor Of A Character

Remark:

« Recall that a toric variety X contains an algebraic torus (C*)" as Zariski open
subset. We will denote this torus by 7. In particular note that the self-action
of T extends to a T-action on X. This then also gives the notion of T-invariant
subsets of X.

o For normal toric varieties Xy, there is the cone-orbit correspondance

k-dim cones 0 € ¥ < (n - k)-dimensional T-orbits in Xy, (5.21)

o Let pe X (1) aray of a fan X. Then by the above there exists a codimension
one orbit O (p) c Xx.

e More information no characters and 1-parameters is presented in Eibsecfion TV 279

Lemma 5.3.1:

Let Xy, a normal toric variety, p € ¥ (1) and O (p) the associated codimension one
orbit. Then O (p) is a T-invariant prime divisor on Xs..

Lemma 5.3.2:

Let Xy a normal toric variety with fan ¥ in R” and D, € Div (Xy,) for pe ¥ (1). We
denote the primitive element of p by u, € Z™. Now let m € Z". Then it holds

vp, (X™) = (m, u,) (5.22)

Theorem 5.3.1:
The character x™ is a rational function on a smooth and compact normal toric variety
Xy and its divisor is given by

div(x™) = Y, (m,u,)-D, (5.23)

pex(1)
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5.3.2. Exact Sequences For the Class Group

Definition 5.3.1:
The set of torus invariant Weil divisors on Xy, forms a group given by

DiVT (XE) = @ ZDP c Div (XE) (524)
pexi(1)
Theorem 5.3.2:
Let Xy the normal toric variety of the fan > in R?. Then the following holds true.

o The following sequence is exact

Z" -Divy (Xx) - Cl(Xx) - 0

m —~div (y™
™) (5.25)

Z apD,

pex(1)

Z ap,Dp

pexi(1)

 If and only if {u,, pe £ (1)} is a basis of R" (i.e. precisely if Xy has no torus
factors), then even the following sequence is exact

0—- 7" -Divy (Xy) - Cl(Xg) =0

m ~div (xy™)
(5.26)
Z apr'_’l Z apr:|
pex(1) pex(1)

Consequence:

o Cl(Xyx) is a finitely generated Abelian group.

e As any smooth and compact normal toric variety Xy has no torus factors, for
such toric varieties the second sequence is always exact.

5.3.3. Examples

Remark:
o The rays of ¥ are listed as py,..., p, and the corresponding ray generators are
denoted by uq,...,u, € Z". In particular we have

wi = ({ex,ui) .. {en, )" (5.27)
o Consequently we can represent the map A:Z" — Divy (Xx) as
1 (er,u1) ... {en,uq) T

T (e1,uz) ... {en,uy) T
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Then by noting that all the maps in the above exact sequence can be considered

as vector space homomorphism, one easily deduces

Cl(Xyx) 2 coker (A) =Z"[im (A)

(5.29)

e« Whenever we want to think in terms of divisors, we set D; to be the torus-
invariant prime divisor associated to p; via the cone-orbit correspondance. ©

Example 5.3.1:
Consider the fan ¥ in R? of Bly (C?). This fan ¥ has ray generators

Ug =€ +€z, U =€, Uy=ey
Then one easily finds
0=[div(x™")]=[D1]+[Do],  0=[div(x?)]=[D2]+[Do]
Thus Cl(Xy) is generated by [Dy] which gives us
Cl(Xx)=Z

(5.30)

(5.31)

(5.32)

Alternatively one can evaluate the image of the map A:Z? — Divy (Xyx) = Z3 which

in this case is given by the matrix

Then it follows easily that im (A) = Z? and thus
Cl(Xx)2Z7* =7

Example 5.3.2 (Complex Projective Space):
CP" has a fan ¥ in R™ with ray generators

Uy = —€1 ="~ Ep, Uy = €y, <y Up = €q
Now we pursue the above mentioned two approaches.

1. The map A:Z" - Divy (CP") = Z"*! is given by the matrix

-1 -1 ... -1
10 ... 0
A=1 0 1 - :
R
0O ... 0 1

Its image is easily found to be Z", so that

Cl1(CP") 2 Z™Y 7" = 7,

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

!By means of the homogenisation of the smooth and compact normal toric variety Xy one can

identify those divisors D; with the sets {x; = 0} c X7..
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2. From 0 = [div (x®)] it can be found
Thus CI(CP") is generated by [Dy] which gives us the above result.

5.4. Computing The Picard Group

Note:

Every Cartier divisor D € CDiv (Xy) is a Weil divisor. Thus there exist a; € Z such

that D ~ Y a,-D,. Those coefficients a; might however be very special. This
peXi(1)

motivates the following definition.

Definition 5.4.1:

Let Xy the normal toric variety associated to the fan 3 in R™. Then we denote by

CDivy (Xx) c Divy (Xyx) the Abelian group of T-invariant Cartier divisors.

Remark:
div (x™) € CDivy (Xy) for all m e Z".

Theorem 5.4.1:
Let Xy the normal toric variety associated to the fan ¥ in R™. Then the following

sequence is exact
7" - CDivr (Xx) —» Pic(Xx) = 0 (5.39)

where m € Z" — div (xy™).
Given that Xy, has no torus factors, even the following sequence is exact

0—-7Z" - CDivy (Xx) » Pic(Xz) -0 (5.40)

Note:

In order to evalute the above sequence and thereby compute Pic (Xy) one needs to
understand CDivy (Xy) first. But recall that we will eventually focus on smooth
and compact normal toric varieties. Then the following lemma gives us a means to
compute the Picard group.

Lemma 5.4.1:
Let Xy, be the normal toric variety of a fan . Then the following three statements
are equivalent.

o Every Weil divisor on Xy, is a Cartier divisor.
e Pic (Xz) =(Cl (XE)
e Xy is smooth.

Consequence:
We computed the class group for CP" in the previous section to be isomorphic to Z.
Since CP" is smooth, we thus conclude

Pic (CP") = Z (5.41)

25277



6. Line Bundle Cohomology On
Toric Varieties

6.1. Summary

In this chapter we turn to computing cohomologies of holomorphic line bundles on
toric varieties. However before we do so, let us briefly recall the description that we
found for holomorphic line bundles in the previous chapter.

First of all recall that we learned that for 'well-behavedness’ we should restrict to
normal toric varieties Xy. Consequently we can consider the ray generators 3 (1) of
the fan 3. Via the so-called cone-orbit-correspondance [52] a ray generator p € ¥ (1)
is then one-to-one to a torus-invariant prime divisor D, € Div (Xy;). Now let

D= ) a,DinDivy (Xx) (6.1)
pex(1)
Then this divisor induces a holomorphic line bundle Ox,, (D) which is defined sheaf-
theoretically as

(Ox5 (D)) (U) ={feC" (Xg) , div(f) + D20} u{0} (6.2)

for U c¢ Xy, open. Now assume that De Divy (Xy) is a divisor which differs from D
via and element in the image of

f[:Z" > Divy (Xx) (6.3)

Then by the result from the previous chapter Ox, (D) 2 Ox, (5) and we should
consequently identify these two line bundles to form a unique element in Pic (Xy).
Also we should identify D and D and work with the associated divisor class [D] ¢
Cl(Xys). Given that Xy is smooth, we found that every holomorphic lien bundle
can be described as Ox,, (D) for a suitable divisor class [D] € C1(Xyx). This is the
notation that we will use for holomorphic line bundles.
That said we point out in Eecfion 62 that the global sections of the sheaf Ox,, (D)
are described by

I'(Xs,0x, (D))= @D Cx"= P C-x" (6.4)

div(x™)+D>0 meZ"NPp

In this expression y™ is a so-called character - a special rational function on Xsy.
Details on these functions we give in [Appendix D. Pp is the so-called polyhedron of
the divisor D given by

Pp={meR", (m,u,)>-a,, VpeX (1)} (6.5)
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Note that by the second equality in we can compute the dimension of
I' (Xy, Ox,, (D)) by counting integral points in Pp. It turns out that this polyhedron
is bounded given that Xy, is compact. This leads to the following crucial insight.

Let X5 a compact normal toric variety and F a coherent sheaf on Xy. Then
H(Xy,F) are finite dimensional vector spaces.

This observation leads on to the classical approach in computing line bundle coho-
mology on smooth and compact normal toric varieties Xy, which goes by the name
chamber counting. We present this approach in Eecfion 63 and give examples on
how to apply this approach in examples on the del Pezzo surfaces dP; and dP; in
Eection © 4 and Eection 6. A respectjvely,

Whilst we will make use of this approach towards the end of this thesis, in what
follows first this approach is far less important than the cohomCalg algorithm. So in
a first reading, the non-technical reader might want to skip reading about chamber
counting completely. For this reason we decide to avoid giving more details on this
construction in this summary, but rather state the crucial result from the cohomCalg
algorithm which we present in Eecfion 68.

To state this result let us briefly remind us that a smooth and compact normal toric
variety Xy, can be expressed conveniently as

Xp=2(C-2)/(C)° (6.6)

which is termed the homogenisation of Xx. We give details on this construction
in Becfion T 3. This construction identifes equivalence classes of the coordinates of
Cr (minus the exceptional set Z) as the homogeneous coordinates of Xy. Those we
will denote by x1,...,x, in the rest of this thesis. Given this setup, the cohomCalg
algorithm allows to find a basis of the cohomology classes for a given holomorphic
line bundle £ on Xy by quotients of monomials in the homogeneous coordinates of
Let us exemplify this statement on a del Pezzo 1 surface dP;. Note that dP; is a
smooth and compact normal toric variety. We present the toric data of this variety
in Enbsecfion 6477, In particular note that

dPl = (C4 - (QTliBQ, 1‘3374)) / ((C*)2 (67)

with the torus action described in Mabhle 61. So in particular there are four homo-
geneous coordinates. To each of these homogeneous coordinates one can associate
a torus invariant prime divisor which we denote by D;. These divisors generate the
group Divy (Xy) over Z. As we learned previously, to describe the Picard group, we
have to divide out this group by the image of the map

f:22 > Divy (Xx) (6.8)

By these means we point out in Eubsection 6 49 that

Pic(dP,) 2 Z[D;,] ® Z[D4] (6.9)
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This now estabilshes the notation for holomorphic line bundles on dP;. For example
we can consider

L=0up, (5[D1] - 2[Da]) = Oup, (5,-2) (6.10)

From the cohomCalg algorithm one can now compute the cohomology classes of this
line bundle. As we point out in Eection 68 these turn out to be as follows

« HO(dP;, L) = {0}

6 5 4,..2 3.3 2.4 5 6

a1x a2xix2 as3xrixT asxTyT asxTiT agr1T arx
.Hl(dPl,Lj):{ Ly =L = =124 124 124 2+ Q,aieC}

xr3x4 xr3x4 xr3T4 r3T4 Xr3x4 xr3,4 xr3T4

« H?(dPy, L) ={0}

So bases of the cohomology classes are indeed quotients of monomials in the homo-
geneous coordinates of dP; as mentioned before.

We conclude this chapter by pointing out that on smooth and compact normal toric
varieties, the elements of Pic (Xy) can be described in yet another way. It turns out
that £ € Pic (Xx) is uniquely described by its first Chern class. Physically specaking
this means that every U (1) gauge theory on a smooth and compact normal toric vari-
ety is uniquely specified by its field strength. We give the details on this observation
in Eecfion 67

6.2. Global Sections Of The Sheaf Of A

Torus-Invariant Divisor

Remark:
Let Xy a normal toric variety and D = Y. a,D, € Divy (Xy). Then D defines a
pex(1)
sheaf Oy, (D) defined sheaf-theoretically via
(Ox, (D)) (U)={feC(Xs)", div(f)|, +D>0}u{0} (6.11)

for U c X5 open.

Lemma 6.2.1 (Global Sections I):
The global sections of the above sheaf Ox,, (D) are given by

['(Xy,0x, (D))= @ C-x" (6.12)

div(x™)+D>0

Note:

Let Yafanin R*", D= Y a,D,€Divy(Xyx) and m € Z". Then it holds
pex(1)

div(x")+D>0 <= > (mu,)D,+ > a,D,>0
pe(1) pex(1) (6.13)
= (m,u,)>-a,VpeX(1)
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Definition 6.2.1:
Let X the toric variety of the fan 3 in R". Then consider D € Divy (Xy). For this
divisor we define

Pp:={meR", (m,u,) >-a,forall pe X (1)} (6.14)
We term Pp the polyhedron of the divisor D.

Note:
Pp need not be bounded. This we illustrate momentarily.

Consequence (Global Sections II):
Let Xy the normal toric variety of the fan ¥ in R™ and consider D € Divy (Xy).
Then it holds

(X5, 0x, (D))= @ C-x" (6.15)

mePD nZ™

where Pp c R” is the polyhedron of the divisor D.

Example 6.2.1:
Consider Bl (C?) which is given by a fan 3 with ray generators

Ug = €1 + €9, Uy = eq, Ug = €9 (616)

We wish to consider D = Dy + Dy + Dy € Divy (Xx) and its associated sheaf. For this
sheaf we have by the above results

I'(Xs,0s(D))= @D C-x" (6.17)

mePDﬂZ2
An easy calculation yields
PD:{(Z)ERQ,xZ—l,yz—l,x+y2—1} (6.18)

which is not limited. Consequently dimc¢ (I'( Xy, Ox (D))) = |PpnZ?| is infinite.
This is because Bly (C?) is not compact, as the following lemma shows.

Lemma 6.2.2:
Let X5 a compact normal toric variety, i.e. the fan ¥ is complete. Then the following
holds true.

e I'(Xy,0x,) = C since the only morphisms Xy, - C are the constant ones.

» Ppisbounded for any D € Divy (Xy) and I' (Xy, Ox,, (D)) is a finite-dimensional
complex vector space.

o For any coherent sheaf F on Xy, the space I' (Xyx,F) is a finite dimensional
vector space.

Consequence:
From the first bullet point it follows that every compact normal toric variety is
connected.
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6.3. Line Bundle Cohomology Via Chamber
Counting

Remark (The Affine Open Cover):
Let Xy, a compact and smooth normal toric variety. In the following we will always
cover Xy by the affine open cover. This cover is given by

U={U,} (6.19)

€ max

Lemma 6.3.1:
Let X5 a smooth and compact normal toric variety. Then for any p € N,y and any
D e Divy (Xy) it holds

HY (X5, Ox,, (D)) = H (U, Ox,, (D)) (6.20)

Consequence:
We can replace the harder task of computing sheaf cohomology, by the much easier
task of computing Cech cohomology.

Lemma 6.3.2:

Let X5 a smooth and compact normal toric variety. Let us consider D € Divy (Xy).
Then the Cech cochain groups (with respect to the affine open cover U ) of the sheaf
Ox, (D) are given by

C*U,0x, (D)= @ H(U,,n-nU, Ox, (D)) (6.21)
(i0,--sip)ell],
If we set 0, := 0j, n---noy, € X for v = (dg,...,4p) € [l],, then we can rewrite this
relation more easily as
CP(U,0x,, (D))= @ H°(U,,,0x, (D)) (6.22)
velil,

Remark:

Since U, is a normal toric variety for every o € U, we can apply the results from
Becfion 6. If we thus consider D = ¥ 51y a,D, € Divy (Xx), then this observation
gives us

HO(Uy, 0xy (D))= @ Coy™ (6.23)
mEPD(U(y)
where
Pp(Uy) ={meR", (m,u,)>-a,Vpeo(l)} (6.24)
Consequence:

We can thus conclude

@wmwm=@( D ow) (6.25)

ve[t], \mePp(Uy)nZ"
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Remark:

Since we require that Xy is compact, both sums are finite and we can change their
order. Thereby however, computing the Cech cochain groups turns into counting
points on the lattice Z™, where each point constitutes its Laurent monomial as basis
element to the Cech cochain. This computation can be organised by splitting the lat-
tice Z™ into regions, called chambers, such that all points in one chamber contribute
to only one cochain group. After this 'chamber counting’ is done, one can finally
evaluate the Cech complex and thereby determine the sheaf cohomology groups. We
will illustrate this approach by computing line bundle cohomology on dP; and dPs.
Before we give these examples, let us mention that the above description is the clas-
sical way to consider line bundle cohomology on toric varieties. More details on this
picture can be found in [562]. Finally we mention that the chamber counting approach
has been computerised. Details on this can be found in [B1].

6.4. Line Bundle Cohomology On dP; Via
Chamber Counting

6.4.1. The Toric Data Of dP;

Remark:

In the remainder of this thesis we will specify a normal toric variety Xy, by its
homogenisation. To this end we describe the group G c (C*)" explicitely. From this
group action we can then determine the ray generators of the fan of . These ray
generators we then triangulate with the program Sage [51] in order to determine all
Stanley-Reisner-ideals Isg ¢ C[z1, ..., x,] with Alexander dual irrelevant ideals Bx,,
such that we obtain a smooth and compact toric variety

XE = ((Cn—V(BXE))/G (626)
This strategy we also exemplify in this particular example.

Note:
In TaBle 61 we specify a (C*)*action on C*. This gives us the group G that we
want to consider. Note that written explicitely we have

G={(tpp+v,v) eC", pveC}z(C) (6.27)

Consequence:
Given the group G, we consider a fan Y in RV with

N = # of homogenous coordinates — # C* operations =4 -2 =2 (6.28)
We then obtain the ray generators of 3 as follows.

1. Assign to each homogeneous coordinate z; a vector u; € ZN = Z2.
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] homogeneous coordinates H 1 ‘ Q2 ‘
i 110
i) 1 0
T3 1 1
Ty 0 1

Table 6.1.: (C*)*-action on C* which for a suitably chosen fan gives a del Pezzo
1-surface dP;.

2. Next impose that these vectors satisfy the following constraints
U1 +Ug + U3z = 07 U+ Uyg = 0 (629)
Those conditions originate from the (C*)*-action in [TaBle 61,

3. These equations can be solved by

(1) (b we{2) ()

Note that the solution is not unique.

Remark:
The justification for this procedure originates from the definition of the group G as
given in kubsecfion D 5 Tl

Consequence:

Given the above data we can triangulate with Sage [51] to obtain the Stanley-Reisner-
Ideals Isg that yield a smooth and compact normal toric variety Xy. In this case
there exists a unique such ideal, namely

ISR (Xg) = ($1{E27$3(II4) C (C [ZEl,ZL’Q,l’?), l’4:| (631)

6.4.2. The Picard Group

Remark:
Recall that the divisors D; := {p e dP; , x; =0} c dP; are torus-invariant prime divi-
sors that generate Divy (dPy) over Z.

Note:
Since dP; is smooth we have the short exact sequence

0 > 72 % Divy (dP)) - C1(dP,) - 0 (6.32)
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In this particular situation the map f takes the form

-1 -1
.72 74 T . 1 0 ] T
27 -7, ( . ) 01 ( T ) (6.33)
0 -1

This implies im (f) = Z2. By exactness of the above sequence we thus learn
Cl(dP,) = Z*[im (f) = Z* (6.34)

Remark:
Alternatively, one concludes from

o [0]=[div(x*)] =-[D:]+[D:]
o [0]=[div(x®)]==[D:]+[Ds] - [D4]
that C1(dP,) = Z[D,] ® Z[D,] = 72.

Consequence:
Since dP; is a smooth normal toric variety it holds

Pic(dP;) = C1(dP,) 2 Z[D;] ® Z[D4] (6.35)

Remark:
For a condensed notation we write Ogp, (m,n) for the isomorphism class of holomor-
phic line bundles associated to the divisor class m[Di] @ n[D,] € Cl(Xx).

6.4.3. Example: Cohomologies Of Oq4p, (5,-2)

Remark (The Fan):

To begin the chamber counting let us first recall what the fan of dP; looks like.
Therefore we display this fan in [Figure 6.1. Note in particular that the affine open
cover of dP; does consist of four different open sets. In fact the number of these open
sets is a measure for the effort that it takes to compute the Cech cohomology groups
via the chamber counting approach.

Note:
We now want to compute the cohomologies of the holomorphic line bundles associated
to the divisor class

M-

[D] = a; [Dz] =5 [Dl] +0 [DQ] +0 [D3] + (—2) [D4] e Cl (dPl) (636)

i=1

Consequently we have a; =5, as = a3 =0 and a4 = -2.
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Figure 6.1.: The fan of a del Pezzo 1 surface dP;.

Construction 6.4.1 (Chamber Construction):
Recall that

H (U, 0xy (D)= @ Cox™ (6.37)
mePp (Uy )NZ2
where
Pp(Uy)={meR*, (m,u,)>-a,Vpeo(l)} (6.38)

Hence we need an efficient way to compute the number of points in the polytopes
Pp (U,). To this end one introduces the following sets

L,={meR?, (m,u,)+a,=0} (6.39)

In the current dP;-situation these sets form lines because the fan ¥ lies in R2. In
general though these sets are affine planes.

The lines L; separate the fan ¥ of the dP; into disjoint sets - the so-called chambers.
We illustrate the chambers in [Figure 6.2. It is then immediately clear, that there
are only two compact chambers, namely R,., and R,_,_. One can argue from com-
pactness of dP; that for the calculation of the Cech cohomology groups on dP; only
contributions from compact chambers need to be taken into account. Consequently
we can focus on Laurent monomials stemming from R, ., and R,_,_.

Consequence:
Given the chamber decomposition in [Figure 6.2, it is not too hard to compute the
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L,

Ly

L

Ly

Figure 6.2.: The chambers for the computation of the cohomologies of Ogp, (5,-2).

Cech cochains. Therefore we only state the results and leave it to the interested
reader to confirm these results. We define R:= R,,,_UR,_,_. Then the result reads

( D C-x™)

MeR ;44—

COU O (5.-2)) =| D X" (6.40)

meR 44—

O U, Oup, (5,-2)) = | men (6.41)
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Note:

C2 (U, Oup, (5,-2)) =

C* (U, Our, (5,-2)) = (

@ C-x"

meR

@ C-x"

meR

@C-x"

meR

@ C-x"

meR

D (f-x"l)

meR

(6.42)

(6.43)

To compute the Cech cohomologies of the holomorphic line bundle £ = Ogp, (5, -2)
we now consider the Cech complex given by

0-CU ) By b erun) Bt ) 00—

where the mappings f; are given by the following matrices

Consequence:

-1 1 0
-1 0 1
-1 0 0
0 -1 1
0 -1 0

1 -1 0
1 0 -1
0 1 -1
00 0
(-1 1 -1

0 0 -1

0

0

1

0

1

1
1 0 0
0 1 0
0 0 1
1 -1 1
L)

(6.44)

(6.45)

Given the previous results, it is now an easy task to compute the cohomology of
the above Cech complex. Again we leave it to the interested reader to confirm the

following results.

« HO(U,L) =

« H'(U,L)=

= {0}

o O OO

0

2. b

meR 4
b -

meR 4

2. b

meR—4—

b, -

meR 4

0
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] homogeneous coordinates H 1 ‘

Q
T 1
Lo 1
T3 1
T4 0
Ts 0
Tg 0

— oo oo —|&

Table 6.2.: ((C*)4—action on C% which for a suitably chosen fan gives a del Pezzo
3-surface dPs.

« H2(U,L)= ~ {0}

o O OO

- 13U, L)={0}

Note:
By working out the Laurent monomials in the chamber R, _,  explicitely one finds
that H' (U, L) is the following linear span over C

6 5 p2,4 2323 4.2 05 6
T To] THX] THT] THTT TT1 Ty

(6.46)

H (U, L) =

T3xy T3Ty XT3Ty T3y T3Ty T3Ty T3ly

6.5. Line Bundle Cohomology on dPj3 Via
Chamber Counting

6.5.1. The Toric Data

Note:
As discussed in the dP; example we specify dP3 via the (C*)4—action displayed in
Mable 62 and its Stanley-Reisner ideal

Isg = (»’1711'2, T123,T1L6, L2L3, L2X5, L3L4, X455, T4Ts, 335956) (6-47)

Consequence:
The ray generators are easily obtained from Table 6. This gives

(6.48)

<
=
|
—_
[
—_ =
v
<
N
1
—_—
O =
SN—
<
w
|
—_—
— = = O
N —

) (6.49)
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Figure 6.3.: The fan of a del Pezzo 3 surface dPs.

Together with the Stanley-Reisner-Ideal, this enables us to plot the fan ¥ in R? of
dP;. This fan we depicture in [Figure 6.3.

6.5.2. The Picard Group

Note:
It is readily verified that

Pic(dP;) 2 Z[D:] @ Z[D,] ® Z [Ds] ® [ D] (6.50)

We agree on writing Ogp, (a,b,c,d) for the isomophism class of holomorphic line
bundles associated to the divisor class a[D;] +b[Ds] + c[Ds3] + d[D4] € C1(dPs).

6.5.3. Example: Cohomologies of Ogp, (-1,-1,-1,0)

Note:

Our goal is to compute the Cech cohomology groups of Ogp, (-1,-1,-1,0). Let us
emphasise that now the affine open cover consists of 6 affine toric varieties. Therefore
this calculation is more elaborate than for a dP;.

Construction 6.5.1 (Chamber Decomposition):
To obtain the chamber decomposition we again introduce the sets

Li={meR?, (m,u;)+a;=0} (6.51)
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Ls L, Ly Lg

Figure 6.4.: The chambers for the computation of the cohomologies of
Oup, (-1,-1,-1,0). Note that only the compact chambers are coloured.

These sets separate R? into the chambers. We picture the chamber decomposition in
[ig 6.4. Note that we only colour the compact chambers.

Consequence:

From the chamber decomposition one easily computes the Cech cochains. Let us set
R:=RiURyuU---U Rg and agree that in the following equations R; is to mean the C
vector space spanned by all Laurent monomials in R;. With this agreement the Cech
cochains for £ = Ogp, (-1,-1,-1,0) can be written as follows

. C°(U, L) =(0,0,0,0,0,0)"
« C'(U,L)=(RyUR3URs,R,R,R,0,0,R,R,R,RiUR,URy,R,R,0,R, R, URsURg)"

« C2(U,L)=(R,R,...,R)"
— ———
20 times
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C3U,L)=(R,R,....R)"
—_—
15 times

CYU,L)=(R,R,R,R)"

C5 (U, L) = (R)

C’p(u,ﬁ)=0forp26

Note:
The Cech complex for £ is now given by

o-CoU LB wunyBeru )y Eerw )l (6.52)

The mapping matrices are dictated by the alternating property of the Cech differential
maps. Explicitely one has

-1 1 0 0 0 0
-1 0 1 0 0 0
-1 0 0 1 0 0
-1 0 0 0 1 0
-1 0 0 0 0 1
0 -1 1 0 0 0
0 -1 0 1 0 0

My=l 0 -1 0 0 1 0 (6.53)
0 -1 0 0 0 1
0 0 -1 1 0 0
0 0 -1 0 1 0
0 0 -1 0 0 1
0 0 0 -1 1 0
0 0 0 -1 0 1
0 0 0 0 -11
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and
-1 1.0 0 0O-1 0 O O O O O o0 0 O
-1 0 1.00 0 -1 06 0 0 O O 0 0 O
-1 0 0 1.0 O O-1 0 0 O O o0 0 O
-1 0 0 010 0 0O -1 0 O O 0 0 O
o -t 1.0 00 O O O -1 0 0 0 0 O
O -1t o 1o o 0 0 0 0 -1 0 0 0 O
O -t o 01 o 0O 0O O 0O O -1 0o 0 O
o 6 -1 100 0 O O O O O -1 0 0
o 06 -1 010 0 0O 0O 0O O 0O 0 -1 0
o 0 0o -110 0O O O 0 O O 0 0 -1
My, = o o o 00-1 1 0 0-1 0 0 0 0 O (6.54)
o 0o o 00-1 0 1 0 0 -1 0 0 0 O
o o o 00-1 0 01 0 0 -1 0o 0 0
o o o 00O0O-11 0 0 0 0O -1 0 0
o o o 00O0O-1 0 1 0 0 0 0 -1 0
o o o 00O 0O -t 1 0 0 0 0 0 -1
o o o 00 o0 0O 0O O0O -1 1T 0 -1 0 0
o 6o o 00 o 0 0 0 -1 0 1T 0 -10
o 0o o 0o 0o 0 0O 0O 0 -1 1 0 0 -1
o o o o0o0O0 O o o o o0 o0 -1 1 -1
Consequence:

One finds that HO (U, L) = H2 (U, L) = H3 (U, L) = {0} whilst
ﬁl(u,ﬁ)Z( @ C'Xm)'vl®( @ C'Xm)"vg (655)
meR4ﬂZ2 mERzﬁZQ
where

v, =(0,0,-1,-1,0,0,-1,-1,0,-1,-1,0,0,1,1)"

T (6.56)
V2 = (_17 _]-7 07 07 07 07 17 17 ]-7 ]-7 17 17 07 07 O)
But since v; and v, are linearly indepedent over C we can thus conclude
Hl(u,c);( D (C-Xm)@( D C-Xm) (6.57)
mER4ﬁZ2 mERgﬁZQ

Remark:

We now come to a crucial point - we have to determine Ry nZ? and Ry nZ?. To
this end we have to think carefully about the boundaries of Ry and R4 in order to
determine which lattice points are contained in Ry and Ry respectively.

To this end first recall the definition of the polytopes Pp (U,) as

Pp(Uy) ={meZ*, (m,u,)>-a,Vpeo(l)} (6.58)
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where we emphasise the inequality. This inequality needs to be taken care of - in
particular when one defines the chamber decomposition. This is also the reason why
the chambers in got termed R,., and R,_,_ respectively.

This notation is made such that a plus indicates that the corresponding line is con-
tained in the chamber, whilst a minus sign signals that it is not. So for example the
line L, is part of R,,,_ as well as R,_,_ since there is a plus at position one in both
cases. Conversely L, is only part of R,,,_ but not of R,_,_.

If one goes through the same analysis in the current calculation on dP3 one finds that

R2 n Z2 = R4 n Z2 = {O} (659)

1
T1T223 "

which corresponds to the Laurent monomial

Consequence: 5 5 5
We thus conclude that H° (U, L) = H*> (U, L) = H?> (U, L) = {0} whilst

Fll(u,ﬁ)g{ @ ,ale(C}EB{ a2 ,agec} (6.60)
T1T9T3 T1T9T3

Note:

In this case, there is only a unique Laurent monomial contributing to H* U, L). Still
the dimension of this cohomology group is two. Such multiplicities are thus impor-
tant and need to be taken care of. We will come back to this important observation
momentarily, when discussing a faster means to compute cohomology groups of holo-
morphic line bundles on smooth and compact normal toric varieties, the cohomCalg
algorithm.

6.6. Line Bundle Cohomology Via cohomCalg

6.6.1. Introduction

For the computation of sheaf cohomology of holomorphic line bundles on smooth
and compact normal toric varieties there exists a fast algorithm that was orginally
proposed in [64] and subsequently proven in [62] and [63]. This algorithm goes by
the name cohomCalg. Tts applications are outlined in [65] and [66]. Therefore we will
only briefly state the algorithm and subsequently exemplify its power and speed by
working out the cohomology calculation from the preceeding two examples with the
cohomCalg algorithm. Still, let us emphasis that the chamber counting algorithm
will be anything but useless towards the end of this thesis.

6.6.2. The Algorithm

o Let Igg = {Sl, ey S|SR|} the Stanley-Reisner ideal of Xy and P (Isg) its power
set (i.e. the set of all subsets of Isg). Then

|7sr|

P(Isr) = kL_JO Py (Isr) (6.61)
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where Py, (Isg) is the set of all subsets of Isg which are composed of exactly k
subsets of Igg.

o Now let A={ay,...,ar} c{1,...,|Isr|} and consider
PA’f:{SaU"'aSak}EPk’ (ISR) (662)
Then define

k
— Q"% = Sa,, the set of all homogeneous coordinates in P%.
i=1

— Nk :=|Q%| -k, the so-called ’c-degree’.

o For fixed k define
Q* =Rk (6.63)
A
where A runs over all subsets of {1,...,|SR|} of lenght k.
o In order to determine to which cohomology group a given set Q% does con-
tribute, one follows the following steps:

1. Let ¢ (Q%) be the number of times that Q% does appear with c-degree i
in the sets Q*.

2. Then consider the complex T

--—>O—>cO(Q§1)ecl(Qﬁ)e---ec‘i(Q’j‘)—>... (6.64)
and denote the dimension of its cohomology class at position i by h? (Q%).

3. For every h* (Q%) # 0 the set Q% gives a contribution to H* (X, Ox, (D))
via

» T (x)
ht Qk .

(3) [Tyi- W (y)
with y € Q% and « € H - Q%, where T, W are monomials of degrees such

that the above rationom does match the degrees of D under the (C*)"-
torus action on Xs,.

(6.65)

6.6.3. Example: Cohomologies Of Ogp, (5,-2) On dP,
Data For cohomCalg

We prepare the application of the cohomCalg algorithm by defining the generators
of the Stanley-Reisner-Ideal as

Sl =TT, SQ = X374 (666)

!The meaning and proper definition of these complexes are given in the proofs of the cohom-
Calg algorithm, i.e. in [62] and [63]. We just mention that it is these intermediate coho-
mologies that take care of multiplicities, such as the one encountered in the calculation of
Hi(dPs,04p, (-1,-1,-1,0)) where the single rationom gave rise to a 2-complex dimen-
sional cohomology class.

T1T2T3
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Consequently it holds

P (Isr (X)) = {@,{S1} {52}, {51, 5:}} (6.67)
In particular we get
o PY={o} with Q) =2
o Pl ={S1} with Q} = {z1, 22}
e P} = (S5} with Q) = w5, 24}
o PL={S,5:} with Q3, = {1, 29,73, 24}
The c-degrees are

Ny=0-0=0, N{=2-1=1, Ny=2-1=1, Nj=4-2=2 (6.68)

HO° (dPl, OdPl (5, —2)):

The only P’ with c-degree 0 is Fy. Thus only PY does contribute to H° (dP;, O (5,-2)).
Consequently only monomials

_ ,.a1,.02,.03 .04
T (21,9, w3, 74) = 27 25?253 25*,  a; >0 (6.69)

with charge (5,-2) contribute. However, inspection of Mable 61 shows that there
are no monomials with negative charge under (). Thus we conclude

HY (dPy, Ogp, (5,-2)) = {0} (6.70)

H! (dPl, OdPl (5, —2))2
Now we have to consider the P’ with c-degree 1. There are two, namely
Pll = {Sl} = {Ill’g}, P21 = {SQ} = {ZL’3JI4} (671)

Consequently there are in principle two rationom contributions to this cohomology
group, namely

as _.a4 ai ,.a2
Ry = _3ta Ry = 112" (6.72)
(1) ma1+1xa2+1 ? (2) :L‘a3+1$a4+1 :
1 2 3 4

where a; € Zsg. Next we impose that these rationoms have to carry charge (5,-2)
under the action of (C*)* as given in Mahle 6.1. This requirement rules out Ry and
leaves us with

6 5 2 4 3.3 4 .2 5 6
N xr Tl ToT To5X Tol T5X1 xT
HY (U, L) = {b— + b= + b3 2L 45, "L 4 b~ 4 h "2 + b;—2- 1 (6.73)
3Ly T3T4 T34 T3y T34 T3T4 T34

In concluding this we used that S;n.S; = @ implies that all intermediate cohomologies
are trivial.
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H2 (dP;, 0 (5,-2)):

In this case only P% has c-degree 2. Imposing that the corresponding rationoms be
of charge (5,-2) rules all of them out. Consequently we have

H?(dPy,O4p, (5,-2)) = {0} (6.74)

6.6.4. Example - Cohomologies Of Ogp, (-1,-1,-1,0) On dP3

This example is worked out in detail in [64]. Hence we can just quote that indeed
one reproduces the result that we obtained from the chamber counting approach.
Note that the multiplicity which we encountered from Ry n Ry = {0} is in this com-
putation reflected in the non-trivial intermediate cohomologies stemming from the
fact that in the Stanley-Reisner-ideal of d P3 variables x; appear multiple times. Note
in particular that a deep insight into this interplay has been obtained from the two
proofs of the cohomCalg algorithm in [62] and [63].

6.6.5. Basis Of The Cohomology Groups

Note:

Let us assume that we consider a smooth and compact normal toric variety Xs
and considered a line bundle £ = Ox,, (D) on Xy for some D € Divy (Xy). Let us
further assume that the above procedure gave us that H° (X, £) was spanned by
the rationoms R;, Ry, but with mutliplicities 1 and 2 say. Then we could represent
this cohomology class as follows

HO (XE, E) = {OélRl + OZQRQ + OégRQ , O € (C} = (C?) (675)

The different coefficients ai, a3 € C for Ry indicate that this vector space does contain
the direct sum of two spaces spanned by Rs.

Consequence:

Let X5 a smooth and compact normal toric variety. Then the cohomCalg algorithm
allows for the calculation of a basis of the cohomology classes of all holomorphic line
bundles Ox,, (D) for D e Cl(Xy).

6.6.6. Computer Implementation

Comment:

The existing cohomCalg software 2 does not return a basis of the cohomology groups
to the user. Rather it either returns the dimension of the cohomology classes or via
the option ’integrated’ an output styled for use in Mathematica. The latter can be
used in order to compute a basis of the cohomology groups in Mathematica. Therefore

2as well as its Koszul extension, that we discuss in the next chapter.
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we have written a Mathematica notebook that performs this task for us. The source
code of an extended version of this notebook is given in and explained
in ghapter 13.

6.7. The First Chern Class Of Holomorphic Line
Bundles

Remark:

In this section we present the Demazure vanishing theorem, from which we conclude
that holomorphic line bundles on a smooth and compact normal toric variety are
uniquely specified by their first Chern class. To this end we follow closely to [52].

Definition 6.7.1 (Convex Support):
A fan ¥ c R such that

o |X| cR” is convex
o dimg (|X|) =n
is said to have convexr support.

Consequence:
Any complete fan has convex support.

Definition 6.7.2:
Let Xy a normal toric variety and D € Div (X ) a Weil divisor. Then D is a Q-Cartier
divisor precisely if there exists a € Z such that a- D is a Cartier divisor.

Example 6.7.1:

On any normal toric variety Xy, the trivial divisor is the divisor of a constant and
non-zero function and thus a Cartier divisor. In particular this implies that the trivial
divisor is a Q-Cartier divisor.

Remark:
The following definition makes use of the intersection product which we do not intro-
duce here. For details the interested reader is refered to [52].

Definition 6.7.3 (Nef Divisor):
Let Xyx a normal toric variety and D a QQ-Cartier divisor on Xy. Then D is nef
precisely if for every irreducible complete curve C' ¢ Xy it holds D -C > 0.

Remark:
Nef is short for numerically efficient.

Lemma 6.7.1 (A Criterion For Nef):
Let Xy a normal toric variety such that > has convex support. Moreover let D a
Q-Cartier divisor on Xy. Then the following are equivalent.
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e D is nef.

o There exists a € Z.o such that the holomorphic line bundle Ox,, (a- D) is gen-
erated by its global sections, i.e. is flabby.

Consequence:
Let X5 a smooth and compact normal toric variety. Then Y is complete and hence
has convex support. Moreover any compact normal toric variety is connected, i.e.

HO (XE,OXE (0)) ~C (676)

and all holomorphic functions on Xy are constant functions. Consequently Ox,, (0)
is generated by its global sections. Together with the above lemma, this shows that
the trivial divisor on a smooth and compact normal toric variety is nef.

Theorem 6.7.1 (Demazure vanishing):
Let Xy a normal toric variety such that |X| is convex and D € Div (Xy) a Q-Cartier
nef divisor. Then

H? (X5, 0xy (D)) =0 ¥p>0 (6.77)

Consequence:

Let us consider a smooth and compact normal toric variety Xys. Then ¥ is complete,
which shows that |Y| is convex. We already argued that the trivial divisor D =0 on
such a toric variety is a Q-Cartier nef divisor. Consequently we find from Demazure
vanishing

H? (X5,0x.)=0 VYp>0 (6.78)
The structure sheaf of a smooth and compact normal toric variety Xy is hence acyclic.

Consequence:
Let us now consider on a smooth and compact toric variety Xy the sheaf exact

sequence
0—=Z-Ox, > 0%, —~0 (6.79)

The associated long exact sequence in sheaf cohomology contains the following part
e — Hl (XEaz’Xz) - Hl (Xz,OXE) - H1 (Xz,o;(x) g H2 (XE,ZXE) > ... (680)

The preceeding result thus shows that all holomorphic line bundles on a smooth and
compact normal toric variety are uniquely specified by their first Chern class. We
thus conclude.

A U (1) gauge theory on a smooth and compact normal toric variety Xy is
uniquely specified by the curvature 2-form or equivalently its field strength.

Remark:

« This situation is to be contrasted to complex torus C, ., where the structure
sheaf is not acyclic and consequently, as we point out in Appendix J, holomor-
phic line bundles are not uniquely determined by their first Chern class.
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o A different means to find this result is to use that a smooth and compact normal
toric variety is simply connected. As pointed out in [37] this already implies
that holomorphic line bundles are uniquely specified by their first Chern class.

o Finally note that on a smooth and compact normal toric variety Xy, we have
an isomorphism Cl(Xy) 2 Pic(Xy), so that a holomorphic line bundle is on
the one hand uniquely specified by its first Chern class and on the other hand
by its associated divisor. There are thus two means by which one can specify a
holomorphic line bundle on Xy and one can also identify them with each other.
Our prefered picture in this thesis will be to specify a holomorphic line bundle
on Xy by its divisor class.
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7. Summary

In ParfTl we learned the following.

e How to describe a holomorphic line bundle £ on a smooth and compact normal
toric variety Xy, by a divisor class D € Cl(Xy).

o How to compute the cohomology classes of L.

o That we can think of the cohomology classes of £ as spanned over the complex
numbers by quotients of monomials in the homogeneous coordinates of Xy,. Let
us also mention that such quotients are refered to as rationoms.

In this part we now want to consider submanifolds of a smooth and compact normal
toric variety Xy. A non-trivial statement is, that any such manifold C' ¢ Xy, is an
algebraic submanifold, i.e. of the form

C={peXs, Pi(p)=--=P.(p)=0} (7.1)

for finitely many homogeneous polynomials Pi,..., P, in the homogeneous coordi-
nates of Xy. This can intuitively be thought of as the generalisation of Chow’s
theorem [64] to toric varieties. We give details on this statement in Eection 3 2.
Note that the set C' as defined above is not guaranteed to be smooth. Rather one
has to pick P, ..., P, such that the so-called variety C' is smooth. Then C'is an
algebraic submanifold. Let us briefly exemplify that the smoothness condition is
indeed necessary. First consider the algebraic variety given by

C) = {(:Ul,arg) eC?, 1= O} (7.2)
This variety (' is indeed smooth. However the algebraic variety C5 given by
CQ = {(l’l,l'g) € CQ , L1X9 = 0} (73)

is singular at the origin.

Given a smooth and compact normal toric variety Xy, a holomorphic line bundle £
on Xy, and an algebraic submanifold C' of Xy, one can consider the line bundle £|C.
Sheaf theoretically this line bundle is obtained from the restriction of the sections of
L onto C. Our final task is to compute the cohomologies of L], from cohomologies
of suitable line bundles on the ambient space Xsy.

The technology used to perform this calculation is the so-called Koszul sequence. This
sequence we present in chapter 8. A simplified means to evaluate this sequence is by
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use of its exactness property. Unter fortunate circumstances this allows to compute
the dimension of the cohomology classes of L|,. Still this is not true generally.
We will explain how one evaluates the Koszul sequence by exactness properties in
and also give examples in which exactness is not enough to compute the
cohomologies of L|.
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8. The Koszul Resolution

8.1. Summary

For briefness, let us exemplify the Koszul sequence for the case that C' is of codimen-
sion 3, as this is the setup that we will encounter in applications to physics most of

the time. So let us consider the following setup.

e L=0x, (D) for D e Cl(Xy).

e 51 € HY(Xx,Ox, (S1)) a non-trivial polynomial. T

o 3¢ H'(Xx,Oxy, (S2)) a non-trivial polynomial.

o 53¢ H(Xy,Ox,, (S3)) a non-trivial polynomial.
Then we consider

Ci={peXs,51(p)=%2(p) =% (p) =0}

and require that

o (' is smooth

¢ (' c Xy has codimension 3

In this setup the Koszul sequence is then given by

«

0L 3V5v 305 L), -0
where

« L'=0x, (D=5 -55-855)

o VQ=OXE(D—SQ—Sg)EBOXE(D—Sl—Sg)@OXE(D—Sl—SQ)

e V) :OXE (D_Sl)@OXE (D—SQ)@OXE (D—Sg)

(8.1)

(8.2)

For such a non-trivial polynomial to exist, the divisor class S; € C1(Xyx) has to be effective, i.e.

all integer coefficients must be non-negative.
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and the mappings are induced from the following matrices

51 0 -53 -5
a=| 5 |, B=| -5 0 3 |, 7=(5,%,3;) (8.3)
S3 S 5 0

Note that r¢ is the ordinary restriction onto C'. We give details on this construction
in gection x4 and gection X A,

The crucial point about the Koszul sequence is that this sequence is exact. This
o
means

ker (f) =im(a), ker(y)=im(8), ... (8.4)

To compute the cohomologies of L], from the exactness of the Koszul sequence one
now applies the following three-step procedure.

1. First we apply the so-called splitting principle. This tells us that instead of the
long exact Koszul sequence we can consider the following collection of short
exact sequences.

L4 0—>£'(—X>V2—>I1—>0
e 0711 >V ->1,—0
e 0T, - L~ L[ -0

In these expressions the sheaves Z;, Z, are quotients of direct sums of holo-
morphic line bundles. The general theory of sheaves tells us that those are in
general no longer vector bundles but coherent sheaves. In particular e.g. the
mapping V, — Z; is involved. We give more details on this in Eecfion A~ and
Becfion 4.

2. Every short exact sequence of sheaves induces a long exact sequence in the
cohomologies of the appearing sheaves. For example the short exact sequence
0->L'S V, - I; - 0 induces the long exact sequence

0 —— HO(X,L') —a®*~ HY(X,Vy) —8°~ H(X,T;)
A i e
/ 1
HY X, L") —a'—> HY (X, Vy) —8'> HY(X,T;)
1/
1)
/ 2
H?*(X,L') —o—~ H*(X,Vy) =8~ H*(X,T,)

-—

HAX. L) e (X))~ (KT

2Let us mention that we actually we mean sheaf exactness. Then e.g. im () must be read as the
sheaf image. This construction is non-trivial and we give details in Eection ATl
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In particular note that the maps o' are induced from the map « and S* is
induced from §:V, - Z;. We mentioned already that the mapping /3 is involved.
Consequently alo the induced maps (¢ are involved. Consequently we prefer
not to touch them just yet but will come back to this in ParfTVI.

3. Under fortunate circumstances one can compute from exactness properties of
the above long exact sequence in cohomologies, the cohomologies of Z; from
knowledge about the cohomologies of £’ and V,. The cohomologies of the
latter two can always be computed from the cohomCalg algorithm. So let
us assume that indeed we were able to compute the cohomologies of Z; from
exactness only. Then we would plug these cohomology classes into the long
exact sequence of cohomologies induced from the second short exact sequence

0—>Il—>V1—>IQ—>O (85)

and thereby, under fortunate circumstances, compute the cohomologies of Z,
from exactness only. Playing the same game with the third short exact sequence

0-I, L~ L,->0 (8.6)
then allows us to deduce the cohomologies of L[, from exactness.

Let us emphasis though that exactness is in general not enough to deduce from a
long exact sequence in cohomologies and knowledge about the cohomologies of two
of the three sheaves the cohomologies of the third sheaf. This however can be done
if the mappings in the long exact sequence of cohomologies are known. This we will
explain in ParfTVI.

8.2. Submanifolds Of Smooth And Compact
Normal Toric Varieties

Remark:
Recall that we are interested in smooth and compact normal toric varieties Xy. For
such toric varieties we always have

Xe 2 (C" -V (Bxy)) /[ (C)" (8.7)

where Bx,, ¢ C[zy,...,x,] is the irrelevant ideal. Note also that C[z1,...,z,] to-
gether with the grading induced by the (C*)* is the total coordinate ring S of Xy.

Theorem 8.2.1 (Hilbert Basis Theorem [64]):
Let R a commutative, Noetherian ring. Then R[zy,...,x,] is also Noetherian.

Consequence:
The coordinate ring S is a Noetherian ring. So every ideal I c S is finitely generated.
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Definition 8.2.1 (Radical Ideal):
Let I =(p1,...,pn) c S an ideal. Then one defines the radical of I as

VIi={QeS, QeI for suitable n € Ny} (8.8)
The ideal [ is a radical ideal precisely if I = /1.

Example 8.2.1:
Let (22) c C[z] an ideal. Then /T = ().

Definition 8.2.2 (Homogeneous Ideal):
Recall that the coordinate ring S is graded from the (C*)” action defining Xy. Con-
sequently we can require f € S to be homogeneous. An ideal

I={(fi,...,fm)c S (8.9)
is a homogeneous ideal precisely if fi, ..., f,, are all homogeneous.
Note:
In the above definition fi, ..., f,, €S need not have the same homogeneous degrees,

but each of the polynomials f; has to be a homogeneous polynomial by itself.

Theorem 8.2.2 (Subvarieties of Xy):
Let Xy a smooth and compact toric variety. Then the following two are one-to-one.

e (Closed subvarieties of Xs.

« Radical homogeneous ideals I ¢ By, ¢ S.

Note:
The above theorem holds true even if Xy is only simplicial. Note that 'radical’ can
intuitiely be though of as 'minimal’. For example we can consider the variety

V ({21)) = {(z1,22) e C*, 2} =0} (8.10)
Set theoretically
V ({21)) = {(21,22) € C?, 21 =0} =V ({23)) (8.11)

Hence taking z; as defining polynomial is "better’ than z? or even z3. This is also in
favour of computation that we will perform later - then namely reducing the degree
of a possibly very long polynomial means to reduce the computational effort consid-
erably.

Still in principle we can ignore the issue of I being radical and just take a homoge-
neous ideal. Then the following major implication arises.

Consequence:

Every closed variety of a smooth and compact normal toric variety is an algebraic
variety. So in particular all analytic submanifolds of Xy, are obtained from a finitely
generated ideal [ c S.
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Definition 8.2.3 (Dimension Of An Algebraic Subvariety):
Let Xy a smooth and compact normal toric variety and C' ¢ Xy an algebraic subva-
riety defined by I c .S a homogeneous ideal. Then

Ce:=C[X,]/I (8.12)
is the coordinate ring of C'. The dimension of C' is the Krull dimension of Cy, .

Remark:

The definition of Krull dimension for rings coincides with the geometric definition
[60). However the Krull dimension can be easier implemented in computer algebra
software. For example the computation of dimensionality in Sage [51] relies on this
definition. In particular one can use Sage to check that a submanifold is indeed of
the desired codimension.

8.3. The Notion Of A Pullback Line Bundle

Definition 8.3.1 (Pullback O-Modul):
Let Xy a smooth and compact normal toric variety and C' ¢ Xy, an algebraic sub-
manifold. Then we have a canonical inclusion map

1:C - Xy (8.13)

Let F an Ox,-modul and U c C' open with the induced topology. Then by definition
of the induced topology there exists V' ¢ Xy open in Xy such that U =V nC. Now
we define an Oc-modul F|, via

(Fle) (U) ={glc » ge F(V)} = F (V)¢ (8.14)
This we term the pullback Oc-modul of F.

Remark:

o We make use of the smoothness of C' in that we consider U c C' open. In case
that C' was a singular space, one would consider analytic subsets instead.

» Holomorphic line bundles and direct sums thereof can be pulled back according
to the above definition, since a holomorphic line bundle is a locally free Ox,,-
modules, i.e. a special Oxg-module.

8.4. The Koszul Complex

Definition 8.4.1 (Koszul Complex):
Let R a commutative ring, n € N5y and z1,...,z, € R. We want to define a complex
Kp (x1,...,2,) from this. To this end set
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e« K,:=0for p<0andp>n.
L] K()::R
e For 1<p<n set

K,= @ R-eyn-ne, (8.15)

1<i1<<ip<n

so that K, is the free module of rank (;) with basis {61'1 Aej, , 1<y <2< < n}
over R.

Now we define differential maps 0: K, - K,_; by setting

p
-1 —
. 8(% /\"'/\ez’p)Z Zl(—l)r L€ Nom NG N N €,
r=

o for p=1set d(e;) = x;.

Claim:
This construction defines a complex.

Proof
From the definition of K is follows immediately that we have defined a complex. =

Example 8.4.1:
e The complex K7 is given by
00« RER<0<0«... (8.16)
e The complex K3 is given by

00« RIRER<0<0«... (8.17)
gl
where o = ( ) and 3 = (1, x2).

e The complex K3 is given by

00« RIRIRBERCO<0« ... (8.18)

where the maps are given by

T1 0 —T3 —T2
a=| -z |, B=| x5 0 a1 |, ~v=(x1,72,23) (8.19)
T3 i) T 0
Note:
K3 (x1,...,7,) need not be exact. This is because the elements x1,...,z, are so-far

just some elements in the commutative ring R. This we change now.
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Definition 8.4.2 (Weak Regular Sequence):
Let R a commutative ring and x1,...,z, € R. These elements form a weak regular
sequence precisely if the following holds true.

e 17 is not a zero-divisor in R.

e Iy is not a zero-divisor in R/ (z1).

e 13 is not a zero-divisor in R/ (z1,x2).
° DY

Theorem 8.4.1:

Let R a commutative ring and z1,...,x, € R. Weset I := (z1,...,2,) ¢ R and assume
that z1,...,x, form a weak regular sequence. Then

0- K, (z1,...,7p) > R[I -0 (8.20)
is exact.
Proof
A proof can be found in [60]. u
Comment:

MTheorem 841 is the local version of the Koszul resolution, to which we turn next.
In particular note that the condition of a weak regular sequence then translates into
the local condition that C' ¢ Xy has codimension p.

8.5. The Koszul Resolution

Claim (Koszul Resolution):
Let Xy a smooth compact toric variety. Let us consider effective divisor classes

S1,...,5, € Cl(Xyx) and non-trivial holomorphic sections
3 e H (X5, 0x,. (S))) (8.21)
such that
C:={peXs,5(p)="=53,(p)=0} c X5 (8.22)

We is an algebraic submanifold of Xy of codimension n.

Given this setup consider the holomorphic line bundle Ox,, (D) on Xy described by
its divisor class D € Cl(Xy). From Eecfion 83 we know that this setup allows us to
consider the pullback line bundle Ox, (D)|..

Given such a setup, we claim that the following sequence is sheaf exact

0L >V, ==V - Ox, (D) > Oxy (D)~ 0 (8.23)

The sheaves appearing in this sequence are defined as
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« L= 0x, (D-X55)
o V= @1sz‘1<-~<ikgn OXE (D - Z?:l Sz'j)

The last map in is the restriction map to C. All other mappings are
induced from the Koszul complex K over the ring Oy, = C(Xy).

Example 8.5.1:

Before we prove the above statement let us give an example of a Koszul resolution.
To this end let us consider three effective divisor classes Si, 52,53 € Cl(Xyx). Given
such divisor classes we pick three non-trivial global holomorphic sections

§1 EHO (XE,OXE (Sl)), gQEHO (XE>(9X2 (SQ)), §3EH0 (XEaOXg (Sg)) (824)
We assume that their common zero locus
C:={peXs,351(p) =%2(p) =53(p) =0} (8.25)

is an algebraic submanifold of Xy of codimension 3. Then according to the above
statement we should consider the sequence

0L 3V, 51 20y, (D) > Ox, (D)|. >0 (8.26)

for a line bundle £ = Ox,, (D) of interest. The other sheaves in that sequence are
given by

« L'=0x. (D~ -85
U VQZOXE(D—SQ—Sg)QBOXE(D—Sl—S;J,)@OXE(D—Sl—SQ)
. Vl:OXE (D_Sl)@OXZ (D—SQ)@OXZ (D—Sg)

The sheaf homomorphisms in this sequence are induced by the following matrices of
global sections

51 0 -53 -5
o = —gg 5 5 = —§3 0 §1 3 = (gl,gg,gg) (827)
S3 S 50
This is to be compared to [Equafion 8.19, as these maps are induced from the Koszul

complex K3.

Proof
For the proof of sheaf exactness of the Koszul resolution we recall two important
facts.

o Sheaf exactness is a local property.

« Vector bundles of rank r are locally free Ox,-modules of rank 7.
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Given a point p € Xy and a sufficiently small open neighbourhood p € U ¢ Xy, one
consequently has to prove exactness of the following sequence

0= Oxy (U) > Oxy (D)%65) oo 5 O, (U) > (Oxy, (U)]) (U) 0 (8.28)

We are therefore looking at the Koszul complex K (31, ...,5,) over the ring Ox,. (Xx).
The condition that C' has codimension n translates into the condition that the germs

of 51,...,5, € Ox,, (Xx) form a weak regular sequence in the local coordinate ring at
p. The statement now follows from [Theorem XTI, [ ]
Remark:

e The proof does not make use of the smoothness of C'. This is correct, since the
statement holds more generally for algebraic subvarieties of Xy;. Then however,
the definition of a pullback line bundle must be refined. We briefly mentioned
this in Eecfion 83. Let us therefore mention that the smoothness condition is
supplemented with a look towards applications in F-theory model building.

e More information on the Koszul resolution can be found in standard textbooks
such as [44] or [66]. Note however that usually only the Koszul complex is
treated in detail. The Koszul resolution as we presented it above and will use it
during the rest of this thesis, is just a simple consequence from the technology
of Koszul complexes.

8.6. Splitting Principle Applied

Lemma 8.6.1:
Any long exact sequence of Abelian groups can be split into a number of short exact
sequences.

Proof

We assume that the long exact sequence of Abelian groups is of the form
0> A - Ay > A3 —> ... (8.29)
Then introduce an Abelian group I; such that
0->A - Ay -1 -0 (8.30)
is a short exact sequence. Subsequently introduce an Abelian group I such that
0->1>A3->1,-0 (8.31)

is a short exact sequence.

It is clear that the abelian groups I; do exist and that by following the above proce-
dure one obtains a number of short exact sequences which give the same information
as the long exact sequence that we started with. ]
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Consequence:
The above generalises to sheaf exact sequences and in particular allows to split the
Koszul resolution by introducing auxilliary sheaves Z;, ..., Zy_; into a number of

short sheaf exact sequences

. O—>£,—>VN,1—>1-1—>O

071> Vyo—>1y-0

0->Zy > VN3 —>In3—>0

O0—-Ino—>Vi—>1In,1—0
J 0—>IN_1—>£—>£|C—>0

Note:

The fundamental theorem of homological algebra states that any short exact sequence
of complexes of Abelian groups gives rise to a long exact sequence in cohomology of
these three complexes in the short exact sequence. Via the Godement resolution of
any sheaf this theorem implies that also any short exact sequence of sheaves gives
rise to a long exact sequence in sheaf cohomologies.

By use of this fact the above splitting of the Koszul resolution can be used to compute
from knowledge of the cohomology groups of £’, V; and £ the cohomologies of L].
Under good circumstances ® one can even deduce the dimensions of the cohomologies
of L], from exactness of the long exact cohomology sequences alone, without having
to know anything about the maps involved.

The computation of the dimension of the cohomologies of L|, based on the use of
exactness alone has been implemented in the Koszul extension of cohomCalg [63]. In
the next chapter we will give an example of the above-mentioned good circumstances,
but will also give two other examples where these good circumstances do not appear.
The remainder of this thesis will then focus on determining the cohomology groups
of L], by means of the sheaf homomorphisms involved.

3This means that a sufficiently high number of the ambient space cohomology groups are trivial.
An example of this is presented in the next chapter.
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9. Limits Of The Koszul-Extension
Of cohomCalg

9.1. Summary

In we presented the Koszul sequence and pointed out that it relates the
desired pullback cohomologies to certain ambient space cohomologies. We also men-
tioned that exactness can be used to constraint the pullback cohomologies easily, but
not necessarily uniquely. In this chapter we explain in detail how this works.

To this end we present simple consequences from the exactness of sequences in
Eion 9. The most important result is as follows. Let

Al > Ay > > A, (9.1)

a long exact sequence of finite dimensional vector spaces of dimensions aq, as, ...,
a, respectively. Then it holds

a—ay+as—ag+--+a,=0 (9.2)

This knowledge we put to a use in Eecfion 93, where we start the discussion of an
example that will guide us through the remainder of this thesis. For this example
we specify a smooth and compact normal toric variety in Eubsecfion 93 1. Here we
mention briefly that Xy, is of the form

Xy =(C*-Z2)/(C)" (9.3)

and that divisor classes can canonically be identified with elements in Z*. For this
reason we can consider the effective divisor classes ¥

e Sp,=(3,2,1,1)

SGUT = (17 17 07 O)

SlO = (27 17 27 1)

Sz, = (4,1,6,3)

Ssu =(7,2,10,5)

!The terminology for these divisor classes is motivated from an F-theory application that we will
present at the very end of this thesis.
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Now consider non-trivial global sections §; € H% (Xy, Ox,, (S;)) in order to define

Cio={peXs, 3B, (p) =3aur (p) = 5p,, (p) =0} (9.4)
Cs,, = {p€ Xs, 55, (p) =Saur () = 3D, (p) =0} (9.5)
Csg ={peXs, 3, (p) =5cur (p) =5p,, (p) =0} (9.6)

All three varieties are required to be smooth and of codimension 3 in Xy. In addition
it should be pointed out that the actual form of the polynomials 5; shape the curves
C;. This implies that the coefficients of the polynomials 5; can be identified as a
redundant description of the complex structure of the curves C;. In particular one
should expect that for £ = Ox,, (2,1,2,1) the cohomologies of L], do depend on the
complex structure of the curve C; via the coefficients in the defining polynomials of
Ci.

This indeed will turn out to be true. In contrast however, evaluating the Koszul
sequence by means of exactness only, does not require this information. So one
should not be surprised that exactness alone is in general not enough to compute
the cohomologies of £|Cl-' This we illustrate in the above setup. As we point out in
Enbsecfion 931 the cohomologies of L',|C10 turn out to be indepedent of the actual
description of Cg, whilst for (5, and Csp this does not hold true as shown in Eubsec]
Eion 933 and Eubsecfion 93 respectively. In the latter two cases this dependence
is reflected in an unknown integer valued constant appearing in the dimensions of
the cohomologies of £|C§m and Ll .

This problem is of course known to the authors of the cohomCalg algorithm and its
Koszul extension which automises the evaluation of the Koszul spectral sequence by
means of exactness only [63, pp. 20]. In particular it is mentioned there, that so-
far no functionality is implemented to compute this complex structure dependence.
Therefore our final goal is to make one step towards closing this gap.
However, before we do so, let us mention that sometimes bounds on the dimension of
the cohomology groups are all that a model builder needs to rule out a certain model.
For this reason we present in Eection 94 how exact sequence technology allows for
such simple bounds. The results presented there are of the following type. Assume
that A; - X - Ay — 0 is an exact sequence of finite dimensional vector spaces. Then
it follows

dim (X)) <dim (A;) + dim (As) (9.7)

We exemplify the use of these kinds of inequalities in Eecfion 94 where we estimate
the cohomology classes on C5,, and Csy. The so-obtained estimates are summarised
in MableT3.

9.2. Exact Sequence Technology - Part I

9.2.1. The Basics

Remark (Exact Sequence):
Let (A;),.; be a family of finite dimensional K-vector spaces and (fi: A; = Ai1);5 @
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family of vector space homomorphisms such that f;.; o f; =0 for all i € Z. Then the
complex

b aBah (9.8)
is exact precisely if
im (Ai—l - Az) = ker (Az - Ai+1) VieZ (99)

Remark (Dimension Formula For Vector Space Homomorphisms):
Let V, W finite dimensional K-vector spaces and ¢:V — W a vector space homomor-
phism. Then it holds

dimg (im (¢)) = dimg (V') - dimg (Ker (¢)) (9.10)

9.2.2. Simple Consequences

Claim:
Let n > 3. Then consider the exact sequence A; - Ay - A3 —» --- - A, of K-vector
spaces of dimensions ay, as, ..., a, over K. Then it holds

dimg (ker (A1 = A,)) = apo—ay_3+ay_4—ay_5---+a; Fdimg (ker (A7 - Ay)) (9.11)
Proof

e We begin by analysing the exactness at position A, _;. There we find

dimg (ker (A,,_1 = A,,)) = dimg (im (A, > A,-1))

9.12
= a,_o — dimg (ker (A,.2 > A,,.1)) ( )
e Similarly one finds at position A
dll’HK (ker (Ak - Ak+1)) = dlmK (nn (Akfl g Ak)) (9 13)
= ay_1 — dimg (ker (Ay_1 = Ay)) '
An induction by the sequence index now yields the claim. ]
Consequence:
Ben>2and 0 > A; - Ay -» --- > A, — 0 an exact sequence of K-vector spaces of
dimensions aq, as, ..., a, over K. Then it holds
Qp = el — Qpg + Qpeg — Qg -+ £ A1 (9.14)
Proof

The two zeros limiting the sequence imply

o dimg (ker (A; > A3)) =0
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Table 9.1.: Action of the algebraic torus (C*)* onto C8. This is part of the defining
data of the toric ambient space Xy in the exhaustive example.

o dimg (ker (A,-1 = A,)) = an1 —ay
The statement now follows from the preceeding one. [

Consequence:

e Let 0 > A - 0 an exact sequence of finite dimensional K-vector spaces. Then
A={0}.

o Let 0 > A; - Ay — 0 an exact sequence of finite dimensional K-vector spaces.

Then dlmK (Al) = dlmK (Ag)

e Let 0 > A; - Ay - A3z — 0 an exact sequence of finite dimensional K-vector
spaces. Then it holds dimg (A3) = dimg (A) — dimg (Ay).

9.3. An Exhaustive Example

9.3.1. Toric Ambient Space And Stanley-Reisner-Ideal

We start from an action of the algebraic torus (C*)* onto C# as outlined in table
Mable 9 T. From these one finds the ray generators of the fan 3 to be

Uy =€y, Ugp=€2, U3=€3, Ug=€4, Us=—€1+E3—€4 (915)
Ug = —€3, U7 =€3— €2, Ug=—€y+ey (916)
We note that any fan with these ray generators is smooth. It remains to require in
addition that the fan ¥ be complete, so that Xy is compact. From this condition,

the computer program Sage [51] is able to find two triangulations? with the following
Stanley-Reisner ideals.

(a) _
Iy = (Tom7, oy, T3, T3y, T1T4T5, T1T5T8, T4T6L7) (9.17)

2We described in Eibsection 159 how this is done.
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() _
ISR = ($2$7,$2$87$3$6,I4I7,$1I4$5,$1$5$8> (9~18)

9.3.2. Divisor Classes
One easily confirms

Cl(Xy)=Z[D|]|®Z[D;]®Z[Ds]®Z[D,] = Z* (9.19)
Therefore we agree on the following notation for a divisor class.

(a1,as,a3,a4) = a1 [D1] + ag [Da] + ag [ D3] + ay [ D4] (9.20)

9.3.3. Pullback Setup
We consider the following effective divisor classes
e Sp,=(3,2,1,1)
e Sgur=1(1,1,0,0)
e S10=(2,1,2,1)
o Sz, =(4,1,6,3)
o S5y =(7,2,10,5)

Given non-trivial holomorphic sections §; in the associated holomorphic line bundles,
we wish to consider the following algebraic subvarieties

Cio={pe Xz, 35, (p) =3cur (p) = 5p,, (p) = 0} (9.21)
Cs,, ={r € Xs , 3B, (p) = 3qur () = 5p,,, (p) =0} (9.22)
Csp ={pe Xx, 3, (p) =3cur () =5p., () =0} (9.23)

Those are subject to being smooth and of codimension 3 in Xy. Finally we consider
the line bundle £ = Oy, (2,1,2,1). Our task is to compute the cohomologies of £|Cm,
‘C|Cgm and L]g_ .

9.3.4. Ambient Space Cohomology Dependence On The
Stanley-Reisner-Ideal

To compute the pullback cohomologies one uses the Koszul resolution. Therefore
the first objects to compute are the cohomology classes of all the bundles on Xy,
that appear in the Koszul resolution. For the time being all that we need are the
dimensions of these cohomology classes, and those turn out to be independent of Isg
in this particular setup.

Whilst this indepence of the dimensions of the cohomology classes from the Stanley-
Reisner-ideal is expected, it should be mentioned that representations for the basis
of these cohomology classes will in general depend on the Stanley-Reisner-ideal, as
follows since the cohomCalg algorithm is heavily dependend on Isg.
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9.3.5. Pullback to Cjj

Remark (First Exact Sequence):
The first exact sequence from the splitting gives the following long exact sequence in
cohomology.

| Ox, (-4,-3,-1,-1) | Ox, (-2,-2,1,0) ® Ox, (-3,-2,-1,-1) ® Ox,, (-1,-1,0,0) |

7

0 0
0 0
0 1
0 0
0 0

where 7Z; is an auxillary sheaf. From the exact sequence technology developed in
Bection 97, it follows immediately

h'(Xx,Z;) = (0,0,1,0,0) (9.24)

Remark (Second Exact Sequence):
The second exact sequence relates the auxillary sheaf Z; with the auxillary sheaf Z,
and takes the form

| 71 | Ox, (-1,-1,1,0) ® Ox, (1,0,2,1) ® Ox, (0,0,0,0) | Z, |

0 4 Ag
0 0 Ay
1 0 Ag
0 0 Ay
0 0 A
From this we conclude
h' (X%, Zy) = (4,1,0,0,0) (9.25)

Remark (Third Exact Sequence):
The third exact sequence now relates Z, to the cohomology of Oxs (2, 1,2,1)|C10
which we intent to compute. This sequence looks like

[T | 0xy(2,1,2,1) | Oxy (21,2, 1), |

4 11 Ay
1 0 Al
0 0 Ay
0 0 Ay
0 0 Ars
Consequently we find
h' (Cho, Oxy, (2,1,2,1)]¢,,) = (8,0,0,0,0) (9.26)
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Note:

In this particular situation, the exact sequence technology as presented in Eection 92
was enough to determine the dimensions of the cohomology groups of the pullback
line bundle uniquely. This will not be true in the following two examples.

9.3.6. Pullback to G5,

Remark (First Exact Sequence):
The first exact sequence in the splitting of the Koszul resolution gives the following
long exact sequence in cohomology.

| Ox, (-6,-3,-5,-3) | Ox, (-2,-2,0,0) ® Ox, (-5,-2,-5,-3) ® Ox, (-3,-1,-4,-2) | I, |

0 0 A,
0 0 A,
0 2 As
0 0 Ay
3 0 As

where Z; is an auxillary sheaf. The exactness of this sequence implies
h' (Xs,Th) = (0,0,2,3,0) (9.27)

Remark (Second Exact Sequence):
The second exact sequence looks like

| 7, | Ox, (-1,-1,0,0) ® Ox,, (1,0,2,1) ® Ox,, (-2,0,-4,-2) | T

0 3 Ag
0 0 Az
2 4 Ag
3 0 Ag
0 0 Ao
From this we conclude
hi (XE,IQ) = (37148_5;148;070) (928)

Remark (Third Exact Sequence):
The third exact sequence finally takes the following shape

D | 0x,(21,21) | 0, (21,21 |

3 11 A
-5+ Ag 0 Aqp
Ag 0 0
0 0 0
0 0 0

68,277



CHAPTER 9. LIMITS OF THE KOSZUL-EXTENSION OF COHOMCALG

Exact sequence technology now implies
B (Csr Oxs (21,2, 1], ) = (3+ Ara, A12,0,0,0) (9.29)

leaving us with an unconstrained, nonnegative, integer-valued constant Ajs.

9.3.7. Pullback to Cyg

Remark (First Exact Sequence):
The first exact sequence is given as

| Ox, (-9,-4,-9,-5) | Ox, (-2,-2,0,0) ® Ox, (-8,-3,-9,-5) ® Ox, (-6,-2,-8,-4) | T, |

0 0 Al
0 0 A
0 17 Al
0 0 Al
34 10 AL
This implies
W (Xs,Zy) = (0,0,17,24 + AL, AL) (9.30)

Remark (Second Exact Sequence):
The second exact sequence then looks like

| I | Ox, (-1,-1,0,0) @ Ox, (1,0,2,1) @ Ox, (-5,-1,-8,-4) | T, |

0 3 Aj
0 0 Al
17 30 Al
24 + As 0 Aj
A5 0 AIIO
Exactness properties now yield
h' (X, Zy) = (3,-37+ Ay — Ay, AL, A}, 0) (9.31)

Remark (Third Exact Sequence):
The third exact sequence finally looks like

| 7 | Ox: (2,1,2,1) | Ox(2,1,2,1)], . |
3 11 Ar
~37+ AL - Aj 0 Al
Al 0 0
Ay 0 0
0 0 0

From exactness properties we conclude
W (Cst, Oxy (2,1,2,1)]e,, ) = (Al =29, 475,0,0,0) (9-32)

where again A}, € Nyog is left unconstrained.
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| [ Co| Com | Coun |
W (Ci L) || 8 |3+ A | A, -29
h(Cy, L)) Aig Al
h2(Cy, L) || 0 0 0
h3(Ci, Llg,) || 0 0 0
h(Ci, Llg,) || 0 0 0

Table 9.2.: Cohomology groups of £ = Ox,. (2,1,2,1) pulled back onto Cg, Cs,, and
Csm. Note that Ajs € Nyg and A, € Nygg are left unconstrained.

9.3.8. Summary On The Cohomologies From Exactness

The dimensions of the pullback cohomologies as determined above, are summarised
in Mable 9.

9.4. Exact Sequence Technology - Part II

Lemma 9.4.1:
Let A; - X — Ay — 0 an exact sequence of finite dimensional K-vector spaces. Then
it holds

Proof
From exactness at A, it follows

im (X — Ay) =ker (Ay > 0) = Ay (9.34)
Consequently the dimension formula for vector space homomorphisms implies
dimg (X)) — dimg (ker (X - Ay)) = dimg (Az) (9.35)
Exactness at X then implies
dimg (X) — dimg (im (A; - X)) = dimg (As) (9.36)

Finally applying the dimension formula a second time gives

This gives the inequality that we are looking for by noting that dimg (ker (A; - X))
is always non-negative. ]
Consequence:

Let A - X — 0 an exact sequence of finite dimensional K-vector spaces. Then it
holds dimg (X)) < dimg (A).
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Lemma 9.4.2:
Let Ag > A1 - X - Ay — 0 an exact sequence of finite dimensional K-vector spaces.
Then it holds

dimg (X)) > dimg (As) + dimy (A;) — dimg (Ag) (9.38)

Proof
Following the strategy used to prove the first lemma, one easily finds

dll’IlK (X) = dlmK (ker (AO - Al)) + dll’IlK (AQ) + dlmK (Al) — dlmK (Ao) (939)
From this the claim follows immediately. [

Consequence:
Let Ag > A; - X — 0 an exact sequence of finite dimensional K-vector spaces. Then
it holds

9.5. An Exhaustive Example - Bounds On The
Cohomology Groups

9.5.1. Pullback To C;¢ - Bounds

The cohomologies on C}y were uniquely determined by exactness. Consequently we
are already done in this case.

9.5.2. Pullback To Cg,, - Bounds

Remark:
Since Aj5 = Ag we are looking for bounds to As.

Claim:
It holds 5 < Ag < 7.

Proof

We have the exact sequence 2 - 4 - Ag - 3 - 0 from which the two bounds
follow. [ |
Consequence:

We have thus found 5 < A5 < 7.

9.5.3. Pullback To Csyg - Bounds

Remark:
We first recall A}, = A;. Thus our first task is to find a bound for Aj.
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| | WO(Cy, L) | (G, £]) | Parameter range |

Cio 8 0 0
Cgm 3+ A12 A12 5< Alg <7
Csyy | A, —29 AL, 37 < Al, < 64

Table 9.3.: Bounds on the parameters which describe the dimensions of the cohomol-
ogy groups of the pullback line bundle on the matter curves Cs,, and Csp.

Claim:
It holds 37 + AL < A <54 + AL.

Proof
The exact sequence 17 — 30 - A} - 24 + AL — 0 implies both bounds. ]

Consequence:
We consequently need to find bounds for Al next.

Claim:
It holds 0 < Af < 10.

Proof
The exact sequence 34 — 10 - Al — 0 implies

-24<A; <10 (9.41)
But since Aj is the dimension of a vector space we know Af > 0. Thus we obtain the
statement. ]
Consequence:

It holds 37 < A, < 64.

9.5.4. Summary
We have thus found the cohomologies as listed in Mabhle 973.
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Cohomology Of Holomorphic
Pullback Line Bundles On
Algebraic Submanifolds Of Smooth
And Compact Normal Toric
Varieties Via The Koszul Spectral
Sequence
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10. Summary

In this chapter we present the true story behind computing pullback cohomologies.
To start off this part, we continue in the analysis of the exhaustive ex-
ample given in ghapfer 9. This time however, we use the actual mappings in the
Koszul sequence to compute the pullback cohomologies. Thereby we can in these
examples identify the dependence of the pullback cohomologies L|ci on the complex
structure of the curves C; reflected in the coefficients of their defining polynomials.
In particular we point out that the exhaustive example turns out to be an example
of the simpler kind. This is reflected in the fact that when we compute the pull-
back cohomologies [’|C¢ there are several maps that are not directly induced from the
Koszul sequence, but whose details we need not know for the computations in this
particular example. Let us term these maps 'mysterious maps’ for the time-being.
The general story is unfortunately more involved than this exhaustive example shows
on a first glance. To see this we introduce the Koszul spectral sequence in chapfer 12.
General theory about sheaves tells us that the Koszul spectral sequence allows for a
very efficient and well-organised way of computing pullback cohomologies. In partic-
ular it clearifies the origin of the 'mysterious maps’

Thus the construction of the 'mysterious maps’ is in general the real problem in
computing pullback cohomologies. The general strategy for the construction of these
maps is of course well-known in the mathematics literature. To illustrate this abstract
construction, we give an example of the construction of a special such 'mysterous map’
called the "Knight’s move’ in chapter 13. In this chapter we also give a hint towards
a simplified construction of this 'mysterious map’ This hint involves the use of the
chamber counting algorithm and the cohomCalg algorithm for the calculation of line
bundle cohomology on the toric ambient space. In particular we will point out that
the chamber counting encodes more information than cohomCalg. This additional
information in turn is needed to perform the abstract construction of the 'mysterious
maps’ Unfortunately obtaining this additional information comes at a high cost - the
computer implementation of the chamber counting algorithm in [61] is much slower
than cohomCalg [57].

Consequently one might ask if there is a faster way for the construction of these 'mys-
terious” maps. We turn towards this question in chapfer 14. In particular we point
out that the answer is affirmative given that the smooth and compact normal toric
ambient space Xy is a so-called generalised Flag variety. Whilst it is well-known
that CP™ does indeed fall into that category it is not known to the author if this
holds true for a general smooth and compact normal toric variety. Therefore a proof
or disproof of this statement would be very interesting to know of. This however is
currently beyond the abilities of the author.
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A first approximation of the results from the Koszul spectral sequence is independent
of the construction of the 'mysterious’ maps. In the language of spectral sequences
this is the evaluation of the E;-sheet. This task has been computerised in a Math-
ematica notebook. We give the source code of this notebook in and
present a brief manual of this notebook in chapfer 13.

We conclude this thesis by putting this notebook to a use in a model building teaser
in chapter 16. There we present an SU (5) x U (1) toy-model in F-theory with a
special choice of G4-flux. Counting the number of zero modes along the curves Cj,
(5, and Cspy which are charged under this G4-flux is then performed by computing
certain pullback cohomology classes. The latter we use our Mathematica notebook
for. Let us mention that we do not perform any global checks in this toy-model. So
existence of a smooth resolution }7}1, tadpole cancellation etc. are not checked, as this
toy-model is presented only to demonstrate how our Mathematica notebook can be
used in future model building work.

75/277



11. Leray Property And Induced
Cohomology Maps

11.1. Summary

In this chapter we continue the analysis of the exhaustive example presented in
chapfer 9. In constrast to using exactness properties only, we will now make use of the
actual mappings in the Koszul sequence. For a codimension 3 algebraic submanifold
C of a smooth and compact normal toric variety Xy this sequence is given by

0L 3WMEW 2L L),-0 (11.1)

We can split this long exact sequence by the so-called splitting-principle into three
short exact sequences

oO—>£’3>V2—>Il—>O
. 0—>I1—>V1—>I2—>0
c 05T, > L Lg—0

This we presented back in Eecfion 0. Let us focus on the first of the three short
exact sequences 0 - £/ 5V, - I; - 0. This sequence induces the following long
exact sequence in cohomology

0 —— HY(X,L') —a®—~ HY(X,Vy) —— H°(X,7;)
N v e
)
/
Hl(X,,C’) —al— Hl(X,VQ) —_— Hl(X,Il)
pY T e =
4
/
HQ(X,,C’) —a? H2(X,V2) —_— HQ(X,Il)

- -

THNX, L)~ HY(X V) —— HY(X,T))

Now two questions are immediate.

o How exactly does the map « induce the maps o*?

76/277



CHAPTER 11. LERAY PROPERTY AND INDUCED COHOMOLOGY MAPS

o Given that we know the cohomology groups of £’ and V, and even know the
mappings o, how do we then compute the cohomologies of Z;?

The answer to the first question we give in Beciion TT2. There we point out that on a
smooth and compact normal toric variety there exists a particularly nice open cover
such that computing Cech cohomology from this open cover does actually give sheaf
cohomology. This open cover is the so-called affine open cover U. Consequently we
can think about the maps between the sheaf cohomology groups as maps between
Cech cohomology groups, i.e. collections of Cech cocycles. But Cech cocycles are
equivalence classes of Cech cochains, and Cech cochains in turn only collections of
functions on the open sets of Xy that form the affine open cover U.

That said let us focus on the situation of a sheaf homomorphism o:Ox,, (D) —
Ox, (D') with D’ > D. Then this homomorphism is induced from a global section
Se HY (X, Ox, (D' - D)). By the above-presented observation about the affine open
cover U, we can think of Cech cochains in Ox,, (D) to be mapped to Cech cochains
in Ox,, (D’) simply by multiplication with 3. This observation we can express in the
following commutative diagram

éO (Z/{?OXZ (D)) —0— qu (u7 OXz (D))
L L

i i
COU,Oxy, (D)) —0— CH (U, Ox,, (D))

From this it follows that the maps o’ are just the canonically induced mappings of
quotient spaces, i.e. for example

o HY Xy, Ox, (D)) » H* (X5, Ox, (D) , 2= [X] > [5-X]=y  (11.2)

where X € C°(U,Ox,, (D)) and 5- X € C°(U,Ox, (D')). We should mention that
this construction preserves closure, and that therefore this construction answers the
first question.
The answer to the second question is given in Eecfion TT3 and can be stated in the
equation

H'(Xx,T;) = coker (o/) ® ker (04”1) (11.3)

By use of these two results it is actually possible to compute the example from
completely. This is because the 'mysterious’ maps are all trivial in these
examples. To illustrate this we point out in the detailed computations outlined in
Recfion 1173, Eection 114 and Eecfion 113 all ‘'mysterious maps”. The results from the
computations in this chapter are summarised in Mable TT@ and should be compared
to the results in Mable 93 which are obtained only from exactness considerations.
Finally we would like to point out that we discuss the meaning of a "generic pullback
setup’ in detail in Eubsection TT 3 7. This will establish our terminology throughout
this thesis.
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11.2. Natural Leray Cover Of Toric Varieties And
Consequences

11.2.1. The Affine Open Cover

Remark:
Let X5 a smooth and compact normal toric variety. Then the affine open cover
U= {Ua}oezmax is a Leray cover and thus allows to compute sheaf cohomology from

Cech cohomology.

Note:
We heavily used that fact when introducing the classical view of sheaf cohomology

on toric varieties in Becfion 6 3.

11.2.2. Induced Maps On Cech Cocycles - Codimension One

Note:
Let Xy a smooth and compact normal toric variety. In addition let S € Cl(Xy) an
effective divisor class and 5'e€ HY (Xy,Ox,, (S)) a global holomorphic section of the
associated holomorphic line bundle Ox,, (S) such that

C:={peXys,3(p)=0} (11.4)

is an algebraic submanifold with codimension 1 in Xy. Then for any D € Cl(Xx) we
have the Koszul resolution as given by

0 Ox, (D-5) % 0x, (D) > Ox, (D)|, 0 (11.5)

Recall that the maps in this short exact sequence are sheaf homomorphisms. In
particular we have for any open U c Xy a homomorphism of Ox,, (U)-modules

put (Ox, (D - 5)) (U) = (Ox,, (D)) (U) (11.6)
given by multiplication with 3.
Consequence:
Assume that the collection C' = (fy € Ox,, (D~ 9) (Us)) ey, is a Cech 0-cochain in
the sheaf Ox,, (D —S). Then the following holds true.

« We can use the maps ¢y, to map the Cech 0-cochain C to a Cech 0-cochain
C’ in the sheaf Ox,, (D).

« Cis closed with respect to the Cech differential precisely if C’ is closed.
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Proof
The image of C' = (f, € (Ox, (D -95)) (U,))

homomorphism ®3 is

by the map induced from the sheaf

0€Xmax

C"i= (R, - fr € (Oxy (D) (U)o (11.7)

which indeed forms a Cech O-cochain in the sheaf Ox,. (D).

Next we note that 5 ¢ H%(Xy, Ox, (S)). By means of the homogenisation of Xy,
one justifies that 5 is a polynomial in the homogeneous coordinates of Xy, with
multidegree S with respect to the defining scaling relations of Xy. Recall also that
the affine open cover is the union of the following open affine subsets of Xy

U, = {p eXy, T; # 0} (118)

Consequently 3], =3 for any o € ¥y, This implies that the cocycle condition for
C" is just the one for C' multiplied by 5. But § is non-trivial, as otherwise its zero
locus cannot form a codimension 1 submanifold of Xy. Consequently C' is closed
with respect to the Cech differential precisely if C is closed. [ ]

Comment:
This argument easily generalises to Cech p-cocycles with p > 1.

Remark:

Cech cohomology classes are sets of equivalence classes of Cech cochains. cohomCalg
picks certain Cech cochains to represent such a class and thus to form a basis of
the cohomology class of interest. By the above means we have maps that take Cech
cochains in one sheaf to Cech cochains in another sheaf and respect closure. Thus
these maps induce maps on the Cech cohomology classes.

Note however that a choice of basis is not unique. In particular it can happen that we
use a Cech cochain C} in the domain and map it to a Cech cochain C; in the target, of
which only part is expressable by means of the Cech cochains that cohomCalg chose
as target space basis. The crucial insight is then, that the part of C5 not expressable
in the target space basis is zero with respect to the equvialence relations in the
target space. Therefore one can focus on the part of the image cochain C5 that can
be expressed in terms of the target space basis and use this part to draw conclusions
on the maps of Cech cocycles. We will encounter such situations momentarily.

11.2.3. Induced Maps On Cech Cocycles - Arbitary
Codimension

Remark:

All maps in the Koszul resolution are sheaf homomorphism. That said, the above

strategy immediately generalises to the situation of arbitary codimension smooth
subvarieties of a smooth and compact normal toric variety.

79/277



CHAPTER 11. LERAY PROPERTY AND INDUCED COHOMOLOGY MAPS

11.3. An Exhaustive Example Continued -
Pullback To Cig

Remark:

In we found that the dimensions of the cohomology groups of L], could
be deduced from exactness alone. Nevertheless we decide to use this example in order
to demonstrate the applicability of the techniques introduced in Eecfion T12.

11.3.1. The Defining Polynomials of Cy,

Recall that we have to choose holomorphic sections

51 e H'(X5,0x, (SB,)), 2 € H'(X5,0x, (Scur)), $3¢H(Xx,Ox, (Si0))
(11.9)
to define C'g as their common zero locus, subject to the condition that C'g is smooth
and of codimension 3. By recalling that the above divisor classes are given by

Spy = O0x. (3,2,1,1), Sgur =0x, (1,1,0,0), Si9=0x(2,1,2,1) (11.10)

one computes from the toric data of Xy as given in a basis of these coho-
mology groups by means of the cohomCalg algorithm. This was automatised in the
Mathematica notebook whose sourcecode we display in and discuss the
implemented functionality in chapter T9. Hence we can simply quote the results.

§1 = ClgI%.%QIgl’AL + 0141'1:521’31'45(}5 + C7LU2§L’3I4I§ + 016.1’%7}6 + 0101'1.1’5376
+ C12226 + Orratwsry + Crox 230507 + Cyrar2ay + Cl521 Tox3250s
+ CgIQIE3J]iZL‘5JZ8 + 0111}11‘41’61‘8 + OQJZ4ZL‘5ZE6I8 + 013{E1£E3$4[E71’8

+ Os1374757778 + CoTorswirs + Caxizers + Corsvizrxs

" (11.11)
59 = Cy1x1 + Chows + Oty
~ 2 2
S3 = 032111[E21]3I4 + 028[E25(73I4.T5 + 0305(]1{[‘2176 + 0245(]2[[‘5176 + O311]1[E21’3l‘7

+ Copox3t527 + Cog303231s + Cosloxaiots + CorTalsalyTs

+ ngl’ﬁlﬁﬁg + ngl’gl’%ﬁg

The algebraic subvariety C'g is now given by
Cio={peXs, 5 (p)=%(p) =53 (p) = 0} (11.12)

The 32-parameters C; that appear in the sections 5; are thus identified as a redundant
description of the complex structure of Cjy. A priori any of these parameters can
take any value in C. However, recall that they are subject to the condition that the
algebraic subvariety C}g is smooth and of codimension 3.
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] Space ‘ Basis ‘ Dimension ‘
0
P 0 1
z7
Lo zgas
0 0 0 0
2
PQ A2$2I6 s A3$2$3$7 N A4Q?2$35L’4 N 0 4
0 0 0 As
P3 A16£L’1I%ZL’3$4 + A12$§I3I4I5 + A14$1LL’21’6 + A8I2I5$6 + 11
A15JI1[EQCL’3ZL‘7 + A10I2$31’5ZE7 + A13x§x3xix8 + A9$2$4ZE61}8 +
A11£L‘2I31’4ZE7$8 + A61'61E7I'8 + A7£L'3I%l’8

Table 11.1.: Non-trivial ambient space cohomologies in the computation of the coho-
mologies of Ox,, (2,1,2,1)], , their bases and dimensions.

11.3.2. The Ambient Space Cohomologies

For this particular situation the Koszul resolution is given by
0L >Vo>WV1 > L~ L] —~0 (11.13)
where
o L'=0x,(-4,-3,-1,-1)
e Vy=0x.(-1,-1,0,0) ® Ox,, (-3,-2,-1,-1) ® Ox,, (-2,-2,1,0)
e V) =0x,.(-1,-1,1,0) ® Ox (1,0,2,1) ® Ox,. (0,0,0,0)
e L=0x,(2,1,2,1)

The cohomologies of these bundles are easily computed by our Mathematica notebook
from [Appendix F. We list the non-trivial cohomology classes in Mabhle TT1 and use
them to neatly organise the ambient space cohomologies in Mahle TT2.

11.3.3. Computation Of The First Short Exact Sequence

Remark:
Recall that the first short exact sequence resulting from the splitting of the Koszul
resolution looks like

0L -Vy>T, -0 (11.14)

with the auxillary sheaf Z;. Our first task is therefore to learn how to compute the
cohomologies of Z; from the cohomologies of L, Vs and knowledge about the map

E’ g VQ.
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L' 0 0 0 0 0
¥ ¥ A $ J ¥
Vo | 00000 00080 = 000 0000
¥ ¥ \ N } J
Vi P 000 00080 00080 0800
¥ ¥ ! N J ¥
L Py 0 0 0 0
’ ‘ HO H1 H2 H3 H4 ‘

Table 11.2.: Ambient space cohomologies in the computation of the cohomologies of
Oxy (2.1,2,1)], .

Claim:

Let 0 > F; — F5 -» F3 — 0 a short exact sequence of coherent sheaves on a complex
and compact manifold X. Then the finiteness theorem tells us that the cohomology
groups of these sheaves are finite dimensional vector spaces. Moreover we know that
there exists a long exact sequence in these cohomologies which looks as follows

0 —— HY(X,F) —a"> HY(X,F) —8~ H(X, F3)
0/
)
T v o~ 1 1y 1
HY (X, F)) —o'—> HY(X, Fy) —8'~ HI(X, F3)
1/
4
/ 2
H*(X,F) —e*~ HX(X,Fy) —8°~ H*(X, F3)

- -

S (X, F) —on e HY(X, Fy) —8~ H(X, F)
Given this situation we claim the following.
H' (X, F3) = coker (o/) ® ker (o) (11.15)

Proof
For simplicity we perform the proof for ¢ = 0. We thus consider the finite dimensional
complex vector space H? (X, F3). By means of the vector space homomorphism

O HY (X, F) - H (X, Fy) (11.16)
we have the natural isomorphism
H° (X, F3) = ker (6°) @ im (8°) (11.17)

By means of exactness we have ker (0°) 2 im (5°). From the natural ismorphism

H® (X, %) = ker (8°) @ im (5°) (11.18)
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Fj

> 0O
> 0O
> 0O
5 0O

Y Y
HY(X,F) HY(X,F) H*(X,F) H}(X,F)
[ ] [ ] [ ] [ ]

HY (X, %) H'(X,%) H?>(X,F%) H3(X,F)
° ° ° °

[=)
(=)
(=)
[ Je)

Hi

Figure 11.1.: Given a short exact sequence 0 - F; > Fy - F3 — 0, the cohomologies
of F3 can be computed from the cohomologies of F; and F; and the mappings on their
cohomologies as induced from the sheaf homomorphism «. To this end one computes

the cohomologies of the vertical complexes. Denoting the resulting cohomology class
at position (7,7) by E% one obtains H* (X, F3) = E*0 @ Eitl1,

we consequently find

H° (X, F3) = coker (a”) @ im (6°) (11.19)

By using the exactness property at H' (X, F;) we finally obtain the result. [ ]

Consequence:
This result enables us to compute the cohomologies of the sheaf Z; as defined by the
short exact sequence

0->L >Vy>1Z, >0 (11.20)

from knowledge of the cohomology classes of £’ and V, and the mapping between
these classes. We depicture the result of this consideration in [Figure TT.1.

Consequence:
For the calculation of the cohomologies of the auxillary sheaf Z; as defined by the
short exact sequence

0L -Vy=>1, -0 (11.21)
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Fj

0 0 0 0 0

® ® ® ® ®

Y Y Y Y Y

0 0 0 0 0

® ® ° ® ®
0[0 Oél 042 043 0[4
0080 0®0®0 1:1 0080 0080

0 0 0 0 0

° ° ® ® ®

Figure 11.2.: Sheet describing the first short exact sequence 0 - L' - Vy - Z; - 0
for the computation of line bundle cohomology on Chy.

we have to consider the sheet as given in [Figure 11.2. Note that from the Koszul
complex we have
S1
OéiZHi (XE,EI) —>Hl (XE,VQ) s [t] d —§2 -1 (1122)
S3
Consequently it follows
H (X5,7))=(0000,00000,P,00 000,00 0®0) (11.23)

0
where P, = 0 , A eCh.
Ay

R
L1T4T5

11.3.4. Computation Of The Second Short Exact Sequence

Remark:
We now have to compute the cohomologies of the auxillary sheaf Z, defined by the
short exact sequence

0Ty >V > Ty~ 0 (11.24)
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I

0 0 0 0 0

® ® ® ° ®

Y Y Y Y Y
0®0a0 0®0a0 Py 0@0a0 0®0a0

® ® ° ® ®
B0 Bt 2 B3 B
1:2 0e0®0 0080 0®0®0 0080

0 0 0 0 0

® ® ° ° ®

]]i

Figure 11.3.: Sheet describing the second short exact sequence 0 - Z; - V; - Zy - 0
for the computation of line bundle cohomology on Ch.

With the result from the above calculation we can organise the corresponding sheet
as outlined in [Figure 1T.3. Note also that we found a canonical isomorphism

H'(Xg,Th) 2 H' (Xz, V2) (11.25)

Consequently the maps (5 are just the ones induced from the map in the Koszul
sequence, that is we have

. , ty 0 -53 -5 t1
ﬁlin (XE,Il) - H (XE,VQ) s tQ = —3/3 0 ’§’1 . tQ (1126)
t3 §2 §1 0 t3

Comment:
Let us look at the map $? in more detail. Recall that we have

0 0 -3 -3 0
B:P-00080), 0 =1l -5 0 5 |- 0 (11.27)
Ajxy 3«2 §1 0 Arxr

T1T4T5 T124T5

On a first glance this might look worrying, since in general

_N . . $7
52 Al T1T4T5

v=| %4 -2 |¢08080 (11.28)

T1T4T5

0
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Whilst this holds true, the crucial insight is that we use Cech cochains to represent
equivalence classes of Cech cochains, namely Cech cocycles, and induce maps of
Cech cocycles from maps of Cech cochains. As well-definedness of 52 follows from
the well-definedness of the sheaf homomorphism

as outlined in Bection TT2, we must thus conclude that the non-zero vector v describes
the same equivalence class of Cech cochains in H? (Xx, V1) as does the cochain 060&0.
In particular we note that any element in H? (Xx,Z;) is mapped to 0@ 0@ 0, so that

ker (8%) = H* (Xx,T;), coker(f*)=z0@0@0 (11.30)

Consequence:
The cohomologies of Z, are now easily obtained as
L HO (Xz,l-g) = P2

Xz,IQ) = Pl
X5, T)2000@0

H'(
H?(
H? (X5, T,) 20000
HY (X5, T,) 20000

11.3.5. Computation Of The Third Short Exact Sequence

Remark:
Finally, we can compute the cohomologies of ‘C|C1o' Recall that this is achieved via
the third short exact sequence which takes the form

0Ty > L~ L], —0 (11.31)

With the cohomologies for Z, we can organise the calculation in the sheet given in

[Figure 1T.4. Note that
H° (XE,IQ)EHO (XE,V1) (1132)

Consequently the map ~° is just given by the one induced from the Koszul complex,
i.e. we have

tl tl
’)/OIHO (XE,IQ) —>HO (XE,[,) s tg = (gl,gg,gg)' tg (1133)
t3 t3

This also holds true for 2, 42 and v*. Note however that the story is different for
~!. This is because we have

H' (X5,T) = H (X5, V,) (11.34)
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I
0 0 0 0 0
® ° ° ° ®
Y Y Y Y Y
P, Py 0®0a0 0@0a0 0®0a0
° ° ° ° ®
,YO ,-yl ,y2 ,Yd 74
Py 0 0 0 0
° ° ° ° ®
0 0 0 0 0
® ° ° ° ®

Hi

Figure 11.4.: Sheet describing the third short exact sequence 0 - Z, -~ L —» L], —0
for the computation of line bundle cohomology on Ch.

and the Koszul resolution does not include a sheaf homomorphism ¢:V, - £. This
is the first 'mysterious’ map that we got to see so far. For the application in this
and the following examples however, we will not need to know the details of these
‘mysterious maps’. Therefore we decide to remain silent on the details of these maps
now, but will discuss them in Eecfion 1273.

Consequence:
From the sheet in we learn that

H° (Clg, E|Clo) ~ coker ('yo) ® P (11.35)
whilst all higher cohomology groups are trivial.

Remark (7° As Matrix):
Recall that

0 0 0 0
P2 = AQ.I'QZ'(; , Agl‘gl’gl'? R A4$%LIZ’3.€C4 s 0 , Az eC (1136)
0 0 0 As

From this it is easily found that the map 7% can be represented by the following
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matrix
Mo = 0 Ci9g 0 Oy (11.37)
0 Cyp 0 Cy
0 0 0 Co
0 0 0 Cas
Comment:

From the above we see how the parameters C; € C influence the image of 70 and
thereby also HO (Cho, £|Cm).

Let us recall that from we know h? (Cm, £|Cw) = 8. Thus a detailed study
of the allowed values for the parameters Cj, subject to the conditions that C, is
smooth and of codimension 3, must yield

im (M) = C* (11.38)

Whilst we do not perform this analysis in detail, we give an example for a smooth
Cho locus and subsequently introduce the notion of the generic Cg-curve.

11.3.6. A Smooth Example

Construction 11.3.1:

We now want to give at least one smooth example. To this end we replace the
coefficients C; by pseudo-random numbers between 0 and 1. The program Sage
[61] is then used to check if the so-defined Cyy curve is smooth and has the correct
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codimension T. An example of polynomials that define such a Cg locus is as follows.

51 = 0.419639901494x2x3x2x§ + O.616192161696x1m2x3xix8 + 0.324512347891x2:c3xix5x8
+ 0.516449982403x3xix7x§ + O.68907O716759$%x2$3x4 + 0.288808226706x1 2232425
+ O.208510506734x2x3x4x§ +0.684379783437x 123247728 + 0.37391574191 23245072008
+0.188034542702x5 w673 + 0.095326756 1622 w3707 + 0.81167798529621 137577
+ 0.818928548878x3x§x7 +0.492366395328x1 24268 + 0.67875430953 124052628
+0.548248310387x% 26 + 0.228988834049z w576 + 0.177375013782z 216

S5 =0.97133169913x 425 + 0.58007830434821 + 0.0708936406458x

35 = 0.45194362815272 132225 + 0.09441059978662 220374 + 0.88878531370623257 475
+0.448344364944xox3x 407208 + 0.0498775090408 11 xox327 + 0.45299086045219 237577
+0.027574926784210x 42678 + 0.833986475345x37225 + 0.6042390048922 1 1976

(11.39)

Consequence:

It is not too hard to check that with the above values for the parameters C;, the
matrix M,o indeed has a four-dimensional kernel. So we find in this smooth example
ho (010, £|Cm) =8 as expected.

11.3.7. The Generic Pullback Setup

Remark (The Word Generic):
The word generic appears very often in algebraic geometry. Thus it is highly adequate
to explain its precise meaning. To this end we quote [44, pp. 20-21].

“We should mention here a piece of terminology that is pervasive in al-
gebraic geometry: the word generic. When we are dealing with a family
of objects parametrized locally by a complex manifold or an analytic sub-
variety of a complex manifold, the statement that "a (or the) generic
member of the family has a certain property" means exactly that "the set
of objects in the family that do not have that property is contained in a

o

subvariety of strictly smaller dimension".

Note:

In our situation, the subvariety g is parametrised by points in a certain analytic
subvariety of C32. Note in particular that not every point in C32 corresponds to an
allowed algebraic subvariety C'y. This is easily seen as e.g. the origin is not allowed
- it corresponds to the situation where all sections are trivial.

Still in order to demonstrate the meaning of ’generic’ let us for a moment assume

IThis is achieved via introducing Co as algebraic subscheme of Xy, and then checking its smooth-
ness and dimension.
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that in fact all points in C32 were allowed. Then points in
G:={(C,...,C) eC? C;+C;Vi+j} (11.40)

were generic in the above sense and one would indeed obtain im(Mvo) ¥ C* as
expected.

Yet the situation is much more involved since the points in C32 that correspond to
well-defined pullback setups form proper subsets of C32. Therefore the above naive
guess of "generic’ does not apply in general.

Remark:
For simplicity we will ignore this issue in the remainder of this thesis and agree on
the following simplified convention.

'Generic pullback setup’> We replace the coefficients C; by their index 1.
Thereby kernel and image of the mapping matrices can be easily computed.
We then term any smooth pullback setup of the correct codimensionality,
such that for any involved mapping matrix the kernel is of the same dimen-
sion as computed by the replacements C; — i, a generic pullback setup.

Consequence:
In the generic pullback setup, we have ker (Mvo) ~ CL

Note:

Whilst it is very tempting to guess that the above terminology of ’'generic’ agrees
with the one given in [44], the author does not know how to proof or disproof this
assertion.

11.4. An Exhaustive Example Continued -
Pullback To Cg, ,

11.4.1. The Defining Polynomials of Cg

Recall that we have to choose holomorphic sections

51 € H (Xx,0x, (SB,)), Sae H* (X5, O0x, (Squr)), S5 € H* (X5, Oxy (S5,,))
(11.41)
to define Cs,,, as their common zero locus. By recalling that

Sp, = Ox, (3,2,1,1), Squr = Ox, (1,1,0,0), Ss =0Ox, (4,1,6,3) (11.42)
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one computes from the toric data of Xy, a basis of these cohomology groups by means
of our Mathematica notebook displayed in Appendix F]. This gives

§1 = 018]3%1'21’3.%'4 + 014I11’2I3I4.T5 + C7I2$3I4]3§ + Clﬁ.l'%l’ﬁ + 010I1$5$6
+ Cl.ﬁEg.TG + 0171’%.2531'7 + 0121’1{1331'51'7 + 04.1'317%.1'7 + 015$1$2$3$i$8
+ Cgl‘gl’gl‘il’5l’8 + 011$11'4ZL'65E8 + CQI’4ZE5I’6ZL‘8 + 013$11'3$4$7ZL‘8
+ Osw314757728 + CoTowzrins + Caxirers + Corswir as
53 = Cory + Crgas + Copyxy
S3 = 022x§x§x7x8 + ngxgxgxéxgxg + C’ngx%xﬁx?xg + Cg5x%x§x$x8
+ Oy a3x57s + Corrsayziars + Cog3x3153207 + CogTar3w4 e 728 11.43
+ Caorawiasrer? + Co a3 ,4w67208 + Caoriwsxs s + Cagririzyaieg (11.43)
+ Cg4x§‘x3x4x5x% + C’gﬂ%;ﬁgﬁxgxg + 036x§I§x4a:5x6x7 + Cg7x%x§xix6x7x8
+ Oy 140502 + Cagryririniag + Chpriririvsze + Cursririrers

+ Cprdririzswy + Cysrririz g + CpyaSeirizs + 0459:3933953:58

+ C46x1x%xg + C47x1x§’x3x§x7 + C4gx1x§’x§x6x$ + C’49x1x§x§x§
+ Osom1 75237475 + Cs1 210505047677 + Copw1 057052477 + Cs301 15250506
+ Osym25z503w7 + Coszy 250303

The (5, -curve is now given by

Cs={peXs, 51 (p)=52(p) =55 (p) = 0} (11.44)

The 54 parameters C;, that appear in the sections 5; and which give a redundant
description of the complex structure of C%,,, are subject to the condition that their
common zero locus is a smooth subvariety of codimension 3 in Xy.

11.4.2. The Ambient Space Cohomologies

For this particular situation the Koszul resolution is given by
0—>£’—>Vg—>Vl—>/l—>£|Cg -0 (11.45)

where
o L'=0x,(-6,-3,-5,-3)
e Vo=0x,(-3,-1,-4,-2) ® Ox,. (-5,-2,-5,-3) @ Ox,, (-2,-2,1,0)
e V1 =0x.(-1,-1,1,0) ® Ox,. (1,0,2,1) ® Ox,. (-2,0,-4,-2)
e L=0x,(2,1,2,1)

The cohomologies of these bundles are easily computed by our Mathematica notebook
given in [Appendix F. We list the non-trivial cohomology classes in MTahle TT3 and
use them to neatly represent the ambient space cohomologies in Mahle TT4.
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] Space ‘ Basis ‘ Dimension ‘
Pl T122% A 2 2.2 - 2 3.2 133 3
ST3TATSTIT7T | T1TITIT4T5T6TITE  T1TSTLTIT5TETTLS
P, 0 , 0 2
0 0 0
P3 A6[E21]6 s A71’2I31’7 y ASJZ%I3[E4 3
0 0 0
0 0 0 0
P, 0 ’ 0 7 0 7 0 4
Agzy A1g Anzs A1oxq
ToT3TETE TIT3TETT TITITETETY TITITETETS
P5 A13[E61’7$8 + A14$3(L’$ZE8 + A15J]21‘5l’6 + A16I2$4$6[E8 + 11
A17ZE2$3{E5I‘7+A18$2$3$4ZL‘7$8+A191]%[L‘3l‘4l’5 +A20[L‘§l‘3l‘i$8+
A1 210x6 + Aoy Tox37 + Agz 12520314

Table 11.3.: Non-trivial ambient space cohomologies in the computation of the coho-
mologies of Ox, (2,1,2,1)|_ , their bases and dimensions.

11.4.3. Computation Of The First Short Exact Sequence

Remark:
Recall that the first short exact sequence that results from the splitting of the Koszul
sequence takes the form

0->L >V -7 >0 (11.46)
with the auxillary sheaf Z;. In order to compute the cohomologies of Z; we consider
the sheet given in and recall that

S1
o H (X, L) - H (X5, V), [t] = || -5 |-t (11.47)
S3

From this it is readily confirmed that
e H'(Xy,Z1)200000
e H' (X, Zh)z000®0
e H?> (X5, 7)) 2 Pz H*(Xx, V)
o H3(Xyg,Zh) 2 P2 H?*(Xs, L)
e H*(Xy,Zh)z0®0®0
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L' 0 0 0 0 P,
¥ N N ¥ ¥ A
Vo |[0O®000 0000 P, 00080 0000
} \ \ J ¥ \
Vi Py 000 P, 00000 000@®0
¥ A i ¥ ¥ !
L = 0 0 0 0
] \ HY H! H? H3 H4 \

Table 11.4.: Ambient space cohomologies in the computation of the cohomologies of
Oxy (21,2, 1)

11.4.4. Computation Of The Second Short Exact Sequence

Remark:
We now have to compute the cohomologies of the auxillary sheaf Z, defined by the
short exact sequence

0-Z1 -V >1,—>0 (11.48)

With the result from the above computation we can organise the corresponding sheet

as outlined in [Figure 11.6. Note that we have a canonical isomorphism
H (X5, T)) 2 H (X5, V,) (11.49)

for i = 0,1,2,4, so that for these values of i the maps ¢ are just the ones induced
from the map in the Koszul sequence. Consequently we have for i =0,1,2,4

tl 0 —§3 —§2 tl
ﬂZHZ (XE,Il) —>H1 (XE,Vl) y t2 = —§3 0 §1 . tg (1150)
t3 §2 §1 0 t3
For 33 however the story is different since we have
H?(Xx,Z,) ~ H* (X%, L) (11.51)

and there is no sheaf homomorphism ¢: £L” - V; in the Koszul resolution. This again
is one of those 'mysterious maps’. However, in the same fashion as we were able to
perform the calculation for Cy we will not need the details of this map here. In
particular it should be clear from [Figure T1.6, that we have

e HY(Xy,Zy)2 Py~ H(Xx, V1)

o H'(Xx,T,) = ker (5?)

o H?(Xx,Iy) 2 coker (%)@ P,

. H3(XZ,22) 080802 H3(Xs, V)
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Fj

0 0 0 0 0

® ® ® ® ®

Y Y Y A 4 Y

0 0 0 0 P,

® ® ° ® °
ab ol a? o’ ot
0080 0®0®0 1:2 0080 0080

0 0 0 0 0

° ° ® ® ®

Hi

Figure 11.5.: Sheet describing the first short exact sequence 0 - L' - Vy - Z; - 0
for the computation of line bundle cohomology on C5,,,.

e H'(X5,T,) 2000002 H* (X5, V)

Comment:
Let us take a closer look at the map 2. Recall that we have

521 P, - P
A5 ~ ~ A5
T2x3T6TITS - 53 _j? TYTZTETFTS (11.52)
0 g -53 0 s1 |- 0
Aqzxy ’§2 g’l 0 Aszr
T1T4T5 T1T4T5

On a first glance this might look worrying, since for non-trivial sections 57,35, 53 the
first two entries will not vanish in general. This however is necessary for the map
[3? to map into P;, as can be seen from Mable 1T3. Recall however that we are
mapping equivalence classes of Cech cochains by means of maps of Cech cochains.
Thus we conclude that the first two entries are zero in the codomain with respect to
the equivalence relations in it. Therefore we have

A5020£U4+ A5Co14 + AsChoxs

ToX3Tel2  TolaTel2ls  ToX3TeT2Ts

nn0¢)=0@0@{ ,A5GC} (11.53)

Note that the mapping depends on the parameters Cig, Coy and Cy;. In terms of
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I
0 0 0 0 0
® ® ® ° ®
Y Y Y Y Y
0®0a0 0®0a0 Py P 0®0a0
® ® ° ° ®
B0 Bt 2 B3 B
Py 020®0 P, 0200 0080
° °
0 0 0 0 0
® ® ° ° ®

Figure 11.6.: Sheet describing the second short exact sequence 0 - Z; - V; > Zy - 0
for the computation of line bundle cohomology on C3,,,.

matrices we can express this the map 2 as

My = (11.54)

3
it
o O OO

11.4.5. Computation Of The Third Short Exact Sequence

Remark:
Finally, we can compute the cohomologies of £|Cg . Recall that this is achieved via
the short exact sequence "

0->Zy > L~ £|Cgm -0 (11.55)

With the cohomologies for Z, we can organise the calculation in the sheet given in

[Figure T1.7. Note that
H° (X5,T,) = H (X5, V) (11.56)

Consequently the map ~° is just given by the one induced from the Koszul complex.
Thus we have

tl tl
VO:HO (XE7:Z‘-2) _)HO (quﬁ) ) t? = (§1)§27§3)' t? (1157)
t3 Z53
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Fj
0 0 0 0 0
[ J [ J (] o [ J
Y Y Y Y Y
Py ker (5?) coker(5?2)® P 0e0®0 0®0®0
([ ) [ J o [ J [ ]
70 o& 72 73 o
Ps 0 0 0 0
() [ [ J [ J [
0 0 0 0 0
[ J [ J o o [ J

Hi

Figure 11.7.: Sheet describing the third short exact sequence 0 - Zo - L — £|Cg -0

for the computation of line bundle cohomology on C5,,,.

This does not hold true for 4! and +2, but is again the case for the higher maps 3
and y*. So the maps v! and 72 are again identified as 'mysterious maps’.

Remark:
The map ~° is easily evaluated to have the following image

. 0 2 2
mm (’7 ) = {A8021$1$25E3(L'4 + A8019[E2173{E4l’5 + A6021ZL'1ZE2I6 + A6019[L’21’5[E6
+A7021I1.T2I3I7 + A7019$2$3{E5I7 + AgCQO.T%Ig.IZ,I’g (1158)
+AgCorroxyx6rs + A7Co0x0x304728 , Aj € C}
Hence the image does depend on the paramters Chg, Coy and Cyy, just as does the

map 2. One can also express 79 as matrix. We leave it to the interested reader to
confirm that this matrix takes the following form.

T

0 0 Cy Cig O 0 0 Cyxp 0 00
Myo=1 0 0 0 0 Cy Cig 0 0 Cy%p 0 0 (11.59)
Cyy Ci9 O 0 0 0 Cy%p O 0 00
Consequence:

Having computed that matrix we can now formulate our result as follows.

« HO (Cgm, £|Cgm) =~ coker (7°) @ ker (4?)
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« H! (Cgm, £|Cgm) ~ coker (32) @ Py
o All higher cohomology groups are trivial.

Note that this implies

1o ((ng, £|Cgm) = 13 - dimg (im (8?)) - dimg (im (1°))

(11.60)
hl (Cgm, £|C§m> =7- dlm(c (1m (62))
Consequently we have just found
X (Cs L, ) =6 - dime (im (1°)) (11.61)

11.4.6. Analysis Of Cq9, Cy9 and Cyy

Remark:

In principle we would now have to analyse under what conditions the common zero
locus of the three sections 57, 53 and §3 is a smooth algebraic subvariety of codi-
mension 3. Given the size of the polynomials 3;, this however is a laborious task.
Therefore we decide to take a different and minimalist approach, where we make use
of the fact that at least one of the parameters Cig, Cyy, Co1 must be non-zero to
ensure that Cs,, can be of codimension 3.

Consequence:
From the fact that at least one of the parameters Cig, Cy, C is non-zero one
concludes

dime (im(7°)) =3,  dime (im(8%)) =1 (11.62)

This in turn suffices to deduce

W (Cor Ll ) =9, B (Cop Lo

5m

)=6 (11.63)
whilst the higher cohomology classes are trivial.

Note:
This result is in agreement with the one obtained from exactness considerations only.
The latter is listed in Tabhle 93.

11.5. An Exhaustive Example Continued -
Pullback To Csy

11.5.1. The Defining Polynomials of Csy

Recall that we have to choose holomorphic sections

51 e H'(X5,0x,(SB,)), %€ H*(Xs,0x, (Scur)), S3€H"(Xs,Ox, (Ssn))
(11.64)
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to define Csg as their common zero locus. By recalling that

Sp,

:OXE (3727171)7 SGUT:OXE (1717070)7 SIOZOXZ (7727 1075) (1165)

one computes from the toric data of Xy, a basis of these cohomology groups by means
of our Mathematica notebook as displayed in [Appendix F. This gives

51

= 0181'%1’2$3$4 + 0141'11'2I‘3£L‘4$5 + C7ZL‘2$3£B4QZ§ + Clﬁx%wﬁ + 0101‘12751'6
+ 01$§I6 + 0171’%@31’7 + 012I1{E3I5I7 + O4JZ3Z‘§ZE7 + le’yl‘gl’gl‘il’g

+ Cgox303 w578 + C1171 047678 + Coxy 250678 + C1371 T304 778

+ C52304T5T7T8 + Cgl‘gl‘gl‘il’% + ngiarﬁx% + 06273$ia77$§

= Cy121 + Crozs + Cooxas

_ 25510 55,210 57,210 5.5, .10
= Cinrirseyes. + Cloor3rixsxs. + Cloor3wyxgas. + Claol1 232,252,

+ Cl5gx1:vgmga:8x%0 + Clmatgmi%xgx%o + C’gﬁxgximﬁxgxg + C’ggm35:vgx7x§xg

24,4, 9 44,2 9 4,4 9 2,5 4, 9
+ Cle9r10505x6xy + Cog X3y T5TeTs + Clys 1050305265 + CrroX 1 T30, 0705

5.4,.2. 9 5.4 9 4.5 9
+ Corxsx i x7y + Clyrx1 230, 05T705 + Clag1 T30 T6T8 Ty

4.5 9 5.5 9 5.5 9
+ Cos X375 0526T8Ts + CragT1 0323 T708T5 + CosTaXyTsT7X8T5

2,332 8 3.3,2.2 8 2,532 8 53,22 8
+ Clee 0105w 30525 + Css 303050525 + Cres¥1 23050705 + Cor123T3 050705

5,3, .2 8 3,5.2.2 8 5,522 8 4.5 2,8
+ Clysrrxsryasrzxs + Cyrrsrirsrsrs + Cosr3rixzrses + CogTsTiTeTrrexs
2,43 8 4,32 8 4,3 8
+ Cierrixsrirerrrs + CsgT3wyxirew72s + Cla1 T1X05T T X6 T7T5
3,4.2 8 3,4, .2 8 54,2, 8
+ Craor125050650825 + Ce 3Ty T5Tgxsxs + ClagT1 XX T2 T8

5.4, .2 8 4.4 8 4,4 8
+ Coox3, 5250815 + C4o01 T3 7375 + CoX3T T XeTr LTy

22,2 3.7 2,22 3 7 2.2 . 3.7 25,237

+ Cigoxizsriagry + Crsxsrirsxgry + Cr3101050505T50 + ChesT1 T30 1770
52,237 5.2, 3.7 24,2 2.7

+ Csarsririasxs + Carx1 2305050505 + Clea T8 506 T7T)

42,2 2.7 4,2 2.7 24,327
+ Crorswixixe vy + Clas 1030505262505 + Crs 3T TxETy

+ Cyaadririaial + Oy wanirveriaial + Crgadaivivsviad

2.3.2.2 7 3,222 7 3,2, .2 7
+ Cle3r1 0505060729 + CreX3T 5060709 + Cl3301 3T T5T5T7Ts

2,3, 3. .7 5,33 .7 5,3, 3. 7T
+ O35 0525T80y + Cr3gT1 03270825 + Cs3TaXyTsrsX8Ts

4.3, 2 7T 4,3 2, 7 3,32 7
+ Cl36201 0505625284 + CyoX30Ts w6534 + Cl34X1 23T, TET7 8T

3,3, .2 7 2,46 2 4.6
+ Crrasr s iy + Css3XaTs gy + ClarTiT3T4Texsy

4.6 5. 2,46 2.5 46
+ C1910123040506To + Crox3040507T4 + Cl61 210304272

5 4,6 4, 2. 3 6 2,4 3,.6
+ Clo91 0504052725 + CorXsTaT5Tex»xs + CleoliT3X4TeTT

4 3.6 3. 2.2 2 6 2.3, .22 6
+ Clo71 250405060505 + Coa 50450605705 + ClpoliX3T4XEX7 T4

3 2.2 6 3,42 6 5.3,4.2 6
+ ClosT1 25040552775 + CooT3TiTaxgxy + CraXiTyT7 T3y

+ Cgorsaizeriaies + Cosririniaaial + Cozriaivirraias
O 22 a2 a3 a8 + O et a2 23028 + O 2 3, .6
61L3L4L5L L7 Lo 158 L1 L 3L 4L L7To 123L1X3L4T5T X7 To
2.4, 6 2. A 6 5,24 6
+ Cloom1 230506087 + CrgT3Ti 503082y + Cl30T1 23T 07287

5,2 A 6 4,2 3 6 4,2 3,. .6
+ Cnrsrinsx703y + Crogt1 03056052325 + CogT3TIT5 LT3 To
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3 3 6
+ Clogmrainiadagas + Cosririrsririagys + Cror w33 vir,reas

2, .3 5 5 5.5
+ C’62x3m4x5x6x7m8x2 + C’15lx1x6x2 + C4Om5x6a:2 + Clo9T1 257475

5 5. 5 3.3, .7
+ Oseriairons + Cosriziadal + Crigrxizsrias + Clapr w35 200870

+ 6’155331:E§936:E7x2 + 052933:175:)3695%2 + Clnxlxéxg)x@m‘%%

+ Cisariadadadal + Cuoadaadadal + Cszyaiwswiade)

+ Orssririadaial + Cygririadzial + Oz riwsaivial + Cprirdric)
+ OsraSxiadaia + Coyairivgrinial + Csiwiririririe)

+ Cygrizizdaiaiel + Opswsnirgrraial + Cpzwsvivgrsas

+ 0152x1x391:6x7x2 + 0111113'1.7731'51’%1'71'3 + 01101'11’41'21'8.1'3
+ Oy g5 zgrssy + Clogr w54 032875 + Cse 03740503185

4 4, .5 4 4, .5 3, 2.3 5
+ C118201 050406272875 + Cr3X304 0506270325 + Ch1601 X304 T5T7 LTS

+ Csorawarsriodogay + Criam 25w xiriwsws + Curaiz,osreriog s

+ C’nglxgmxémmga:g + 044x3m4x5x‘61m7m8x3 + C’ggmgmx%%xé

+ Cyrrgrarerioiny + Cyswawgriririey + Oprivgadadeia

+ C’gla:g,ma:gx%mgx;l + 029x4x§:c7$§x§ + C’logmlxgx?:vgxz + C3gx§x5$§x8x§

+ C’lmxlx%xﬁx‘;’xgx% + 036x§x5x6x?x8m§ + Cloﬁxla:%x%x?xgxg

+ Csyrirsrintiosgey + Crost 232050520875 + Caol3TsTarirss

+ C’lmxlxgxéx%xgmg + 030x3x5m§x$x8x3 + 0103:51:):2:57:1:83;3

+ Oyswsx8x71875 + Coradzlzied + Cosrirerioial + Cosririadaias

+ Oouraxgairias + Cosasargrdaiad + Copxgaiaias + Crsgr xiarivsriad
The C5y-curve is now given by

Csu={pe Xz, 51 (p)=%(p)=3%(p) =0} (11.66)

The 177-parameters C; that appear in the sections §; give a redundant description
of the complex structure of Csy. They are subject to the condition that Csy be a
smooth subvariety of codimension 3 in Xs.

11.5.2. The Ambient Space Cohomologies

For this particular situation the Koszul resolution is given by
0L VooV > L~ L, —0 (11.67)
where
o L'=0x.(-9,-4,-9,-5)
o Vo= OXE (—6, -2,-8, —4) @ OXE (—8, -3,-9, —5) @ OXZ (—2, -2,1, O)
. Vl = OXE (—1, —1, 1, 0) D OXE (1, O, 2, 1) D OXE (—5, —1, —8, —4)
e L=0x,.(2,1,2,1)
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L' 0 0 0 0 P,
¥ ¥ 3 $ J ¥
Vy | 0@000 0000 P, 0060 Ps
¥ ¥ \ N J J
Vi Py 000 P 00000 00060
¥ ¥ ! N J ¥
L = 0 0 0 0
] \ HY Ht H? o3 H4 \

Table 11.5.: Ambient space cohomologies in the computation of the cohomologies of
Oxy (2,1,2,1)],, .

The cohomologies of these bundles are easily computed by our Mathematica notebook
which is outlined in [Appendix F. We give bases of the non-trivial ambient space
cohomology groups in Mable TT74, which are then used to display all ambient space
cohomologies in Mable TT3.

11.5.3. Computation Of The First Short Exact Sequence

Remark:
The first short exact sequence that results from splitting of the Koszul resolution is
given by

0L >V, >1Z; -0 (11.68)

with the auxillary sheaf Z;. The corresponding sheet is given in [Figure 11.8. Note
that the only difficulty in determining the cohomologies of Z; is the map a?.

Note:
Recall that the map o is given by

3
ot HY (X5, L) - HY (X, V), [t] = || -5 |-t

S3

(11.69)

By choosing an appropriate basis of domain and codomain the map a* can be repre-
sented by the matrix in [Figure TT.9. Note that this matrix depends on the parameters
Chg, Cyo and Cy; which will thus determine image and kernel of the map a?.

Consequence:
We conclude from that the cohomologies of the auxillary sheaf Z; are
given as

e H'(X5,Z;)=000002 HO (X, V)
e H (X5, 7)) =000002 H' (X5, V)
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I

0 0 0 0 0

® ® ® ° ®

Y Y Y Y Y

0 0 0 0 Py

® ® ° ® °

al ol o? s ot

0080 0e0®0 P, 0®0®0 Py
o °

0 0 0 0 0

® ® ° ° ®

Hi

Figure 11.8.: Sheet describing the first short exact sequence 0 - L' - Vo, - Z; - 0
for the computation of line bundle cohomology on Cjy.

. Hz(Xz,Il):PQEHZ(XE,VQ)
o H3(Xyx,Zh) 2 ker (a?)
o H*(Xyx,T;) = coker (a*)

11.5.4. Computation Of The Second Short Exact Sequence

Remark:
We now have to compute the cohomologies of the auxillary sheaf Z, defined by the

short exact sequence

With the result from the above calculation we can organise the corresponding sheet
as outlined in [Figure TT.T1]. Recall that we have a canonical isomorphism

Hi (Xg,.'z:l) gHi (XE,VQ) (1171)

for i =0,1,2. So 5% and (3% are identified as 'mysterious maps’. Note however that
the only non-trivial map is 2. This map in turn is given by

1 0 —S3 —S2 131
B2IH2 (XE,Zl) - H2 (XE7V2) s tg g —’5’3 0 §1 . tg (1172)
tg gg gl O t3
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o ©

o ©
o ©
o ©
o ©

o ©

=
o ©

ot

-
et

=

o ©

=

1

Figure 11.9.: A matrix representing the map a* that appears in the calculation of
the first short exact sequence of the pullback cohomology of £ = Ox,. (2,1,2,1) onto
Csp.

A simple but cumbersome calculation reveals that ($? can be represented by the

matrix given in [igure TT.10.

Consequence:
The cohomologies of Z, are thus obtained as

o HY(Xg,Zy)2 P2 H(Xg, V1)

o« H'(Xx,I,) 2 ker (5?)

o H?(Xy,I,) = coker (%) @ ker (a?)
o H3(Xy,I,) = coker (a?)

. H'(X5,T,) 200080

11.5.5. Computation Of The Third Short Exact Sequence

Remark:
Finally we can compute the cohomologies of £|C5H. Recall that this is achieved via
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0 0 0 0 0 0 0 0 0 0 0 Ca1 0 0 Ci6 Chi7
0 0 0 0 Coq 0 0 0 0 0 0 C19 0 0 Cio Ci2
0 0 0 0 Cho 0 0 0 0 0 0 Cho 0 0 Ch Cy
0 0 0 0 0 0 0 0 0 0 C21 0 0 Ci6 Ci7 0
0 0 C21 0 0 0 0 0 0 0 Cho 0 0 Cio Ci2 0
0 0 Cio 0 0 0 0 0 0 0 0 0 0 Ch Cy 0
0 0 0 0 0 0 0 0 0 Ca1 0 0 Ci6 Ci7 0 0
Coq 0 0 0 0 0 0 0 0 Cho 0 0 Cio Ci2 0 0
Cho 0 0 0 0 0 0 0 0 0 0 0 Ch Cy 0 0
0 0 0 0 0 Ca1 0 0 0 0 0 Cao 0 0 C11 Cis
0 0 0 0 Coo Cig 0 0 0 0 0 Cao 0 0 Co Cs
0 0 0 Ca1 0 0 0 0 0 0 Cao 0 0 Ci11 Cis 0
0 0 Co Chg 0 0 0 0 0 0 0 0 0 Co Cs 0
0 0 0 0 0 0 0 0 C21 0 0 0 0 0 0 0
Moo = 0 0 0 0 0 0 0 0 Cio 0 0 0 0 0 0 0
B2Zl 0 Cu 0 0 0 0 0 0 0 Cxn O 0 Cuii Ciz O 0
Coyy Chg 0 0 0 0 0 0 0 0 0 0 Co Csy 0 0
0 0 0 0 0 0 0 Ca 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 C1ho 0 0 0 0 0 0 0 0
0 0 0 0 0 0 C21 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Cho 0 0 0 0 0 0 0 0 0
0 0 0 0 0 Cao 0 0 0 0 0 0 0 0 C3 Ce
0 0 0 Cao 0 0 0 0 0 0 0 0 0 Cs Cs 0
0 0 0 0 0 0 0 0 Cao 0 0 0 0 0 0 0
0 Ca0 0 0 0 0 0 0 0 0 0 0 Cs Cs 0 0
0 0 0 0 0 0 0 (5%) 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Cao 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Figure 11.10.: The matrix representing the map (? that appears in the computation
of the second short exact sequence of the pullback cohomologies of £ = Ox,, (2,1,2,1)
onto Csy.

the third short exact sequence
0T >L~> L, —0 (11.73)

With the cohomologies for 7, we can organise the computation on the sheet given in

[Figure TT.T2. Note that
HO(XE,IQ)EHO (Xz,vl) (1174)

Consequently the map ~° is just given by the one induced from the Koszul complex.
Thus we have

tl tl
VW HY (X5, Z,) - H (X, L) ta |~ |(51,52,55) | to (11.75)
t3 t3

This does not hold for 4!, 72, 73 since these maps again fall into the category of
'mysterious maps’. However the map 4 is induced from the Koszul complex.
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Fj
0 0 0 0 0
° ° ® ® °
Y Y Y A 4 Y
0@0®0 0©00 P, ker (a*)  coker (o)
° ® °
Je o5 B2 B3 o
Py 06000 B 0e0®0 020®0
° °
0 0 0 0 0
° ° ® ° °

Figure 11.11.: Sheet describing the second short exact sequence 0 > Z; - V| - Z, - 0
for the computation of line bundle cohomology on Cjy.

Note:

A simple calculation reveals that the map 7% can be represented by the following
matrix

0 0 021
0 021 0
Chn 0 0
0 0 Cy
0 0 Ci
Mo=] 0 Cy 0 (11.76)
0 019 0
Cyp 0 O
Ciy O 0
0 0 0
0 0 0

Consequence:
From the above we now conclude that the cohomologies of £|CSH are given by

« H(Csp, £|CSH) = coker (7°) @ ker (5?)
o H'(Csp, [,|C5H) = coker (32) @ ker (a*)
o« H? (C’5H, L’|C5H) = coker (o)
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I
0 0 0 0 0
[ J [ [ [ [ J
Y Y Y Y Y
P, ker(8%)  H?(Xy,I) coker(a®)  (0@0@0
[} [ [ [ [ J
7° 0 7’ 7 7
By 0 0 0 0
[ ) [ [ ] [ ] [
0 0 0 0 0
[ J [ [ ] [ ] [ J

Hi

Figure 11.12.: Sheet for the third short exact sequence 0 - Zy - £ » L[, — 0 for
the computation of line bundle cohomology on C5py. For better readability we have
set H? (Xx,Zy) = coker (52) @ ker (o).

- H? (C5H’ E’CSH) =0
- HY (C5H’ E’CE)H) =0

Remark:

In principle the story ends here, and one has to go back to the sections §;. The condi-
tion that their common zero locus has to be a smooth subvariety of codimension 3 in
Xy places constraints on the parameters C;. Having chosen a set of such parameters
one can then use the above analysis to determine the cohomologies of the pullback
line bundle L[, .

Unfortunately it is a cumbersome exercise to determine which values of the param-
eters C; meet this requirements, in particular given the length of the polynomials
S;. Therefore we will take a minimalistic approach in which we make use of the fact
that all three sections 5; must be non-trivial to allow Csg to be of codimension 3.
This alone will already allow us to improve the bounds for the dimensions of the

cohomology groups of £|CSH that we obtained in chapfer 9.

11.5.6. Analysis Of The Parameters C;

Remark:
Recall that at least one of the parameters C1g, Coy, Co1 is non-zero in order to ensure
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that 55 is non-trivial. This implies
im (a*) 2 C*, ker (a*) = C* (11.77)

In particular this implies that H? (C’5H, £|CSH) = 0 as expected from the finiteness
theorem. In addition the fact that at least one of the parameters Cig, Cyy, Cyy is
non-zero does imply

im (1°) = C* (11.78)

Consequence:
From this observation alone we conclude

« h0(Csm, Llg,, ) =25 —im (5?)
« W' (Csy, L], ) =54—im(5?)
o 2 (C5H’ £'|C5H) =h? (C5H’ £|C5H) = h? (C5H’ £|C5H) =0

Note:
Having at least one of the parameters C'g, Cyg, Cy; non-zero gives 2

12 < dime (im (5?)) < 16 (11.79)

This then gives 1 < dim¢ (ker (5%)) < 5 and therefore implies bounds for the dimension
of the pullback cohomology groups according to

o« RO (C5H, £|05H) =8 + ker (3?)

W' (Csu, L, ) = 37 +ker (8?)

h?(Csp, Ll ) =0

W3 (Csu, L, ) =0

W (Csu, L, ) =0

This result improves the bounds that we computed back in chapfer 9.

Note:
For the generic pullback setup we find that Mg has one-dimensional kernel. Thus

W (Csu, Lle,, ) =9, h°(Csu, L], ) =38 (11.80)

11.6. Collection Of Results

We summarise the results from the calculations performed in this chapter in Tad
BIeTTH. They should be compared to Mable 93, which lists the results obtained by

use of exactness properties only.

2Linear algebra tells us that row rank and column rank of a matrix are identical.
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| B°(Cy, L]p) | M (Ci, £]p) | Parameter range |

Cho 'general’ 8 0 0
C1o 'generic’ 8 0 0
(s, 'general’ 9 6 0
(%, 'generic’ 9 6 0
Cspy 'general’ 8+ A 37+ A 1<A<b
Csg 'generic’ 9 38 0

Table 11.6.:

The pullback cohomology dimensions in the exhaustive example as com-

puted by evaluation of the appearing maps. Note that A = dimc (ker (42)). These
results should be compared to the results obtained from exactness alone. The latter
are summarised in Mable 973.

] Space ‘ Basis Dimension
Ay A3 Ao
Pl P gt 5.2 + 3.3 2 4.2 + 4 4. 2 A2 + 34

1T3T3TATETETI TG TITHTRTATSTETFTG TITHTZTITETET TG

Ao ] 4 Aig _ + Al&_____. +
xlx‘gzgww}g,a‘gm%x% xla:%a:gxix5zgx$x§ xlxgzgximg,cc@x%xg
A + 48 0 + # +
x1x3z3x4x5xéx$x§ xla:%x%xix5zgx$x§ xlxgzgacimg,cchgxg
# + ¢ + # +
Uy 3.2 P/ S y—— 52,3, 3 3
1THTT Y TETETHTE T1THTITIT5TGTTTG TITITLZTYTETGTTTE
U S S p—) 7 1.5 p) VIS SR Se—1
1THTRT Y TETETTTE TITHTZTYT5TETTTG TITHTZTATETET ST

Aos Ag Aoy Az T
2. 4.1 1 13223 2. 4.3 3.3 54,22
T{THTZTATETET-TS  TITGTITLTETHT T THTRTATETETITS  T1TGT3T4TETET
# + # # +
3 54,2 3 1 2. .2.3.2 2 4.2 3.2
T{TITZTIT5TETHTS TITHTETATETLTETS T{THTETAT5TZTETS

Ais T Aso Az T
xlxgxgxixgxgxgxg x%x%x%xixg)xgx%xg xlxgzéxixga:gxgxg
3. 6..4..3 2 + 1 P! 2 4 1 +
T{TTZTYT5TETETS T1THTITATETGTTTS T{THTITATETGTTTS

Ais T Asg Ao T
xlxgxgxixgxg:wxs x%:{;gx%xix5x2x7x8 xlxgzgxixga:gchg

Aso Aog Asq
363,372 74,47 5 7.4
T{TITRTYT5TETTTS TITITLTHTETGTTTS T{TITLT5TETTT
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0 0 0 0
_ Aso _ Ass _ Azt
Py 0 | et | Y| e |t e | 17
A35J}7 O O 0
T1T4T5
0 Ag121 Asazs Aoz
Aag $2$§$GI$IE§ xgxg’,m@m?xg xgx%mgzg’mg
zawszdatzd | 0 + 0 + 0 +
0 0 ) 0 0
Asows Asor1 As0T5 As5T4
xgxgzgx?a:g xgxgzga:‘%xg xzzgacgaﬂ‘%:cg zgx%a}gx?xé
0 + 0 + 0 + 0 +
0 0 0 0
A3z Ass \ Asixq Ast
mgx%x%:p?m% x%x%:mx?zg xzxgxgx‘%xg x%:p%x%z‘%mg
+ 0 + 0 + 0 +
0 0 0 0
Ase
$§x3wgz§wg
0
0
0 0 0
A A A
Ps i nsreries | 7| meimimmseleies | 7| meieiatzseesies | T 10
0 0 0 )
0 ( 0 0
A i Ass " Ass "
xlx3x§x4x5x21$x8 xlxgxgxzxg)x%x%xg xlazgxgxiz5x6x$x8
0 0 0
0 0 \ 0
Ago n Agg n Aasr n
xlm%m3m4z5rém7mg zlmg:chix5mgz7rg xlzgz§r2m5xgx7mg
0 0 ) 0
0
Aso
xlxgzgxilsxgchg
0
0 0 0
P4 A64ZL‘%JJ3[L’4 + AGQZL‘QJJG + A63$21‘37J7 3
0 0 0
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( 0 0 0 0
Ps 0 + 0 + 0 0 + 30
Agaz? Agrxixs Apyz? Agax?
xgmgach?xg $290§9663??33§ a:ga:gxﬁxgxg ach%x%w?a:g
0 0 0 0
0 + 0 + 0 0 +
AB5T1T5 Ags g Agoz? Ag3T1T5
zoxlaiadad \ zoxlaiadad TozzriTia] T2w3TgTTTY
0 0 ( 0 0
0 N 0 N 0 0 N
Ags72 \ Aggx124 Araxaxs Ager124
xzzswgﬂﬁ‘%xg $2:c§a76:v$m§ :cg:vga:gx?zg :vza:gxgz?zg
0 0 0 0
0 + 0 + 0 0 +
__ Asgzams _Anm _ Amws _Asaziza
aczmgacgac—'?%cg z%xgac(;m?a:g z%m%x(;ac?acg xgacgar%x‘%:v%
0 0 0 0
0 + 0 + 0 0 +
Ag6TaT5 Agox1 Arexs Asor1
0 0 0 0
0 + 0 + 0 0 +
Azgxs Azzx? Azox? Aroxy
ISISQng%x% a:za:gxsxgws a:gx%x%x?xs xgxgxaw?wg
0 ( 0 0 0
0 + 0 + 0 0 +
Agrzy A77y k _ Ago A7sT4
zgxgm%m?mg x%x%xéx‘%zs :chgxgz‘%xg x%xgzgx*;xg
0 0
0 + 0
__As1 ___Aso
x%x%x%xiz’g x%zgach%:cg
2 2
P6 A105ZE1I2Z‘3I4 + A101I2$3ZE4(L’5 + A103I1I2I6 + A97I2$5I6 + 11
2 2
A104ZE11'21L‘3$7 + A99$2$3$5ZL‘7 + A102$2$3$4ZE8 + A98172£E4ZL'61'8 +
2
Av00Tar3T4728 + AgsTex78 + A96$3$7$8
Table 11.7.: Non-trivial ambient space cohomologies in the calculation of the coho-

mologies of Ox,, (2,1,2, 1)|C5H'
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12. The Koszul Spectral Sequence

12.1. Summary

In this chapter we wish to introduce the subject of spectral sequences briefly and
then turn to the Koszul spectral sequence, which allows us to reorganise the above
computations of pullback cohomology. Unfortunately the topic of spectral sequences
is very technical. For this reason the following chapter is probably the most technical
chapter in the entire thesis. The technical reader might want to consult in addition
[68], references therein as well as [52, 44, 66).

In Bection 1272 we introduction spectral sequences briefly. The intuitive picture is as
follows.

o Think about a paper stack. On each page we draw the lattice Z2. This we
illustrate in [Foqure 12.7.

« At page Ey we place at each lattice point (p,q) an Abelian group ES?. In
addition we specify a number of horizontal complexes as pictured in [Figure 12.3.

o We now compute the cohomologies of these horizontal complexes. These coho-
mology groups are quotients of Abelian groups. We denote the corresponding
quotient at the lattice point (p,q) by Cy*?. Subsequently we place precisely this
cohomology group at the lattice point (p,q) on the sheet Ej.

= Roughly speaking the sheet E; is the cohomology of the sheet Ej.

o As a next step we specify complexes on the sheet E;. These are indicated in
Fip J. We again compute their cohomologies and place these cohomology

groups on the sheet Fs.

o We specify complexes on the sheet F, and compute cohomology from those
complexes ...

In particular it can happen that starting from the sheet E, all complexes are trivial.
Then the cohomology groups become stable and the sheets E,, E,,1, ...are identical
as long as the Abelian groups on them are concerned. These Abelian groups one
denotes by E&? and says that the spectral sequence converges on the sheet E,. It
is precisely such a ’limit sheet’ that will tell us about the pullback cohomologies -
namely the 'limit sheet’ of the Koszul spectral sequence.

The Koszul spectral sequence is a special spectral sequence that we introduce in
Eecfion 1273, The crucial point in introducing this spectral sequence is to make use
of the affine open cover U of the smooth and compact normal toric variety Xy, which
allows to compute sheaf cohomology on Xy from Cech cohomology. Recall that we
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5. 3 .
0 —— COWU, L) L, L) c2u, Ly 9,

0 1 2

« (&% «

5 5 5.
0 —2= COUVor) —— LU Vpt) —— C2U V) O, ..
50 ﬁl 52

c2u, L) 9

0 GO U, L) U, L)

5 5 . 5
0 —2= WU, L|.) —— C (U, L]p) —— C2U. L) O, ...

Figure 12.1.: Double complex from Koszul sequence.

used this already in Eection 111 and Eecfion 112 where we pointed out that the
maps in the Koszul sequence induce mappings of the Cech cocycles and thereby also
mappings of the Cech cochains. Consequently the Koszul sequence

0L 3Vt BV 5 Lo L]0 (12.1)
allows to consider the commutative double complex given in where the
maps o, 3%, ...are induced from the corresponding mappings in the original Koszul

sequence.
The main result from this chapter is that this double complex induces a spectral
sequence, in that it systematically induces the complexes of the higher sheets, and
that the so-obtained Koszul spectral sequence allows for a systematic computation
of the pullback cohomologies. We give details in Eecfion 1273 and recommend that
also the non-technical reader has a look into this chapter. In particular we indicate
how the above double complex induces a spectral sequence. Unfortunately the in-
duction of the complexes is involved. For this reason Eecfion 1273 only sketches this
construction and we devote the entire chapter on a detailed discussion of
this construction.

We conclude this chapter with example applications of the Koszul spectral sequence.
To this end we work out a simple computation on CP* from the spectral sequence
perspective in Becfion 124 and have a final look at the exhaustive example from
and chapter 11| in Bection T273.
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Figure 12.2.: Organisation of the Abelian groups in a spectral sequence.

12.2. Brief Introduction To Spectral Sequences

Definition 12.2.1 (Cohomology Spectral Sequence):
A (cohomology) spectral sequence is a collection of Abelian groups (EF)
group homomorphisms (d"?),, . .., such that

T,p,q€Z and

o r labels the sheets, that is we can think of the collection of groups (EF?) as

organised in a paper stack. This we picture in [Figure 12.2.
e in the r-th sheet there are group homomorphisms
dPt: Ept — pprira-r (12.2)
We give pictures of this situation for the sheets Ey, £ and E, in [Figure 12.3. In

particular note that the r-th sheet thus splits up into a collection of complexes.
o The (7 + 1)-th sheet is given by the cohomology groups of the complexes (E, di*?)
in the r-th sheet, i.e.
ker (dp,q.Ep,q N Ep+1—r,q—7’)
Ep7q L T o T T

r+1 lm (dr: Ep+r—17q+r - EqZ}Q)

(12.3)

Note:

o For our purposes the group EP? carry more structure than just being an Abelian
group - they are O x,-modules. The maps d;'? consequently are homomorphisms
of Ox,,-modules.
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]
]
i

(a) Sheet Ey (b) Sheet Fy (¢) Sheet FEy

Figure 12.3.: Splitting of the sheets Ey, £, and Fs into complexes.

o A first quadrant cohomology spectral sequences is a spectral sequence for which
EP? =0 whenever p <0 or ¢ <0.

o If the minimum value for r is 1, then we talk about an FE; spectral sequence.
Similarly if » > 2 holds, we term the corresponding cohomology spectral sequence
an FEs spectral sequence.

In the remainder of this thesis we will only consider first quadrant Ej, cohomology
spectral sequences.

Definition 12.2.2 (Convergence):
A first quadrant cohomology spectral sequence Ejy converges at sheet R precisely if
all the differential maps d?? with r > R vanish identically. We then use the notation

EP = BB (12.4)

Definition 12.2.3 (Convergence):
A first quadrant spectral sequence (EM, d?) converges to a sequence of Abelian
groups H* (k > 0) precisely if there exists a filtration

0=F*'Hgrc Pk c FF1HY c...c F'H* c F°H* = HF (12.5)
of H* by subgroups such that

Fa [r+q
EP9 ~ Teigr (12.6)
Remark:
We will now introduce a special spectral sequence, the Koszul spectral sequence. This
spectral sequence enables us to organise the computation of pullback cohomologies in
a very efficient way. This reorganisation of the pullback computation will in particular
shed light on the origin of the 'mysterious maps’.
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12.3. The Koszul Spectral Sequence

Remark:
Let Xy a smooth and compact normal toric variety. Moreover let Sy, ..., .S, € Cl1(Xyx)
effective divisor classes. We then pick non-trivial holomorphic sections

EGHO (XE,OXE (Sz)) (127)
such that their common zero locus

C:={peXs,5i(p)="=5.(p)=0} (12.8)

is a smooth algebraic subvariety of codimension n in Xy. Finally consider D € Cl(X7y,)
and the associated holomorphic line bundle £ = Ox,, (D). Given all that structure
we know that the Koszul resolution

0= L > n_l_)..._>V1_>£—>[,|C—>O (129)

is a sheaf exact sequence. By means of the Leray property of the affine open cover of
X5 we can then induce maps on the Cech cochains of the vector bundles appearing
in the Koszul resolution. This gives rise to the commutative double complex as given
in [Figure 12.4. Note in particular that the columns of this double complex are exact,
as they are stemming from the exact Koszul resolution.

Note:

It is possible to remove the last row from the commutative double complex in [Fig]
bre 1274, The resulting double complex is still commutative, but exactness of the
columns is lost.

Theorem 12.3.1:

The double complex given in gives rise to a convergent, first quadrant
Ey-spectral sequence with the property

H (C,L],)= @ E™™ (12.10)
m=0
We term this particular spectral sequence the Koszul spectral sequence.

Proof
We first illustrate how one constructes a spectral sequence from the double complex
in [Figure T2.3.
o Sheet Ejy:
The finite dimensional vector spaces that we put in this sheet are the ones

that appear in [Figure 12.5. The differential maps d? are the horizontal Cech
coboundaries.
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5. 3 .
0 —— COWU, L) L, L) c2u, Ly 9,

1 2

a® e} e

5 5 5.
0 —2= COUVor) —— LU Vpt) —— C2U V) O, ..
50 ﬁl 52

c2u, L) 9

0

CoOWU, L) CYU, L)

5 5 . 5
0 —2= WU, L|.) —— C (U, L]p) —— C2U. L) O, ...

Figure 12.4.: The commutative double complex induced from the Koszul resolution
0L >V,.1>--=>V - L~ L]~ 0 by use to the Leray property of the affine
open cover U of the smooth and compact normal toric variety Xs.

e Sheet Ei:

The sheet FE; is obtained by computing the cohomology of the horizontal com-
plexes in the sheet Fy. By use of the Leray property of the affine open cover U
of the smooth and compact normal toric variety Xy, the sheet E; consequently
looks as outlined in [Figure 12.6. Note that the horizontal maps disappeared as
we computed the cohomology of the corresponding complexes. In addition note
that the maps of, 7, ...that appear in the sheet Ej give rise to maps between
the cohomology groups of the horizontal Ej-complexes. For ease of notation we
will not use different labels for these maps.

e Sheet Ej:

The vector spaces in the sheet Fs are obtained from computing the cohomologies
in the sheet E;. Whilst on a first glance there are no maps between the so-
obtained quotients of vector spaces, a more throughout analysis reveals that
this is not true.

To see this consider x € EY'?. As x represents an equivalence class of elements
in E7? one can find a representative ¥ € E{"? of x. This 7 in turn represents an
equivalence class of elements in E5?. We thus conclude that one can represent
x € EY? by very special elements Te EP.

In the sheet E"? however, we have the vertical and horizontal differential maps.
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0~ oo LU, L) ey 0,

1 2

ab « o

5. 5. 5o
0 —2= COU Vo) —— CHUVpr) —— C2(U Vo) 0 ..

50 /81 /82

Figure 12.5.: The commutative double complex induced from the Koszul resolution
0L >V,.y > >V > L~ L]~ 0 which gives rise to a convergent spectral
sequence - the Koszul spectral sequence. The limit of that spectral sequence allows
us to determine the cohomologies of L|.

By use of the special properties of 7, which we decide to remain silent on for
now, a simple diagram chase reveals that it is possible to assign to Z a very
special element 7 € B2 This element § € E7'*7 in turn, has precisely
the special properties to represent an element y € Eg_l’p 2. This constructs the

"Knight’s move’ U,

o Higher sheets:
The construction of the differential maps in the higher sheets follows the same
principle.
1. Represent an element 2 € E?? by very special elements 7 € E2.
2. Make a diagram chase in the sheet Ej to associate to Z a new element
7 e B which has the same special properties as 7.

3. The special properties of § mean that it represents an element y € Eg“‘r’q_r.

4. Finally one defines d? (z) := y.
Consequently, the above forms a first quadrant Ej spectral sequence. It is clear that
this sequence converges as the first quadrant does only contain a rectangle of finite

size in which the Oxg-modules are non-trivial.
For the proof that this spectral sequence does converge to Ox,-modules E%? with

the property H'(C, L|,) 2 @ E.""™™ we refer the interested reader to [67]. n
m=0

'We give more details on this construction in Ehapter 13.
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0 0 0
HO(U, L") H' (U, L") H2(U, L)
al ol o?
HO (u7Vn—l) H! (Z/[:Vn—l) H? (uvvn—l)
p° g B
HO(U, L) H' (U, L) H2(U, L)
0 0 0

Figure 12.6.: Commuting double complex induced from the Koszul resolution 0 —
L - V,q1 > >V > L > L], > 0. This complex gives rise to a convergent
spectral sequence. The limit of that spectral sequence allows us to determine the
cohomologies of L.

Remark:

We give more details on the construction of the maps d, with r > 2 later. For example
we discuss the Knight’s move in detail in and formulate a proposal of a
simplified construction of these maps in chapter 14. Note that the maps d, with r > 2

are the 'mysterious maps’.

12.4. An Example On Complex Projective Space

12.4.1. Some Facts About Complex Projective Space

Remark:

We want to illustrate the application of the Koszul spectral sequence with a particu-
larly simple example. In order to do so we consider line bundles on the smooth and
compact normal toric variety CP*. Let us therefore recall a few facts about this toric
variety first.

o We have X (1) = {uy, ug, ug, ug, us} where the ray generators u; € Z* are given by
Uy =€y, Up=€y, UF3=e€3, Usg=€4, Us=—€]—€Cy—€E3—¢4 (12.11)

In this situation it is straight-forward to extend ¥ (1) to a fan ¥, which is
complete and smooth, showing that CP? is indeed a compact and smooth normal
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toric variety. From this fan the Stanley-Reisner ideal is obtained as
[SR = (LL’1Q321’3.CL’4.I‘5> C C[$1,$2,$3,I4,I‘5] (1212)

e Via the cone-orbit-correspondance there is a unique torus invariant prime divi-
sor associated to each ray generator. These we denote Dy, Dy, D3, Dy and Dj
respectively.

o By recalling that the characters x™ are meromorphic functions and thus have a
principal divisor, one easily confirms that [ Ds] generates the class group of CP*
over Z. Since CP* is smooth this even gives

Pic (CP') 2 Z[Ds] (12.13)

It is thus meaningful to refer to a holomorphic line bundle on CP* by Ogps (1)
with m e Z.

12.4.2. Setup

Let us now consider the holomorphic line bundles
S1=0cpa (1), S =0pa (1), S3 = 0pi (1) (12.14)

which all have effective divisor classes. It then easily follows from application of
cohomCalg that the most general global holomorphic sections of these bundles are
given by

U] §1 = Clxl + 021'2 + 03.1'3 + 04]74 + 05.’13'5
U gg = C’le + C7£L‘2 + 081'3 + CgZL‘4 + 0101‘5
o 53=Cnzy + Crarg + Cr3w3 + Cryxy + Ci575
where ¢; € C are arbitary complex numbers. Now we set
C:= {p eCP', 5, (p)=%2(p) =% (p) = 0} (12.15)
and require that this is a smooth submanifold of codimension 3 in CP*. We now ask

for the cohomology of the holomorphic line bundle £ = Ogps (1) pulled back onto C.

12.4.3. The Koszul Sequence And Koszul Spectral Sequence

In this particular situation the Koszul sequence becomes
0L >V Vi >L—>L|,~>0 (12.16)

where
o £, = 0@1@4 (_2)
* V2= Ocpi (-1) ® Ogps (-1) ® Ogps (-1)
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L' 0 0 0 0 0
¥ N N ¥ ¥ 3
Vo | 00000 00000 00000 000800 0000
J \ \ J ¥ \
Vi P, 000 0080 0080 0®0s80
¥ A 3 ¥ ¥ !
L P 0 0 0 0
’ ‘ HO H1 H?2 H3 H4 ‘

Table 12.1.: Ambient space cohomologies in the computation of an example applica-
tion of the Koszul spectral sequence in CP*.

* Vi =0cps (0) ® Ocps (0) Ocps (0)
© L=0cp: (1)
By means of our Mathematica notebook, which is given in [Appendix F], the coho-

mologies of the above line bundles are easily calculated. It turns out that only the
following cohomology groups are non-trivial.

« HO(CP*, Ogpi (0)) ={a,aeC}=zC

3]
= HO(CP'V))2P ={| as |, q;eC}=C?

as
5
-lé:lf%CP{E):{Zaﬂ“cneC}§C5
1=1

From this the first sheet of the Koszul spectral sequence is easily obtained. We
present this sheet in Mable T271. This immediately shows that the spectral sequence
degenerates at sheet Fs, so that all we have to do is to compute the map

7P, - P, (12.17)

with the result
H'(C, L]) = (coker (1°),0,0,0,0) (12.18)

The map +° is easily found to be represented by the matrix

¢ G (i
Cy C7r (12
Mo = C3 Cg (13 (1219)
Cq4 Cg Ci4
Cs Cio Cis
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12.5. An Exhaustive Example - Revisited

Remark:

In chapfer 9 and chapter T1] we considered a very special set of examples. We now
want to complete these examples by rephrasing them in terms of spectral sequences.
This then shows that these examples are of the simpler kind as they do not require
knowledge about the 'mysterious’ differential maps d, with r > 2. It were those maps,
that we termed 'mysterious’ and decided to remain silent on back in chapter TT.

Note:

The sheet F; for the three computations is given in Mable 1T Mable TT4 and
Mable TT3 respectively. From the spectral sequence perspective one then concludes
that for these computations

e indeed only knowledge about the d; differential maps is required.

o the results from the computations in are reproduced by the use of
the Koszul spectral sequence.
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13. The Knight’s Move

13.1. Summary

In Eection 123 we did not give the full details on the higher maps d7? with r > 2 that
appear in the Koszul spectral sequence. To remedy this we want to use this chapter
to discuss the Knight’s move d5? ¥ in detail. We give the general construction of the
Knight’s move in Eecfion 132 and hope that this exposition is also accessible for the
non-technical reader.

Whilst this general construction works flawless from the theoretical point of view, it
is computationally very elaborate. This is because the general construction requires
knowledge about the the Cech cochains displayed in the sheet E, of the Koszul spec-
tral sequence. Unfortunately this information is not accessible from the cohomCalg
algorithm but only via the chamber counting approach. The chamber counting in
turn is computationally very elaborate. In particular it is much slower than cohom-
Calg.

To illustrate this point we give an example in Eection 133 which makes use of the
chamber counting approach to compute the Ey-sheet. Subsequently we apply the
general strategy from Eecfion 132 in order to construct the Knight’s move.

After going through this example it should be clear to the reader that a computer-
isation of the general strategy from Eecfion T3 is very time-consuming both while
programming the algorithm as well as while running the program. For this reason
one can ask the following question.

Suppose we use cohomCalg to compute the E;-sheet directly - is there a way
to construct the maps d, with r > 2 without going back to the Ej-sheet in
the Koszul spectral sequence?

We give a hint towards the answer of this question in the example in Eection T33. In
this example we have to construct a Knight’s move

Oé((J2)3P1 —>P2 (131)

where

o Pi={A-2 4+ A4, B A eClzC?

T5T6 r5x6
. P2 = {A3$2$4 + A4$2$3 + A5£L‘1£C4 + Agl‘ll‘g R Az € C} ~ C4

Tn chess the Knight performs precisely the move of the maps d5?. For that reason the da-maps
are known as the 'Knight’s move’.
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Let us set
a,be{1,2}, i,5¢{3,4}, A Be{506} (13.2)
Then we can describe the above spaces roughly as
P1=Si6AB- i s PQZT‘Z'U(I'(Ei.CCa (133)
TATB

Consequently both P; and P, have tensor properties. Consequently the map 04(()2)
should respect those (anti)-symmetrisation properties. Inducing the map O‘(()z) from
the global sections 5; in the Koszul sequence and in addition asking for respect of the

tensor structures of the spaces P; and P then leads to proposing that polynomially
Oé(()z) = X1T5Tg [C4C5 - CgCﬁ] + XoX5x¢ [0205 - 0106] (134)

We will prove in Eecfion 134 that in this particular example the proposal is indeed
correct. Motivated from this example we will have much more to say about this
simplified construction in chapter 14.

13.2. General Strategy

Note (The sheets):

We will need to look at the sheets Ey, Fy and F, simultaneously to understand the
construction of the maps ds. To this end we picture these sheets in [Figure 13.1],
[Figure 13.2 and [Figure 13.3.

Construction 13.2.1: B
We now wish to map x € ker (52) /im (@2) to an element z € ker (€') /im (3).

1. Note that x € ker (52)/1111 (&?) can be represented by z’ € H? (X, Vs) which
has the property _
B2 (2") =0 (13.5)

But note that H2 (Xy,Vs) = H2 (U, V;) where U is the affine open cover of X
Consequently H? (X, Vs) is a quotient space also. For that reason a general
element in H2 (Xy, V3) can be expressed by an element in C'2 (U, V3) which lies in
the kernel of the subsequent Cech differential. Consequently it is not hard to see
that the special element 2’ € H2 (X, V3) can be represented by 2/ € C2 (U, Vs)
which has the following two properties

e 0(a")=0
C 3y e CL UYL () = 5 ()
Let us mention that y” € CL (U, V,) is unique only up to addition of & (w) for
weC%(U,Vs).
2. Now we set
2=t (") e CH (UL (13.6)

Note that z” is ungiue only up to addition of 4 o & (w) for w e C° (U, V).
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0 0 0
0 oW, L) U, L) ceu, Ly 9,
af ol a?
0 COU,Vs) CH (U, Vs) e C(U,Vs) 0,
B° B B2
. 1) . .
0 —— welOU V) — y" e CHU, V) c2U V) 9,
,y() ,-),1 72
0 O WU, W) 2 e CV (U, V) 2wy 9,
0 el €2
0 COU, L) LU, L) c2u, L) 9
0 0 0

Figure 13.1.: The Ejy-sheet of the Koszul spectral sequence for a codimension 4 locus.
Note that this diagramm is commutative.

3. We now note two important properties of z”. In order to do so, we make use of
the commutativity of the sheet FEj.

« 0(2") =00t (y") =720 (y") =720 5% (2") = 0.
e €l (z") =€ oyl (y") = 0. But since 0 e CO(U, L) we thus have

5(0) = ' (") (13.7)

These two properties now show, that 2 gives rise to an element z € ker (F!) /im ( B 1).
It is not too hard to verify that z is well-defined, i.e. independent of changing
2" by elements v o d (w).

We conclude that we have just constructed a map
do:ker (5?) [im (&%) - ker (&) /im (7) (13.8)

This is the Knight’s move.
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H® (X, L")
a()
H° (X5, Vs)
B’o
H° (X, Vs)
;\70
HO (X5, V1)

H(Xs, L)

H' (X5, L)
~1
H' (X5, V5)
ﬁl
H' (X, Vs)

~1

H' (X5, 1)

H' (X5, L)

H?(Xs, L")
2

x' e H? (Xg,Vs)
B’2

H? (X5, V)
72

H? (X5, V1)

H?(Xy, L)

Figure 13.2.: The E;-sheet of the Koszul spectral sequence for a codimension 4 locus.

13.3. An Example With A Simple Knight’s Move
And A Proposal For A Simplified

Construction

13.3.1. An Example With d;-Maps Only

Ambient Space

Let us consider Xy, = CP! x CP' as ambient space. Its toric data is given in Tahle T31.

‘ vertices ‘ homogeneous coordinates H Q1 ‘ (@ H divisor class ‘
(1,0) 1 1 0 H
(-1,0) T 1 0 H
(0,1) T3 0 1 H'
(0,-1) Ty 0|1 H'

Table 13.1.: Toric data of X5, = CP! x CP'. Note that the Stanley-Reisner ideal of

this space is [ = (x179, X374).
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0 0 0
ker () ker (@) ker (&)
ker (5°) fim (a°) ker (B1) /im (&) ze ker/(EQ) fim (&)
ker (7°) /im (7°) ker (7) fm ()~ k/erm/im(ﬁz)
ker (2) /im () 2 eker (&) /i;;( ED) ker (&) /im ()
HO (Xs, £) fim (29) H'(Xs, £) fim (1) H? (X, £) [im (2)
0 0 0

Figure 13.3.: The Es-sheet of the Koszul spectral sequence for a codimension 4 locus.
The Knight’s move is given by a dashed line.

Pullback Setup

Now let us consider the effective divisor class S = (1,0) € Cl ((CIP’1 x (CIP’l). The most
general element 5'e¢ H° (Xz, Ox,. (S )) is given by

5= 6725(71 + 61[[‘2 (139)
where C;,Cy € C. Then we consider the algebraic variety
C:={peXs,3(p)=0} (13.10)

Finally we require that C,, Cy are chosen such that C' is an algebraic submanifold of
codimension 1 in Xx.
Given this setup we want to compute the cohomologies of L|x for £ = Ox,, (1,1).

The E;-Sheet

In this particular situation the Koszul sequence becomes
0L ->L->Lz->0 (13.11)

where L’ = O¢pi,cpr (0,1). By use of the cohomCalg algorithm one easily computes
the ambient space cohomologies. We list the non-trivial ambient space cohomologies
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Space ‘ Basis ‘ Dimension ‘
PleO(XE,OX' (0,1)) A1'$4+A2'$3 2
P2:H0 (XE,OXE (1,1)) Ag-x2334+A4-x2x3+A5$1x4+A6x1:1:3 4

Table 13.2.: Non-trivial ambient space cohomologies in the simple Knight’s move
example on Xy, = CP' x CP*.

L P 0 0
Vo Voo
L] P 0 0

’ ‘ HO HY FH?2 ‘

Table 13.3.: The Ej-sheet of the Koszul spectral sequence in the simple Knight’s
move example on Xy, = CP' x CP*.

in Mable T3

Thereby we can neatly organise the ambient space cohomologies in the FEj-sheet
of the Koszul spectral sequence which is displayed in Table T33. Note that this
spectral sequence does converge on the Es-sheet. By means of the by now familiar
construction of the d;-maps we can represent the map o by the following matrix

C, 0

| o &
Moo = & o (13.12)

0 Ch

Consequently H° (5 : £|5) ~ coker (M,o0) whilst all higher cohomology classes vanish.

13.3.2. An Example With A Single do-Map And A Proposal
For This Map

Ambient Space

Now we consider the different ambient space Xy, = CP' x CP' x CP'. Its toric data is
given in Mable T34,

Pullback Setup

Now let us consider the effective divisor classes

Sy =(1,0,1), S»=1(0,0,1) (13.13)
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] ray generators ‘ homogeneous coordinates H 1 ‘ Q- ‘ Qs H divisor class ‘
(1,0,0) T 117010 H
(-1,0,0) T 117010 H
(0,1,0) x3 O 1] 0 H'
(0,-1,0) x4 O 1] 0 H'
(0,0,1) x5 0|0 |1 H"
(0,0,-1) T 0101 H"

Table 13.4.: Toric data of X5, = CP' x CP' x CP'. Note that the Stanley-Reisner ideal

of this space is Iy, = (2122, 324, T5Tg).

The most general global sections of the associated holomorphic line bundles are given
by

° gl = C4$1.I’5 + 021'233'5 + 031'1336 + 011'2376
] ’§2 = 06-775 + 051'6

where the parameters C; € C are subject to the conditions that

C={peXs, 51 (p)=%(p) =0} (13.14)

is an algebraic submanifold of codimension 2 in Xy.
Given this setup we wish to compute the cohomologies of L], for £ =Ox, (1,1,0).

Equivalent Setups

It should be apparent that this situation is very similar to that given in Eubsec]
BonT3370. In particular it is simple to verify that we have a canonical biholomor-
phism C = C precisely if

51 =€ (0205 - Clc@') s 52 =€ (0405 - 0306) (1315)
where € = 1. We will use this relation momentarily.

The E;-Sheet

For this example the Koszul sequence is given by
0L >Vi>L->L|->0 (13.16)

where
e« L'=0x.(0,1,-2)
* Vl = OXE (07 17 _1) ® OXE (17 17 _1)
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] Space ‘ Basis ‘ Dimension ‘
Pl =H! (XE,[,I) Al.a:?ig +A2:cfjc(, 2
PQ = HO (XE,,C) Ag'JTQZL’4+A4"'L‘2,I‘3+A5I1"L‘4+A61E1.I'3 4

Table 13.5.: Non-trivial ambient space cohomologies in the simple Knight’s move
example on Xy, = CP! x CP! x CP'.

L0 P 0 0
T R
Vil o 0 0 O
N
L P 0 0 0

T THY HY H? HP

Table 13.6.: Ambient space cohomologies in the simple example on Xy, = CP* x CP! x
CP'.

We use the cohomCalg algorithm to compute the ambient space cohomologies and
list the non-trivial ones in Mable T3 H. Thereby we can neatly organise the ambient
space cohomologies in the F;-sheet of the Koszul spectral sequence. This sheet we
display in Mable T3@. Note that this spectral sequence does converge on the F3-sheet
and that given the dy-map

oz?Q):Pl - P (13.17)

we have H°(C, L|) = coker (a?z)) whilst all higher cohomology classes do vanish.

Proposal For The d.-Map

We propose that the ds-map Q?Z) is polynomially represented as

CY(()Q) =T1T5%¢ [0405 - 0306] + ToX5Tg [0205 - 0106] (1318)
Equivalently it can be given by the following matrix
CoCs — C1C 0
B 0 CyCs — C1Cg
Mty = €105 - y0s 0 (13.19)
0 C4Cs — C5C5
Consistency Check
Recall that C = C precisely if
61 =€ (0205 - 0106) R 52 =€ (C4C5 - 0306) (1320)
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with € = +1. Then however we have

C, 0
| o G

M, = & o (13.21)
0 C

which is up to a sign just the matrix M,o from Eibsection T373T. Hence the coho-
mology classes computed from the two setups are precisely the same. Therefore the
above proposal passes this consistency check.

Whilst this simple consistency check is passed, we want to prove that this is indeed
the correct map to consider. To this end we will apply the general strategy of con-
structing the map 04(()2 to this particular situation. The detailed analysis presented
in Becfion 134 then finally proves the given proposal.

13.4. Proof Of The Proposal For A Simplified
Construction Of The Knight’s Move In The
Preceeding Example

Remark:

Recall that the general construction of the Knight’s move makes use of the Cech
cochains. To prove the propsal for the dy in Eection 133 we will therefore need to
compute the Cech cochains and subsequently follow the general construction outlined
in Becfion 132, This is what we need the chamber counting for - it allows for the
explicit computation of the Cech cochains and therefore gives more information than
the faster cohomCalg algorithm alone.

13.4.1. Strategy Of The Proof

Our strategy in this proof is as follows.

1. Construct the maximal cones in the fan ¥ of Xsx. in order to obtain the affine
open cover U.

Compute C? (U, L£') for 0 <4 < 1 where £’ = Ox,, (0,1,-2).
Compute C° (U, V) for V = Ox,, (0,1,-1) ® Ox, (1,1,-1).
Represent the general element in H! (X, £') by a special element y € C (X, £').

vl o

Find the corresponding element z € C° (U4, V) subject to the condition
§(z) =o' (y) (13.22)

where § is the Cech coboundary and a': C'* U, - Cl (U,V) the di-map given
by (31,-%2)" with
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. ’51 = 04.1'11'5 + 02.’13'2235 + ngle(,- + Cl.fEQ.Z'G
. gg = 06I5 + C5$6

6. Subsequently map the element z via the dy-map 3° to z € C? (U, L). As argued
in Bection 1372 z will then give rise to an element in H° (Xx, £). For this reason
it will give us the dy-map O‘(()z) that we are looking for.

13.4.2. The Affine Open Cover
Recall that the toric data of Xy is given in Mable T3 4. In particular we have

Isg = (2129, T324, T526) © C 21, 79, T3, T4, T5, T ] (13.23)
and that the ray generators in Z3 are given by
ny=-nNg=¢6€q, Nng = —MNy = €9, Ny = —MNg = €3 (1324)

From this we conclude that the maximal cones in ¥ are the eight octans in R? given

o 01=(n1,n3,n5)
o 09 =(n1,n3,1N6)
o 03=(n1,n4,15)
¢ 04= (nl,n4,n6)
o« 05 =(ng,n3,15)
* 06 = (n2,n3,1)
o 07 = (N, Ny, n5)

* 08 = (n2,n4,n6)

Via the cone-orbit-correspondance the open cover U is now given by

U={U,,,... .Uy} (13.25)

13.4.3. Cech Cochains For £’
We consider D = Z a,D, with

pex(1)
a; =0ag = a4 =g = 0, as = ]_, as = -2 (1326)

Next we introduce the following planes in order to determine the compact chambers
in R3 that we need to take into account in the computation of the Cech cochains.

0
e BEr={meR?, (mm)=-a}=1| mx |eR’
ms3
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Ey={meR3, (m,ng) = -as} = my | eR3

Es={meR3, (m,n3)=-asz} = -1 |eR?

E;={meR3 (m,nyg)=-a4}= ?781 € R?’}

msg
(1
« Bs={meR?, (m,ns)=-as} ={| ma |eR’
2
mi \
o Eg={meR3, (m,ng)=-ag}=3] ma |eR3
0
These planes separate R3 such that there is only a single compact chamber, namely
0
C={] my |eR® -1<my<0,0<mz<2 (13.27)
ms

Since Xy is compact it suffices to consider only Laurent monomials that stem from
C.
A simple but tedious computation now determines the Cech cochains. Therefore we
only state the results and leave it to the interested reader to confirm these results.
Let us first introduce the following three spaces

e 5= {ali—§+(12;—§ : aie(C}

_ z3 T4 )
] Sl = {alxsaz@ + angxﬁ , O € C}

¢ Sy = {QI%*'OQ% , Bi E(C}
6 6
and note that C = Sy @ S; & 55 in the meaning that the union of Sy, S; and S; gives

all Laurent monomials stemming from integral points in C. In an abuse of notion, we
can then write

éo (U,LI) = (82750782750752750752750)
él (u)cl) = (Cv C(7 Ca 52707 527Ca C) Ca Ca SOa 07 SOa (1328)
C7 52707 52707 C? 50707 50707 52707 C7 S()vC)

13.4.4. Cech Cohomology For L'

The mappings in the Cech complex
0->COWULYS WU, LS. (13.29)
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are given by huge matrices which we display in [Figure 13.4 and [Figure 13.5. From
these mapping matrices My, and Ms, it is not too hard to verify that H° (U, L) is
trivial, whilst H! (U, L) is spanned over C by the vectors

a B
0 0
a B
0 0
a B
0 0
a p
—a -8
0 0
—a -8
0 0
Y -8
0 0
vy = ‘5‘ . = g (13.30)
a B
0 0
a p
—a -8
0 0
— -8
0 0
a p
0 0
a B
—a -8
0 0
\ @ p

where o = 2 and [ = -4,
T5T6 T5T6

13.4.5. Cech Cochains For D =1-[D3] + (-1) - [Ds]

For this divisor only a single compact chamber does exist. This chamber is given by

0
C=4] ma |, -1<my<0,0<m3<1 (13.31)
ms

Let us define

U] 51:{@1§—2+@2§—2,0zi66}

132/277



CHAPTER 13. THE KNIGHT’S MOVE

g T4 z3
] 5'2—{041;54'0425,04@'6@}

Then a simple but tedious computation reveals
éo (Z/l, OXE (0, 1, —1)) = §1 ® §2 ® §1 (&) §2 ® §1 @ §2 @ §1 ® §2 (1332)

In particular one concludes from this result that H° (U, Ox, (0,1,-1)) = 0.

13.4.6. Cech Cochains For D =1-[D;]+1-[D3]+(-1)-[Ds]

For this divisor there is again only a single compact chamber. It is given by

my
C={| ma |, -1<m;<0 (13.33)
ms
We define

° Sl = {Ozl ‘T;CGM + ()égx;§3 + Ozgxalc;ml + Oé4x;§3 , Oy € (C}

g _ X274 L2 3 T1T4 r1T3
. Sg—{al 25+ x55+a3 ;5 o aieC}

Then one confirmes by a tedious calculation

U, Oxy (0,1,-1)) 25, 05,85, 0565 ©95 65 @9 (13.34)

13.4.7. Cech Cochains For V

It holds CO(U,V) = C° (U, Ox,, (1,1,-1)) & C° (U, Ox,, (0,1,-1)). Thus the results
from Enbsection 1340 and Eubsection 1348 determine the Cech cochains of V.

13.4.8. The Knight’s Move

Let us recall that our aim is to construct the map

04(()2):1-[1 (Xs, L") - H* (X%, L) (13.35)

To this end we start with an element in H! (Xy, £’). We found in Eubsecfion T3]
that this space is spanned over C by v, and v,. So let us first take care of 1 and take
care of 5 later.

We can consider ; as an element in CL (U, L"). Our first task is therefore to find an
element y € C° (U, V) such that

§(y) = a' (vy) (13.36)

To this end let us define

_Csz3

° 5171 = 6
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Csxg
x5

+

O
Il

_ Cazixz3 | Cozoxs
xe e

R R ¢

)

_Cs3z123 _ Crzoxs
5 5

Then it holds

B
%3<
H<
E%<
H<

1, JVZ JVI 2) ECO(U OXE (1,1, ))
- %2) e C° (U, Ox,, (0,1,-1))

= (F
(%
Consequently y := (351,?1:'2) e (O (U,V). And indeed one readily confirms

(2)()

The next step is consequently to map y € C° (4, V) by means of the map 3! to an
element z € C° (U, L). Recall that 5! is given by (51,52). Thus we have to consider

E%«
&«
&«
&«
&«

z= glfl + ’52,1\:2 (1339)
But z is canonically identified with 5721 + Sod and an easy computation shows
§1f1 + gQ.%l =XT1T3 [0405 - 0306] + ToX3 [0205 - 0106] (1340)

Indeed one can show that z gives rise to an element in H° (Xy, £). This is left for
the interested reader.
In conclusion we have done the following.

« We started with -22- € ' (Xy, £’). This rationom is canonically identified with
V1.

e Then we mapped v; to an element in z € H? (Xy, £) which can canonically be
identified with

Z=T1%3 [0405 - 0306] + Tol3 [0205 - 0106] (1341)
We can thus write
T
z = (1'133'51'6 [0405 — 0306] + X9X5Tg [0205 — ClCG]) . " ; (1342)
546

Finally we have to repeat the above analysis for v5. We leave it to the interested
reader to perform this computation in detail and thereby

mapped to
2" = (112576 [C4C5 — C3C6] + wax526 [CoC5 — C1C5]) - ;:;6 (13.43)
In conclusion we can polynomially represent the map a by
oy = 212576 [C4C5 — C3Cs] + waw576 [CoC5 — C1Cy] (13.44)

This is precisely the proposal given in Eection T373.
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Ms,

8, the Cech

]

coboundary dy: C° (U,-) - C* (U,-) is given by the above 8 x 28 matrix.

Figure 13.4.: Computing the Cech complex for an open cover U with

v

v

135/277



CHAPTER 13. THE KNIGHT’S MOVE

0O 0 0 0 O

0

0 0

0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
00 0 0
0 0 0 0
0 0 0 0

0
0
0
0
0
0
0
0

0
0
0

0
0

0 0 0
-1 0 0

-1

0

0
0

1 0 0 0 0 O

0

00 0 O
-1 0 0 O

-1

0 0 0 0
00 0 O
0 0 0 0
0 0 0 0
0 0 0 0
00 0 0
0 0 0 0

1

0
0
0
0
0

0
0

0

0
0

0 0 0
-1 0 0

-1

0

0

1
0

0
0

0 0 0
-1 0 0

-1

0 0 0

0
0
0
0

0
-1

0O 0 0 0 0 0 O

0

0 0

0 0

0
-1 0 0

-1 0 0

0
1

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
00 0 0
0 0 0 0
0 0 0 0
00 0 O

0
0
0
0
0
0
0
0
0
0

0

0
0
0
0
0
0

0

0

0

-1 0 0 0 0
0 -1 0 0 O

0

0
0
0

0
0
0

0
0
0

0
0 0 0
-1 0 0

-1
0

0
0

0 0 0 0
0 0 0 0

1
0

0
0

0

0 0 0
-1 0 0
0 0 0

-1
0
-1

0 0 0

1

0 0

0 0

0 0 0 O

-1 0

0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

1

0
0
0
0

0
0
0
0

0
1

0 0 0 1
0

-1 0 0

-1
0

1
0

0
0

0
0
0

00 0 O
-1 0 0

-1
0
-1

0 0 0

0 0 0

-1 0 0 0 0 0O 0 O 0 0 1

1

00 0 O
0 0 0 0
1

0
0

-1 0 0 1
0 -10 0
-1
0

0 0 0
1
0

0 0 0
-1 0 0
-1 0 0

1
0

1

0 0 0

1

0

0 1

-1

0
1

1
0

o 0 0 0 0 0 0 O

0 0

1

-1 0 0

Ms,

=8, the Cech

|
coboundary d0,:C* (U,-) - C? (U,-) is given by the above 28 x 56 matrix.

Figure 13.5.: Computing the Cech complex for an open cover I with
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14. Simplified Construction Of
Higher d-Maps

14.1. Summary

In we learned the general construction of the maps d, with r > 2 in the
Koszul spectral sequence. We also gave a proposal for a simplified Knight’s move
construction in Eecfion 1373 and proved this proposal subsequently in Eection 134,
Our goal in this chapter is to analyse the structure underlying this proposal further.
In particular this analysis will lead to formulate a proposal for simplified construction
of all maps d, with r > 2.

We begin our analysis by introducing the notion of a generlised Flag variety in
Eion 142, The most prominent example of a Flag variety is CP". The property that
makes CP" a flag variety is that one can prove [65]

CP"=U (n+1)/(U(1)xU(n)) (14.1)

from which a transitive U (1) x U (n)-action on CP" is induced. As a consequence of
this, the theorem of Bott-Borel-Weil implies that the cohomology groups of holo-
morphic line bundles on CP" are classified by representations of the Lie group
U(1)xU(n) [68].

By means of the Kiinneth formula this generalises to direct products of CP". In
particular line bundle cohomology on direct products of CP" is again labeled by rep-
resentations of certain Lie groups. This observation was heavily exploited in [58]
and following works. In particular it is those tensor properties that where present
in the cohomology groups in Eection 1373 and lead to the proposal for the simplified
construction of the Knight’s move oz[()Q) in Eecfion T373.

Consequently we might ask if also for more general smooth and compact normal toric
varieties the line bundle cohomology groups are labeled by representations of certain
Lie groups and thus come equipped with a certain tensor structure. This would for
example be the case if we knew that every smooth and compact normal toric variety
indeed formed a generalised Flag varieties.

Proving or disproving his assertion is currently beyond the abilities of the author.
Still, all line bundle cohomology groups presented in this thesis have rationom bases
which naturally lead to such tensor structures in the cohomology groups. As we
only looked at a finite number of cohomology groups in this thesis, this of course
is no proof of the general principle but is enough to formulate the following two
propositions.
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o Every smooth and compact normal toric variety Xy is a generalised Flag variety.
o The higher d,-maps are the (anti)-symmetrised partitions of the Koszul complex.

The construction of the (anti)-symmetrised partitions of the Koszul complex we de-
scribe in detail in Eecfion T473. Proving or disproving these statements is left for
future work.

14.2. Generalised Flag Varieties And Toric
Varieties

14.2.1. Homogeneous Spaces

Definition 14.2.1 (G-Space):
Let G a topological group and X a nonempty topological space. Suppose that we
have a continuous map ¢:G — Aut (X). Then (X, ¢) is a G-space.

Example 14.2.1:
Let us consider the group Z, equipped with the trivial topology. This gives Zsy the
structure of a topological group. Now consider the map

©: 7y — Aut (R) (14.2)

given by

* ¢(0)=(R->R, z~0)

¢ p(1)=(R>R, 1)
Then this map is continuous and thus gives us a Zs-space (R, ).
Definition 14.2.2 (Homogeneous G-Space):

A G-space (X, ) is a homogeneous space precisely if G acts transitively, i.e. the
following property is satisfied

Ve,ye X 3geG:(p(9)) (z) =y (14.3)

Example 14.2.2:
The above Zy-space (R, ¢) is not a homogeneous Zy-space since for any g € Zs, it
holds

2¢ (¢ (9)) (R) (14.4)

Note however that we can build a homogeneous Zs-space by defining ¢': Zs — Aut (R)
as follows

e (0)=(R->R, z~0)
e W (H)=(R->R, z~x)
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14.2.2. Generalised Flag Varieties

Definition 14.2.3 (Generalised Flag Variety):
Simply connected, compact, complex, homogeneous G-spaces are termed generalised
Flag varieties or C-spaces.

Remark:

It can be shown [6Y] that every generalised Flag variety is homeomorphic to a torus
fibration over a certain product of quotient spaces G\¢y/H where G ¢y is a compact
and simple Lie group, whilst H is a regular semi-simple Lie group. More details can
also be found in [68].

Note:

The Bott-Borel-Weil theorem implies that holomorphic line bundles over a Flag vari-
ety of the form F = G(¢y/H are labeled by representations of H [68] [70]. By means
of the Kiinneth formula this generalises to holomorphic line bundles over products
of Flag varieties.

14.2.3. Toric Varieties As Generalised Flag Varieties

Remark:

Let Xy a smooth and compact normal toric variety. Then it turns out [62] that X
is already simply connected. Moreover it is a complex manifold. Thus if we knew
that Xy was for some group action G - Aut (Xyx) a homogeneous G-space, then we
could conclude that Xy, was a generalised Flag variety. Unfortunately the action of
the algebraic torus (C*)“ does in general not act transitively, but rather there exist
various torus orbits on general smooth and compact normal toric variety [62]. In
particular on CP" there exist multiple such torus orbits. This is easily seen from the
cone-orbit-correspondance and the fact that one can associate to every ray generator
a torus-invariant prime divisor. This observation shows that we have to consider a
different group action. Let us stay with CP" to illustrate this.

Construction 14.2.1:
Let us define the following U (n + 1) group action on CP"

puns1): U (n+1) = Aut (CP") , A (CP" - CP", x = [w0,...,2,] = [A- (20,...,20)])
(14.5)

Similarly one can define a U (1) xU (n) group action on CP" if we represent elements

in U (1) x U (n) by block matrices of the form

et 0
A:( 0 B)eU(l)xU(n) (14.6)

where B € U (n). Given these group actions one can prove [68] that the isomorphism
CP"=U(n+1)/(U(1)xU(n)) (14.7)

induces a transitive group action of U (1) x U (n) on CP". This establishes CP" as
Flag variety.
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] ray generators ‘ homogeneous coordinates H Q1 ‘ Q- H divisor class ‘
(1,0) 1 1 0 H
(0,1) T 1 1 H+FE
(-1,-1) x3 1 0 H
(0,-1) X4 0 1 E

Table 14.1.: Toric data of a del Pezzo 1-surface dP;. The Stanley-Reisner ideal is
Isg = (z123, T224).

Consequence:
Holomorphic line bundles on CP" are hence labeled by representation of the regular
semi-simple Lie group U (1) x U (n). This relationsship was heavily exploited in [58].

Example 14.2.3:
Let us consider CP' and the line bundle £ = Ogpr (2) on CP'. Then it follows from

cohomCalg
H° (C]P’l, E) = {ale + QT Tg + 3T, i € (C} ~(C3 (14.8)

whilst the higher cohomology classes are all trivial. Now let 4,5 € {1,2}. Then we
can describe H ((CIP’l, E) by a symmetric tensor S;;, i.e.

HO (CPI, ﬁ) = {SZJJZZZIJ]} (149)

Note:

Let us now look at a del Pezzo 1-surface dP;. Its toric data is given in [able T4 1.
Subsequently let us consider the line bundle £ = Oyp, (5,-2). We learned back in
Eecfion 67

6 5 2,.4 3,.3 4,.2 5 6
1Ty + 01 T5 + 3T Tq + QT35 + Qs X5 + QgX7T3 + 7 X
H (X, L) = 3 3 113 13 113 1 L o eC
Loy
(14.10)
We now set i1,...,i6 € {1,3} and J, K € {2,4}. Then we observe
‘r’Ll ----- ‘r’LG
Siy.ig " €IK (14.11)
LJLK

where S is a symmetric tensor and e the totally antisymmetric tensor in two dimen-
sions.

This looks as if the cohomology groups of this holomorphic line bundle on dP; were
also classified by a tensor representation of some possible regular and semi-simple
Lie group. In fact this observation generalises to all line bundle cohomologies on
smooth and compact normal toric varieties that the author got to see to date. This
observation therefore motivates the following proposition.

Proposition:
Every smooth and compact normal toric variety Xy is a generalised flag variety.
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Remark:
The author would like to emphasize that the above is a proposition and that it is
currently beyond the knowledge of the author to proof or disprove it.

14.3. (Anti-)Symmetrised Partitions Of The
Koszul Complex

Remark:

We have described in the general construction of the maps d, for r > 2
in the Koszul spectral sequence. This procedure involves knowledge about the Cech
cochains as these form the Ejy-sheet of the Koszul spectral sequence. Unfortunately
their computation takes much longer than the application of cohomCalg. For this
reason it is tempting to compute the sheaf cohomology groups via cohomCalg and
thereby to start the computation at the E;-sheet instead.

This speed advantage comes at the cost that it is impossible to construct the maps d,
with r > 2 via tracing them back onto the Fy-sheet as presented out in Eecfion T3 .
For this reason we intent to give a proposition for a different way of constructing
these maps. We start with a few examples and fomulate the general proposition
afterwards.

Note (Codimension 1):

Recall that for the computation of pullback cohomologies on a hypersurface, the
Koszul spectral sequence converges on the FEs-sheet. Thus only knowledge about
the di;-maps is needed in this situation. Consequently the computation of pullback
cohomologies on codimension 2 algebraic subvarieties is the simplest situation with
non-trivial do-maps.

Example 14.3.1 (Codimension 2):
Let Xy a smooth and compact normal toric variety. Then consider two effective
divisor classes S, 53 € C1(Xy) and pick holomorphic sections 3; € H? (X, Ox,, (S;))
such that

C:={peXs,51(p)=32(p) =0} c Xy (14.12)

is an algebraic submanifold of codimension 2 in Xy. Now pick a holomorphic line
bundle £ = Ox,, (D) on Xy for D e Cl(Xy).
Given this information we know that the Ei-sheet of the Koszul spectral sequence

looks as illustrated in [Figure T4.1. Also recall
e L'=0x.(D-5-52)
e V1 =0x,(D-53)@&0Ox, (D-5)
The Koszul resolution gives us maps
. aél):Hi (X, L") > H (Xg, V1)
. ﬁél):Hi (X5, V1) > H (X5, L)
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0 0 0
H (X, L") H' (X5, L) H? (X, L")
0 e 1 el 2
“m L o L ‘o
HO(Xy,Vy) -0y HY (Xg, V1) Q) H?(Xg, V1)
o . 1 2
By By - e
HO (Xs, £) H! (X, £) H? (X, L)
0 0 0

Figure 14.1.: The sheet F; of the Koszul spectral sequence for a codimension 2 locus.
The Knight’s moves oﬂ@ to be constructed on the Fs-sheet are indicated by dashed
green lines.

We now wish to construct the dy-mappings 0422). A natural guess is to consider the
mappings

&1(2):}]”1 (X5, L") - H (X, L) (14.13)
and then to induce from these maps the Knight’s moves on the sheet F,. Therefore

our task has turned into constructing the maps @, . A naive guess for these maps
in turn would be to construct them from the global section valued matrix

M, = (51-%) (14.14)

We will come back to turning this naive guess into an educated guess momentarily.

Example 14.3.2 (Codimension 3):
We consider precisely the same situation as in the preceeding example, except that we
consider a codimension 3 algebraic variety C' ¢ Xy5. Hence we consider three effective
divisor classes Si, 59,53 € Cl(Xx) and holomorphic sections 5; € H? (X, Ox,, (5;))
such that

C:={peXs,31(p)=3%(p)=0}c Xy (14.15)

is an algebraic submanifold of codimension 3 of Xy. Then the E;-sheet of the Koszul
spectral sequence looks as illustrated in [Figure 14.3. Recall in particular that we
have

« L'=0x. (D=5 S-S5
o VQ:OXE(D_SQ_S?,)@OXZ(D_Sl_sg)@OXE(D_Sl_SQ)
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e V1 =0x,(D-51)®0x, (D-5)®0x, (D-53)
The Koszul resolution gives us maps

. aél):Hi (Xs, L") = H (X5, Vs)
. 521):1{2' (Xs, Vo) > H (Xx, V1)
. 721):H" (X, V1) » H (Xg, L)

We now wish to construct the dy-mappings 0422)’ 522) and the ds-mappings o/@. Again
we consider the maps

iy H (X, L) > HY (X, V1)
. 322):}]”1 (X5, V) » H' (X3, L)
. 62’&3):}]”2 (Xy, L") - H (X5, L)
instead and induce the higher d,-maps from these level Ej-mappings. The task of

constructing the mappings &, 622) and o 5 in turn can naively be done by inducing
these mappings from the following global section valued matrices.

5253
Mao, = | 3% |, Mz, = (35,5%,5%), Ma, = (E5%) (14.16)
5152

We now turn this naive guess into an educated guess via the following proposition.

Proposition (Alternative Construction Of Higher d-Maps):
The maps d, with » > 2 in the Koszul spectral sequence are the, up to an overall
minus sign, unique maps which have the following properties.

1. They are induced from mappings on the Fj-sheet given by a matrix, whose
entries are products, but no inverses, of the global sections §; and which in
addition are (anti)-symmetrised such as to respect the tensor structure of the
corresponding cohomology groups on the E'-sheet.

2. The mappings split the E,.-sheet of the Koszul spectral sequence into complexes,
i.e. subsequent application of two neighbouring d,.-maps gives the trivial map-
ping.

Definition 14.3.1 ((Anti)-Symmetrised Partitions Of The Koszul Complex):

We term the maps in the preceeding proposition the (anti)-symmetrised partitions
of the Koszul complex.

Example 14.3.3 (Application Of The Proposal):

We illustrate this proposition on the Knight’s move example presented in Eubsecd
Eion 1332, In this example all di-maps are trivial and we have &'(()2) = a((JQ). Hence
the Knight’s move to be constructed is just the map

oy H' (CPy x CPy, L") » H° (CPy x CPy, £) (14.17)
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0 0 0
HO (X, L) H (X, L) H? (X, L7
0 Aol 2
“m o ) ,/11/” ‘o
H° (X5, V) aly H (XE,V2) a(y H? (XZaVQ)
o . . 1 il 2
oy~ T Pay JRRR 25
HO (X27V1) //// Hl (XE7V1) ))(12) H (XEJVI)
Ty 70)/“/ 70
HO (XE7£) Hl (XE7‘C) H2 (Xzaﬁ)
0 0 0

Figure 14.2.: The sheet F; of the Koszul spectral sequence for a codimension 3 locus.

The red dashed arrow indicates the ds-map a(()g), whilst a and 6(2) are the Knight’s

moves on the F»-sheet.

To this end we first consider the global section valued matrix
M"Y = (31 -5) (14.18)
@)

Secondly we have to make sure that all entries of this matrix respect the tensor
structure of the corresponding cohomology groups. To this end let us recall that

o Pi=HI (X5, L) ={A;- 2L+ A, 5 A, eC}

U] PQ = HO (XE,,C) = {Ag Loy + A4 c Loy + A5I1(L’4 + A6£L'1273 , Az (S (C}

Let us now use the following indices

ae{l,2}, ae{3,4}, Ae{56} (14.19)

Then we can describe the spaces P; and P, via the following tensor structure

Pr=Seean —2,  Py=S,Ts wuta (14.20)
T ATB

Consequently a mapping P, - P, has to cancel the antisymmetrisation € 45. This is
achieved by antisymmetrising 515, with respect to the variables x5 and xg. Let us
perform this in detail. We first recall

51 = (04513'1 + CQLCQ) s + (Cgl’l + Cle) Xg, §2 = 06375 + C5$6 (1421)
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Then one obtains

gl’gg = (C4$1 + 02.172) 0617% + (04331 + CQZ’Q) 05335.176 (1422)
+ (031'1 + 011'2) 06$5[E6 + (031‘1 + 011‘2) 051‘% (1423)

Antisymmetrisation with respect to x5 and x¢ rules out the two terms with z2 and 2.
Hence we conclude that we should consider up to an overall minus sign the matrix

Mgt?j;l = ((04751 + CQ[L’Q) 051'51'6 - (031,’1 + Cll'g) C6[L'5$6) (1424)

= (1'1ZE5I'6 [0405 - 0306] + ToX5x¢ [0205 - C’lCﬁ]) (1425)

This matrix now induces a map oz?2) which satisfies the first bullet point in the
proposition of (anti-)symmetrised partitions of the Koszul complex. In addition it is
clear that we obtain a complex by adding the trivial mappings leading to H' (Xy, L")
and away from H° (X, £) respectively. Thus this is up to an overall minus sign the
unique map described in the proposition.

Comparison with Eection 134 shows that this is indeed the correct Knight’s move
mapping.
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15. Computation Of The E{-Sheet
With Mathematica

15.1. Summary

In this chapter we summarise the commands that are implemented in the Math-
ematica notebook given in [Appendix F. This notebook allows for the computa-
tion of the Ej-sheet of the Koszul spectral sequence. It is based on the cohomCalg
algorithm [57]. Therefore the C++ program cohomCalg need to be downloaded
from http://wwwth.mpp.mpg.de/members/bjurke/cohomcalg/. The path of the
executable file is needed as input in the Mathematica notebook. Given that the note-
book is run on a Windows system and cohomCalg.exe is placed in the same folder as
the Mathematica notebook, one has to set

cohomCalgExecutable="cohomcalg.exe"

at the very top of the notebook. Subsequently the first two large code blocks have
to be executed. Thereafter all implemented functions can be used.

15.2. Collection Of Implemented Commands

15.2.1. Toric Variety Input

To enter a toric variety the following information is required.
o The homogeneous coordinates. In this notebook they are always taken as x;.
o The scaling relations.
o The Stanley-Reisner ideal.

For example the following command implements CP? x CP' x CP".

In[1):=CP2CP1CP1 = {
(*Coordinates){x1, x2, x3, x4, x5, x6, x7},
(#Stanley Reisnerx)Map|[Variables[#] &, {x1#x2xx3, x4xx5, x6%x7}],
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(*Equivalence Relations+){{1, 0, 0}, {1, 0, 0}, {1, 0, 0}, {0, 1,
0}, {0, 1, 0}, {0, 0, 1}, {0, 0, 1}}
b

It is expected that the input gives a smooth and compact normal toric variety. No
check on this is performed in the notebook. Consequently the user has to make sure
this is the case.

15.2.2. Holomorphic Line Bundles And Divisor Classes

In smooth and compact normal toric varieties both holomorphic line bundles as well
as divisor classes can be specified by an integer valued vector of appropriate length.
Therefore both are entered as such integer valued vectors into the Mathematica note-
book.

15.2.3. Ambient Space Cohomology Computations

Let us compute the cohomologies of the line bundle £ = Ogp2,cpiycpt (1,0,0). To
this end we use that we have already implemented CP? x CP* x CP* as CP2CP1CP1.
Therefore the following command computes a basis of the cohomology classes.

In[2]:=GetBasisOfLineBundleCohomology|[CP2CP1CP1, {1, 0, 0}]
Out[2]={{x3, x2, x1}, {}, {} {}, {}}

This result says
H®(CP? x CP' x CP', £) = {Ayz1 + Aswy + Az, A;€C=2C? (15.1)

and all higher cohomology classes are trivial.
Similarly we can compute the cohomologies of a direct sum of holomorphic line
bundles.

In[3]:=GetBasisOfVectorBundleCohomology[CP2CP1CP1, {{0,0,1},{0,1,0}}]
OutB]={{{{{x7}, {0}}, {{x6}, {0}}, {{0}, {x5}}, {{0}, {x4}}}, {}}, {{{{0},
}?{{},{}},{{{{0}7{0}}},{}},{{{{0}7{0}}},{}},{{{{0}7{0}}}
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This means that on Xy, = CP?>xCP* x CP' the cohomologies of the holomorphic vector
bundle ¥V = Ox,, (0,0,1) ® Ox,. (0,1,0) are as follows. We have

<H%X$V):{%(if)+/b(?;)+A3(£i)+A4:i),zﬁeC}§C5(mQ)

and all higher cohomology classes are trivial.

15.2.4. Computation Of Sheet F;

Let us now turn to the computation of the E;-sheet of the Koszul spectral sequence.
Let us compute the cohomologies of £ = Ox, (1,1,0) on the algebraic submanifold
C' of codimension 3 in CP? x CP' x CP* which in divisor language is the complete
intersection

C =(1,0,0)n(0,1,0)n(1,0,1) (15.3)

In a first approach we compute only the ambient space cohomologies. This suffices
to plot the Ej-sheet. This task is performed by the following command.

In[4]:=DrawFirstSheet WithMaps[CP2CP1CP1, {{1,0,0}, {0,1,0}, {1,0,1}}, {1,1,0},
{{"none"}}]

The output of this command is given in [Figure 15.1]. From this we see that this
spectral sequence does indeed converge on the sheet F,. In addition only the map
P, — P5 has to be computed to obtain the pullback cohomology classes. So we
repeat the same computation, but this time we compute the map 7% P, - P3. This
is achieved via the following command.

In[5]:=DrawFirstSheet WithMaps[CP2CP1CP1, {{1,0,0}, {0,1,0}, {1,0,1}}, {1,1,0},
{{3.1}}]

From the output in we conclude that the map +°: P, - P, can be repre-
sented by the matrix
cCi 0 Cy 0 O
0O ¢y C5 0 0
_ 02 0 0 04 0
Mo = 0 C, 0 Cs 0 (15.4)

C; 0 0 0 C
0 C;3 0 0 GCs
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This is all the information needed to analyse pullback cohomology dependence on
the parameters C; € C which give a redundant description of the complex structure
of C. In particular we have

H°(C, L|o) 2 ker (M),  H(C,L|;)=0 i>1 (15.5)

Let us mention that the command

In[6]:=DrawFirstSheet WithMaps|CP2CP1CP1, {{1,0,0}, {0,1,0}, {1,0,1}}, {1,1,0},
{{3.1}.{2,1}}]

computes the maps at position (3,1) and (2,1). Therefore the above command can
be used to compute several mapping matrices in one run. However one can also
compute all maps in one run by use of.

In[7):=DrawFirstSheet WithMaps[CP2CP1CP1, {{1,0,0}, {0,1,0}, {1,0,1}}, {1,1,0},
{{"all" }}]

It should be mentioned that most of the computational time is used for computing
the mapping matrices. The needed time for determining these matrices grows fast
as the dimensions of the ambient space cohomologies increases. Therefore we advise
the user to apply the following two step procedure.

1. First compute no mapping matrices at all, but only the cohomology groups in
the Ej-sheet by use of the option "none".

2. Secondly identify the maps needed for the analysis of the Fy-sheet and compute
those maps only.

15.2.5. Application To Model Building
In we give a simple application of the technology of pullback cohomology

computations to model building. Whilst we give a detailed description of the models
there, let us mention that we need the following input for this model.

o A smooth and compact normal toric variety Xs.
e Dp, € Cl(Xy).

e Dgyr € Cl(Xy).

» A quasi-divisor-class D with 2D € Cl(Xy).

So for example for X5, = CP*xCP'xCP' we could have Dp, = (1,2,1), Dgur = (1,0,1)
and D = (—%, 0, %) Then the following command computes the model for us.
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In[8]:=Model[CP2CP1CP1, {1, 2, 1}, {1, 0, 1}, {-7/2, 0, 9/2}]

We display the output in [Figure 15.3, [Figure 15.4, [Figure 15.5, [Figure 15.6 and
Figure 15.4].
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in1os)= DrawFirstSheetWithMaps [CP2CP1CP1, {{1, O, O}, {0, 1, O}, {1, O, 1}}, {1, 1, O}, {{"none"}}]

Conput ation started

Section Explicit form Char ges
sl C3 x1 + C2 x2 + CL x3 {1, 0, 0}
s2 C5 x4 + C4 x5 {0, I, 0}
s3 C11 x1 x6 + C9 x2 x6 + C7/ x3 x6 + CLO x1 x7 + C8 x2 x7 + C6 x3 x7 [ {1, O, 1}

Global sections defining the complete intersection subvariety.

Space Basi s Equi val ence Rel ations |Nai ve Di mension
1
P1 0 {} 1
(o))
x5 x4 0 0 0
P2 { ol, |o], [x3], [x2], (xl } 0y 5
0 0 0 0 0
[P%) {(x3x5), (x3x4), (x2x5), (x2x4), (x1Ix5), (x1x4)} {} 6

Rationom spaces in the first sheet of the Koszul spectral sequence.

not conputed not conputed not conputed not conputed not conputed

-s2 -s3 0
sl 0 —53] not conputed not conmputed not conputed not conputed not conputed
0 sl s2

(sl s2 s3) not conputed not conputed not conputed not conputed not conputed

3 e 2

First sheet of the Koszul exact sequence and the maps therein.

oufios)= Conputation finished after 0.7710441 seconds.

Figure 15.1.: Computation of FEj-sheet by Mathematica notebook - map computa-
tions are supressed.
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inf129)= DrawFirstSheetWithMaps [CP2CP1CP1, {{1, O, O}, {0, 1, 0}, {1, 0, 1}}, {1, 1, 0}, {{3, 1}}]

Conput ati on started

Section Explicit form Char ges
sl C3 x1 +C2x2 +C1x3 {1, 0, 0}
s2 C5 x4 + CA x5 {0, 1, 0}
s3 Cl1 x1 x6 + C9 x2 x6 + C7 x3 x6 + C10 x1 x7 + C8 x2 x7 + C6 x3 x7 [ {1, 0, 1}

Global sections defining the complete intersection subvariety.

Space Basi s Equi val ence Rel ations |Nai ve Di mension
1
P1 0 I 1
(lg)
x5 x4 0 0 0
P2 { ol, | o], |x3], |x2], le} 0 5
0 0 0 0 0
k3! {(x3x5), (x3x4), (x2x5), (x2x4), (xIx5), (x1x4)} {} 6

Rationom spaces in the first sheet of the Koszul spectral sequence.

s3
[—32] not conputed not conputed not conputed not conputed not conputed

-s2 -s3 0
[sl 0 —53] not conputed not conputed not conputed not conputed not conputed
0 sl s2
CL 0Oc4 0 O
0 CLC 0 O
c2 0 0 ¢4 0
(sl s2 s3) 02 0 G 0 not conputed not conputed not conputed not conputed
3 0 0 0 &4
0 C3 0 0 G

[ P H T2 0 53

First sheet of the Koszul exact sequence and the maps therein.

oufize= Conputation finished after 0.8600012 seconds.

Figure 15.2.: Computation of Ei-sheet by Mathematica notebook - only the impor-
tant map at position (3,1) was computed.

152/277



CHAPTER 15. COMPUTATION OF THE E;-SHEET WITH MATHEMATICA

wa- Mpdel [CP2CP1CPL, {1, 2, 1}, {1, O, 1}, {-7/2, 0, 9/2}]
Started conputation

Nane Char ge Random Secti on

Base| {1, 2, 1} 0. 809356 x1 x42 x6 + 0. 146078 x2 x4% x6 + 0. 0591562x3 x42 x6 +

0.376335x1 x4 x5x6 + 0. 637865x2 x4 x5 x6 + 0. 784765x3 x4 X5 x6 +

0.43033x1x52 x6 + 0. 188448x2 x5% x6 + 0. 439943x3 x5% x6 + 0. 903981 x1 x4? X7 +

0. 781722x2 x4? x7 + 0. 232888 x3 x42 x7 + 0. 975963 x1 x4 x5 X7 + 0. 46887 x2 x4 X5 X7 +
0. 346646 x3 x4 X5 x7 + 0. 823916x1 x52 x7 + 0. 319159x2 x52 x7 + 0. 0863057 x3 x52 x7

GQJT | {1, 0, 1} |0.0550177x1x6 +0.609207x2x6 + 0. 94568x3 x6 + 0. 682536 x1 x7 + 0. 822599x2 x7 + 0. 232181 x3 X7

al {2, 0, 1} 0. 965737 x1% x6 + 0. 399804 x1 X2 x6 + 0. 269027 x2° x6 + 0. 846127 x1 x3 X6 +
0.422912x2 x3x6 + 0. 157133x3? x6 + 0. 555685x1% x7 + 0. 561758 x1 X2 X7 +
0.192047x2%x7 +0.513682x1 x3 x7 + 0. 983103x2 x3 x7 + 0. 625067 x3% x7

a2l | {3, 0, 1} 0.529199x1°% x6 + 0. 838528x1% x2 x6 + 0. 840043 x1 x22 x6 + 0. 445524 x2% x6 +

0. 948063 x12 x3 x6 + 0. 0943822x1 x2 x3 x6 + 0. 330786 x22 x3 x6 + 0. 453929x1 x3% X6 +
0. 737271x2 x3%2x6 + 0. 460944 x3% x6 + 0. 456702x13 X7 + 0. 657483 x12 x2 X7 +

0. 372096 x1 x22 x7 + 0. 270854 x2% x7 + 0. 306919x1? x3 x7 + 0. 647227 x1 x2 x3 X7 +
0.180077x22 x3x7 + 0. 036952x1 x32 x7 + 0. 653654x2 x32 x7 + 0. 326238x3% x7

a32 | {4, 0, 1} 0. 718925x1% x6 + 0. 258641 x13 x2 x6 + 0. 831174 x1% x22 X6 +

. 0748824x1 x2% x6 + 0. 104985x2% x6 + 0. 60516 x1°% x3 x6 + 0. 813322x12 x2 x3 X6 +
.807712x1x22x3x6 + 0. 978169%x2% x3x6 + 0. 142021 x12 x32 x6 + 0. 212022 x1 x2 x32 x6 +
.517164x2%2 x3%2x6 + 0. 5311x1 x3% x6 + 0. 0907438x2 x3% x6 + 0. 461829x3* x6 +

. 821614 x1% X7 + 0. 804168x1° x2 x7 + 0. 569678 x1% x2% x7 + 0. 963772x1 x2° X7 +

. 77205x2% X7 + 0. 274347 x1°% x3 X7 + 0. 468654 x1%2 x2 x3 X7 + 0. 274181 x1 x2%2 X3 X7 +
.607986x2% x3 x7 + 0. 468464x12 x32 x7 + 0. 387115x1 x2 x32 X7 +

0.246592x2% x3? x7 + 0. 145521 x1 x3% x7 + 0. 931167 x2 x3% x7 + 0. 640857 x3* x7

o O O O O o

a43 | {5, 0, 1} 0.710384x1° x6 + 0. 916609x1* x2 x6 + 0. 756759 x13 x22 x6 + 0. 559207 x12 x2°3 x6 +

. 576848x1 x2%x6 + 0. 371201 x2°% x6 + 0. 823283 x1% x3 x6 + 0. 133729x13 x2 X3 X6 +

. 760824 x12 x2%2 x3 x6 + 0. 220988x1 x23 x3 x6 + 0. 396195 x2* X3 X6 +

. 815669x1°% x3%2 x6 + 0. 0762325x1% x2 x3% x6 + 0. 386434 x1 x22 x32 X6 +

. 846821 x2°% x3% x6 + 0. 74492x12 x3% x6 + 0. 455711 x1 x2 x3% x6 + 0. 513031 x2% x3° x6 +

. 224662x1 x3* x6 + 0. 162035x2 x3* x6 + 0. 320198 x3° x6 + 0. 93546 x15 x7 +

. 718881x1% x2x7 + 0. 0369824 x1% x2%2 x7 + 0. 789456 x1% x2° x7 + 0. 0807137 x1 x2* X7 +

. 739937 x25 x7 + 0. 523926 x1% x3 x7 + 0. 26974 x13 x2 x3 x7 + 0. 0353793x12 x22 x3 X7 +

. 918838x1 x2% x3 X7 + 0. 441546 x2* x3 x7 + 0. 0820188x1°% x32 x7 + 0. 404392x12 x2 x3? X7 +
. 550655x1 x22 x32 x7 + 0. 19112223 x3%2 x7 + 0. 611362 x1? x3% x7 + 0. 997466 x1 x2 x3° X7 +
. 720157 x2% x3% x7 + 0. 0434576x1 x3* x7 + 0. 536702 x2 x3* x7 + 0. 993361 x3° x7

O O O O OO0 O O O o

Clo0 | {2, 0, 1} 0. 965737 x12 x6 + 0. 399804 x1 x2 X6 + 0. 269027 x22 x6 + 0. 846127 x1 x3 X6 +
0. 422912x2 x3 x6 + 0. 157133x3% x6 + 0. 555685x12 x7 + 0. 561758 X1 x2 X7 +
0.192047x2? x7 + 0. 513682x1 x3 x7 + 0. 983103x2 x3 x7 + 0. 625067 x32 x7

C5m| {4, 0, 1} 0.718925x1% x6 + 0. 258641 x13 x2 x6 + 0. 831174x12 x22 x6 +

. 0748824x1 x2% x6 + 0. 104985x2% x6 + 0. 60516 x13 X3 x6 + 0. 813322x12 x2 x3 X6 +
.807712x1 x2%2 x3x6 + 0. 978169x2% x3 x6 + 0. 142021 x12 x3%2 x6 + 0. 212022 x1 X2 x3° X6 +
.517164x2%2 x3%2x6 + 0. 5311x1 x3% x6 + 0. 0907438x2 x3% x6 + 0. 461829x3* X6 +
.821614x1% x7 + 0. 804168x1% x2 x7 + 0. 569678x12 x22 x7 + 0. 963772x1 x2% x7 +

. 77205x2% x7 + 0. 274347 x13 x3 X7 + 0. 468654x12 x2 x3 X7 + 0. 274181 x1 x22 x3 X7 +
.607986x23 x3 X7 + 0. 468464x12 x3% x7 + 0. 387115x1 x2 x3%2 X7 +

0. 246592x22 x32 x7 + 0. 145521 x1 x3% x7 + 0. 931167 x2 x3% x7 + 0. 640857 x3* x7

o O O O O O

. 30559x17 x62 - 0. 429506 x1° x2 x62 - 0. 0277435x1° x22 x62 + 0. 184965 x1* x2° x62 -

. 0524425x1% x2% x62 - 0. 218305x12 x25 x62 - 0. 182041 x1 x2° x62 - 0. 0530896 x27 x62 -

. 394313x1°% x3 x62 - 0. 283381 x1° x2 x3 x62 + 0. 630356 x1* x22 x3 x62 + 1. 036 x1% x2° x3 x62 +
842395x1% x2* x3 x62 + 0. 440347 x1 x2° x3 x62 + 0. 206953 x2° x3 x62 - 0. 62072 x1° x3? x62 +
701849x1% x2 x32 x62 + 0. 739129 x13 x22 x3% x62 + 1. 00504 x12 x2° x3? x62 +

.0294108x1 x2* x32 x62 + 0. 177674 x25 x3%2 x62 - 0. 517135x1* x3° x62 +

473963x1% x2 x3% x62 + 1. 07212x12 x22 x3°% x62 + 0. 263449 x1 x23 x33 x62 +

422661 x2* x3% x62 + 0. 115898 x13 x3* x62 + 0. 140353x12 x2 x3* x62 + 0. 522825 x1 x22 x3* x62 +
. 674321 x2°% x3* x62 + 0. 128017 x12 x3° x62 + 0. 142336 x1 x2 x3° x62 + 0. 22277 x2% x3° x62 +
148215x1 x3° x62 + 0. 221444 x2 x3° x62 + 0. 162563 %37 x62 - 0. 535026 x17 X6 X7 -

271346x1% x2 x6 x7 + 0. 836493 x15 x22 x6 x7 + 1. 01847 x1* x23 x6 X7 + 1. 34652 x13 x2* X6 X7 +
435864 x12 x25 x6 x7 + 0. 500435x1 x2° x6 x7 + 0. 102052 x27 x6 X7 - 0. 698735x1° x3 X6 X7 -

. 547846x15x2x3 X6 X7 + 0. 772938x1% x22 x3 x6 x7 + 1. 08812x13 x23 x3 X6 X7 +

. 812676x12 x2% x3x6 X7 - 0. 417988x1 x2% x3 x6 x7 - 0. 0626312x25 X3 x6 X7 -

. 831582x15 x32 x6 x7 + 0. 411994 x1* x2 x3%2 x6 X7 + 1. 33165x13 x22 x32 x6 X7 +

C5H | (7, 0, 23

|
o

©cooooooooo0o0000

Figure 15.3.: Computation of the model presented in - page 1.
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. 985085x12 x2% x32 x6 X7 + 0. 339257 x1 x2* x3? x6 X7 + 0. 126454 x2° x3% X6 X7 -
. 522241 x1% x3% x6 x7 - 0. 353962 x13 x2 x3% x6 x7 + 0. 137949x12 x22 x3% x6 X7 +

63582x1 x23 x33 x6 x7 + 0. 569253 x2% x3% x6 x7 - 0. 196679 x1° x3* X6 X7 +

. 280202 x1% x2 x3% x6 x7 - 0. 485726 x1 x22 x3% x6 x7 + 0. 310395x2% x3* x6 X7 -

. 753854 x12 x3% x6 X7 - 0. 307724 x1 x2 x3% x6 X7 + 0. 174523x22 x3° x6 x7 - 0. 603937 x1 x36 x6 X7 +
. 312672x2 x3% x6 x7 + 0. 0898299x3” x6 x7 - 0. 144589x17 x7%2 - 0. 0175113x1° x2 x72 +

. 490579 x1°% x22 x72 + 0. 738952 x1% x2% x72 + 0. 92061 x13 x2* x72 + 0. 412399x12 x25 x72 +

. 117152x1 x2% x72 + 0. 06701 x27 x72 - 0. 394204 x1° x3 x72 - 0. 560141 x15 x2 x3 x72 +

.381174x1% x22 x3 x72 + 0. 491803x13 x23 x3 x72 + 0. 00612297x12 x2* x3 x72 +

. 089792 x1 x2°%x3 x7% - 0. 508529x2° x3 x7% - 0. 570922 x1° x3%2 x7% - 0. 000798621 x1* x2 x3% x72 +
. 669647 x1° x22 x32 x7? - 0. 203938 x12 x2°% x32 x7? - 0. 0957055x1 x2* x32 x 72 -

. 252372 x2% x32 x7? - 0. 220926 x1* x3% x72 + 0. 0472718x13 x2 x3% x72 - 0. 201172x12 x22 x3% x72 -
. 678661x1 x2%x33 x72 + 0. 343708x2% x3% x72 + 0. 0546948x13 x3* x72 - 0. 414094 x12 x2 x3* x72 -
. 785641 x1 x22 x3% x72 - 0. 229731x23 x3* x72 - 0. 601563 x12 x3° x72 - 0. 829329x1 x2 x3° x72 -

. 36404 x22 x35 x72 - 0. 46628x1 x3% x72 - 0. 58937 x2 x3°% x72 - 0. 411845x37 x 72

{4, 0, -4}

9, 0, 14)
2

=
{-4, 0, 10}

Start conputation on C10 curve
Conput ati on started

&

-s2

— 0

Global sections defining the complete intersection subvariety.

l
l

(sl s2 s3)

l

= 0 Ker = 19 Ker = 40 Ker

R

Ker

-s2 -s3 0
sl 0 -s38 Ker =0 Ker =0 Ker =6 Ker =0 Ker =0
0 sl s2

P H P

Figure 15.4.: Computation of the model presented in - page 2.

First sheet of the Koszul exact sequence and the maps therein
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|

s3
-s2
sl

|

-s2 -s3 0
sl 0 -s3
0 sl s2

|

(sl s2 s3)

|

H H HHH
Second sheet of the Koszul exact sequence and the maps therein.

Conput ation finished after 2.9328052 seconds.

Start conputation on C5mcurve

Conput ation started

l b | l l

[—52] Ker = 0 Ker =0 Ker =0 Ker =0 Ker =0

Ker = 0 Ker =0 Ker =6 Ker = 1095 Ker = 0

l b l l l
l b l | l

(sl s2 s3) Ker = 0 Ker = 0 Ker = 1008 Ker = 504 Ker =0

l b l l l

H H H H H*

First sheet of the Koszul exact sequence and the maps therein.

Figure 15.5.: Computation of the model presented in - page 3.
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|

s3
-s2
sl

|

-s2 -s3 0
sl 0 -s3
0 sl s2

|

(sl s2 s3)

|

B H B
Second sheet of the Koszul exact sequence and the maps therein.

Conmput ation finished after 1044. 4199890 seconds.

Start conputation on C5H curve

Conput ation started

[ o828 [ o 0o 0o 42 0 |
| P l l |
s3
-s2 Ker = 0 Ker =0 Ker =0 Ker =0 Ker =0
sl

,;
—
—
-—
-—
—

,;
g
o
-—
-—
o

-s2 -s3 0
sl 0 -s3 Ker = 0 Ker =0 Ker =9 Ker = 470 Ker = 0
0 sl s2

i oo b
l b b

(sl s2 s3) Ker = 0 Ker = 0 Ker = 432 Ker = 60 Ker =0

l Lo b

H H H H H*

First sheet of the Koszul exact sequence and the maps therein.

Figure 15.6.: Computation of the model presented in - page 4.
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-s2

&
_~

— @

|

-s2 -s3 0
[ sl 0 -s3
0 sl s2

|

(sl s2 s3)

|

H H HHH
Second sheet of the Koszul exact sequence and the maps therein.
Conput ation finished after 181. 1066774 seconds.
oas- Fi ni shed the conputation after 1229. 1178728 seconds.

Figure 15.7.: Computation of the model presented in - page 5.
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16. Application To Model Building
- A Teaser

16.1. Summary

In Eecfion 13 we discussed a global Tate model with SU (5)xU (1) i gauge symmetry.
This type of F-theory model can be used for GUT-model building. Recall in particular
that we pointed out that pullback cohomologies of a certain line bundle count the
number of the states that experiments would observe as electrons, quarks etc. To
conclude this thesis we therefore decide to put the developed technology about the
computation of pullback cohomologies to a use in a model building teaser.

In Bection 162 we give a cooking recipe for this model. In particular we mention that a
pseudo-random representative for such a model can be generated by our Mathematica
notebook. The implemented functionality is described in Eubsecfion Th 274, We run
a scan over roughly 45.8 - 106 parameter values that describe these kinds of models
in the toric ambient space CP? x CP* x CP'. Of those parameter values only 20 give
distinct candidate models. We give the details on this scan in Eection T63. Finally
we exemplify the needed cohomology computations on the 10-th model that the scan
found. This analysis is presented in Eecfion 16 4.

We have to mention that the ability to resolve the singularity structure is crucial
in F-theory model building. As our intention is to exemplify the application of the
computational methods on pullback cohomologies, we do not check if such a resolution
does exist. Similarly we do not check Tadpole cancellations. In fact we focus entirely
on the cohomological aspects of the model and leave further checks to the future. In
this sense the presented models are toy-models only.

16.2. Setup For SU (5) x U (1)x-Models With Line
Bundle G4-Flux

Construction 16.2.1 (Pick A Geometric Backbone, ... ):

1. Pick a smooth and compact normal toric variety Xy of complex dimension 4.
This toric variety we specify by means of a homogenisation, i.e.

Xp=2(C-2)/((C)") (16.1)

The (C*)" action is given by an a x r integer-valued matrix M. If we sum the
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entries in each row of M we obtain a vector
TeZ* (16.2)
In particular we can consider the divisor class
D7 :=T"e Cl(Xyx) (16.3)

2. Next consider an effective divisor Dp, € C1(Xy) and $p, € H* (X5, Ox,. (Dg,))
a holomorphic section. Then we define

Bs:={pe Xyx, 5p, (p) =0} (16.4)

We require that Bs is an algebraic submanifold of codimension 1 in Xx. Bj is
termed the 'base’. Subsequently we consider the divisor class

Kp,=T'- Dp, € C1(Xx) (16.5)
which gives rise to an isomorphism class of holomorphic line bundles

Lz, =Oxy (Kg,) € Pic(Xy) (16.6)

We claim that Lz, 5 is isomorphic to the anticanonical bundle of Bs.
3153

The proof of this statements rests on the adjunction formula [44] which states
that in this particular situation

Kp, = Kx,|p, ® NBS/XE\BS (16.7)

General theory of toric varieties implies Ky, = Ox,, (-7") ©. Moreover we have
NBg/XE‘ B = Oxy, (Dp,)|p,- Consequently

Kp, = Oxy (-T'+ D)l = Lrc,. (16.8)

B3
which proves the claim. In particular this justifies our notation.

Construction 16.2.2 (...Form A Global Tate Model, ...):
In this geometry we now construct a global Tate model.

1. We require that the divisor class K p, is effective. This enables us to consider
for i€ {1,2,3,4,6} o
G € H (X5, Ox, (iKp,)) (16.9)

Note that this implies

a; == ai|Bg € HO (B37 E%Bg 5 ) (1610)
3

!The more familiar case is the canonical bundle of complex projective space. For this situation it
holds K(Cﬂ:m = Oc]pm (— (7’7, + 1))
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2. Next let [x,y, 2] € CPy3; the homogeneous coordinates and p € B;. Then we
set
CP = {[I,y,Z] € CPZ,B,I ) P(%Z/’Z,p) = O} (1611>
where
P (x,y,2,p) = 2" = y* + zyzas (p) + °2%az (p) + yz*as (p) (16.12)
+xztay (p) + 2%aq (p) '

is the Tate polynomial. Thereby we have obtained a family of elliptic curves
labeled by points p € Bs.

3. Finally we set
Y= G, (16.13)
so that we can define the holomorphic projection map

Yy —> Bs (16.14)

with the property 71 (p) = C, for any p € Bs.

Let us mention two things here. First of all note that the above elliptic fibration is a
special form of the Weierstrass form, which we described in Eecfion I 1. This special
form of elliptic fibrations is called a global Tate form elliptic fibration. Secondly we
highlight that the motivation to study such a global Tate model is that the singularity
structure of Yy is much easier worked out than in the Weierstrass model. This has
been described in detail in [I4]. It is this simplifcation that allows to easily work out
an SU (5) x U (1) y gauge symmetry.

Construction 16.2.3 (...Shed Some SU (5) In This Model, ... ):

1. As a next step consider an effective divisor Dgyr € Cl(Xyx) and a non-trivial
holomorphic section 3 gur € H (Xx, Ox,. (Dgur)). Then consider

GUT :={pe Xy, 55, (p) =3cur (p) =0} c B3 (16.15)

We require that this is an algebraic submanifold of codimension 2 in Xy. This
manifold we term 'the GUT". Moreover we set

w: B3 - C, p~Sgur (p) (16.16)

2. As pointed out in [I4] for an SU (5) singularity structure along the GUT, we
have to require that the holomorphic functions as, as, as and ag factor according
to

ag = ag w, az=azaw? ay=agzw®,  ag = agsw’ (16.17)

where a; ; := Ei,j|33 for
Gy € H° (XE7 Oxy (2 Kp,~j- DGUT)) (16.18)

such that all a; ; are not diviable by w in the ring Op, (Bs3).
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3. Finally we consider the following codimension 3 curves of Xs.

o Cip={peXs, 3, (p) =3cur (p) =@ (p) =0}

« C5,={peXs, 5, (p) =Scur (p) =ds2 (p) = 0}

o Csp={peXs, 3B, () =3cur () =32 (p) 2,1 (p) a3 (p) - @ (p) =0}
Note that they are all required to be smooth and of codimension 3 in Xy.
We term these complex curves the 10-curve, the bm-curve and the 5H-curve
respectively.

4. The homogeneity of @y, @32 and @3 22 1 —a4 3@; canonically induce divisor classes
on Xy, which we term D¢, chm and Dc,,, .

Construction 16.2.4 (...Restrict To An SU (5) x U (1) Model, ...):

1. We restrict the form of the elliptic fibration further, so as to enlarge the gauge
group.

2. Enlarging SU (5) to SU (5) xU (1) is most easily achieved by requiring ag = 0.
This type of model is known as a U (1) restricted model. More details on this
type of model can be found in [d6].

Construction 16.2.5 (... And Finally Add G4-Flux To It):

1. Last but not least, we add G4-flux to the model. Hence this is the point where a
special form of G4-flux kicks in. We mentioned that in the above type of model
one can pick holomorphic line bundles on the GUT [37] to form special G4-fluxes.
Here we will be even more special, in that we choose a holomorphic line bundle
on Xy. Via pullback onto the GUT this gives us a special holomorphic line
bundle on the GUT and therefore a very special G4-flux.

So let D € C1(Xy) 2. The associated holomorphic line bundle £ = Ox, (D) then
plays the role of a Gy-flux. Note that in [47] the line bundle £ is refered to as
Fx.

2. Next let us compute the canonical bundle of C'y. To this end we use the
adjunction formula twice. First we realise

Key, = Kaurlg,, ® NCIO/GUT‘CIO (16.19)

with Neyo/cur| o = Oxs (Dcyo)lg,,- Secondly we have again from the adjunc-
tion formula

Kgur = Kgy|qur ® NGUT/Bg‘GUT (16.20)
By using Kp, = Oxy, (=T" + Dp,)|p, we then find
Kaur = Ox,, (Daur + D, = T")|gur (16.21)

From Kp, = Dp, - T* = -K g, we finally conclude

KCIO = OXZ (DGUT - FBg + Dclo) (1622)

‘010

2This divisor class should not be effective, as otherwise supersymmetry constraints are hard to
satsify.
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3. Motivated by this finding we focus on the following three formal ® divisor classes
e Dy=-1D+1 (D¢, + Deur - Kp,)
« Dy=3D+3 (D¢, +Dgur-Kp,)
« Dy=2D+L(De,, + Dour - Kp,)
Note that the second part %( ..) resembles in analogy to the type IIB-picture
a formal spin divisor. This observation is based on the fact that on a connected

and compact Riemann surface M, of genus g the spin structures are one-to-one
with holomorphic line bundles S with the property S®* = K, as proven in [&3].

4. As a next step we implement the Freed-Witten quantisation condition. In this
particular context this requires that D, D, and D3 are divisor classes, i.e.
canonically identified with integer valued vectors of length a.

5. Given Freed-Witten quantisation, we can thus consider the holomorphic line
bundles £; = Ox, (D;) on Xx. We are then interested in the cohomologies of
the following three holomorphic line bundles.

¢ El = ZI‘CIO
Lo Zz‘cgm
© Lsi= Z3‘0511

Note that it is this final step that needs the computation of cohomologies of
pullback line bundles. It is hence the ability to perform this task that most of
the work in this thesis focused on.

6. Finally we mention that for model-building purposes we are mostly interested
in situations, such that the cohomologies are according to one of the following

two cases.
e Case 1:
hU (Clo,ﬁl) =3 and hl (Clo,ﬁl) =0
ho (Cy,,L2) =3 and h' (Cy,, L2) =0

ho (05[-[,[:3) =1 and A! (C5H,£3) =1
« Case 2:

hO (Clo,ﬁl) =0 and hl (Clo,ﬁl) =3

WO (Cx,. L) =0 and A (Cs,, L2) = 3

hO (C5H,£3) =1 and hl (C5H7£3) =1

16.3. A Scan On CP? x CP! x CP!

Note:
A particularly simply ambient space to handle is the smooth and compact normal

3This means that a priori they are half-integer valued vectors of length a. So up to % we can always
identify them with a divisor class in Xy. Hence they are not quite canonically isomorphic to
divisor classes of Xs;.

162/277



CHAPTER 16. APPLICATION TO MODEL BUILDING - A TEASER

toric variety CP? x CP' x CP'. Recall in particular that CP" is a Flag variety. Hence
we know that the cohomology classes of holomorphic line bundles on CP? x CP* x CP*
come equipped with natural tensor structures that we can use to construct the maps
d, with r > 2 in the Koszul spectral sequence, as we described in chapfer 14. Let
us therefore exemplify the SU (5) x U (1) y-models presented in Eecfion 162 on this
particular toric ambient space.

Consequence:

To check for promising models on this ambient space, we should scan over all possible
setups in CP? x CP' x CP' and pick the models of interest to us. Our strategy will
be as follows.

Construction 16.3.1 (Finding Candidate Models On CP? x CP' x CP'):

To find candidate models on CP? x CP' x CP' we scan over effective divisor classes
Dp,, Dgur. Then we check if the divisor classes ?st 2?33 - Dqur, 3?193 -2Dqur,
4?1;3 -3Dgut, Dcyy, Do, and D, are all effective as well. If this is found to be

true, we scan over (4-fluxes L=0 X, (D) and check if the divisor classes Dy, Dy and
D3 are well-defined, that is if the Freed-Witten quantisation is satisfied. Given that
this check is also passed we use the Koszul extension of the cohomCalg algorithm to
compute the chiral index of the holomorphic line bundles £, £, £3 ®. In case we
find

IX(£0)[=3 A Ix(£L2)[=3 A x(£L3)=0 (16.23)

this setup is a candidate model.

Note (Candidate Models on CP, x CP' x CP'):

We perform an explicit scan over the following parameter ranges.
« Dp,=(a,5,0) with0<a<3and 0<f3,0<2.
e Dgur = (u,v,7) with 0<p<3and 0<v,y<2.
« D=1(a,b,c)with -20<a <0 and -20 <b,c < 20.

This scan therefore checks roughly 45.8 - 109 configurations. It yields a number of
only 20 disctinct candidate-models which we list in [able TGTI.

Remark:

Of course on each of these candidate models more checks need to be performed - we
should check that all subvarieties are smooth and of the correct codimension and we
should also compute the pullback cohomologies by use of the pullback-cohomology-
computation-technology developed in this thesis.

The codimension checks are always easily performed in Sage [61]. Unfortunately
however the polynomials defining the curves C; grow large very fast. Even if we
choose numerical prefactors to replace the complex valued coefficients C; that encode

4As this task can be phrased as the calculation of certain intersection numbers, the performance
of the scan can be increased by replacing the use of the Koszul extension of cohomCalg by use
of some software that can compute intersection numbers in toric varieties, such as Sage [51].
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a redundant description of the complex structure of C;, Sage [51] has to work very
hard and long to check for smoothness. Therefore we were so-far only able to perform
the smoothness checks on Bs, GUT and C in a timely fashion, whilst C%,, and Csp
usually take many days to be checked.

Similarly also the computation of the pullback cohomologies proves very hard in
practice. This is for essentially two reasons.

o The cohomology classes on the Fi-sheet grow rapidely. In many of the candi-
date models that we will present, those cohomology groups reach dimensions
of thousands to hundreds of thousands. Even though the performance of our
Mathematica notebook was increased by a factor of 100, it still takes days to
work out only the F;-sheet for such big cohomology groups.

o The Koszul spectral sequences are to be worked out for codimension 3 loci.
These spectral sequences do not converge on the FEj-sheet but the FE3-sheet.
Under fortunate circumstances of course it can happen that the sequences con-
verges on the Fj-sheet, but in general this is not the case. As we have not
yet implemented a construction of the maps d, with r > 2 into our notebook
such computations need to be done by hand. This however is impractial even
for cohomology classes of dimensions of 50 - 100, not to mention hundreds,
thousands or hundreds of thousands. Therefore the current state of our Math-
ematica notebook allows only to find estimates for the cohomology classes from
the computation of the Ei-sheet.

It is left for future work to overcome these limitations.

Note:

It is readily checked, that model #15 and #17 have h° (Csy, L3) > 9, whilst for
model #16 we have h® (Csy, L3) > 13. Let us be very restrictive and not allow for
any exotics. Then by these simple means we have just ruled out 3 of the 20 models.
The analysis of the remaining 17 models is harder though. We leave this analysis for
future work and decide to only give a baby-version of the analysis needed. To this
end we have a closer look onto a special representative of model #10.

16.4. A Special Form Of Model #10

Note:

We now investigate the model #10 for a special set of sections Sg,, Squr, @;, G2, U3
and ay. To this end we let Mathematica generate pseudo-random numbers for us,
plug those into the corresponding polynomials and compute the pullback cohomolo-
gies without checking the smoothness conditions. This is what the function Model
presented in Eubsecfion THh 273 does for us. The source code of this function can be

found in [Appendix F.
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soguer mjourered poymads o) UM J7) x (JD X D U0 UedS MO A PUNOJ S& SOTI[RIND 1091100 YIM SPPOIN =" T°9T d[qEL

(o1°01-‘2) | (P‘z‘L) || (gz‘o1-‘0) | (2‘1%) | (9-‘9‘1) | (z‘t‘e) | (w111-‘1-) | (2‘1°1) | (0‘1°1) || 0T
(91‘21-2) | (2'0°2) || (gg's1='0) | (10'%) || (2=91) |(1°02) || (erei=‘1-) | (1°0°1) | (TC‘1) || 61
(91‘91-‘2) | (0‘z‘L) || (wg‘sz=‘0) | (0‘1'%) || (8—‘6‘1) |(0‘t‘2) || (9r‘21-‘1-) | (0‘1°'1D) | (2‘1'1) | 81

SO (8°0°0) (Fzr) | (or1-¢-) | (@19%) || (c=‘12) |(@12) | (O1-¢-) |(@T1T7T)]|OTDT)] L1
Sox (z1'0‘'0) | (FeL) || (91°c—‘e-) | (@e'm) | (—‘1‘2) |(z‘1'e) || (or‘z—‘¢-) | (z‘0‘1) | (O‘T°1) || 9T
SOA (8°0°0) (¢7°L) | (ot'e—'¢-) [(eCcv) | (e-¢c) |(1¢e) || (9'c—'¢-) |(0cD)| (10T | gt
(F1s—‘0) | (z‘02) || (oz‘z1i-‘¢-) | (1°0%) || (9-F‘2) | (1°0‘2) || (e1's—‘¢e-) | (1‘0‘1) | (1C‘1) || #1
(0z‘s1-‘0) | (0‘z‘L) || (0g‘8z—‘e-) | (0‘T1%) || (01-‘01°2) | (0‘T‘2) | (0z‘61-‘¢-) | (0‘1°T) | (2‘T‘1) | €1

(ot1'0'c-) | (@¥L) || Gre—‘9-) |(1cv) || (—-c'¢) | (1ce) || (6c-‘¢-) | (1cT)|(T°0°T) || a1
(z19—‘2-) | (z'02) || (21'9-‘9-) | (1‘0%) | (¢—‘z‘¢e) |(1'0C) | (119%-‘¢—) | (1°0‘1) | (12‘1) | 11

(o1'0%-) | (o2 || Froe-) |(Tom) | G-0%) | (G0 | Go2L-) |ToT)|(TTT) o1
(0z‘s—%-) | (e7L) || (62%1-6-) | (1‘2%) | (6-9%) |(1c2) | (61°01-‘2-) | (12‘1) | (1°0°1) || 6

(z18'9-) | (gF°2) || (ot'01‘21-) | (¢2%) || (¢—‘z—‘¢) | (1'c‘2) || (or9'6—) |(0‘z‘'r)|(10T) | 8

(879-) | (z'0L) | (1r'9ci-) | (1°0%) || (¢e=‘2=‘¢) | (1'0°2) (L76-) | (To1) | (121 2

(0zv9-) | wgr) || (8evei-) | (z'ew)| (8—‘1-¢) | (z12) || (81'c'6-) |(z'0‘r)|(O'T°T)| 9

(8°9's-) | (0z‘L) || (zr‘g‘s1-) | (0‘1'%) || (—‘z—‘9) | (0‘1'2) || (8‘¢‘11-) | (0‘T‘1) | (T‘1°'1) || ¢

(z1701-) | (0‘z2) || (st°6's1-) | (0‘1%) || (9—‘1-2) | (0‘1°2) || (er'e‘er-) | (0‘1'T) | (T‘1°T) || ¥
(91°9121-) | (7°s°2) || (cz'zz'1e-) | (ze¢%) || (9-2-'8) |(z‘12) | (Fr¥1'c1-) | (Z'0‘1) | (O°T°1) || €
(o1z‘z1-) | (0‘z‘L) || (me‘c‘1e—) | (0‘1%) || (8=‘0‘9) | (0‘t‘e) || (or‘1'¢1-) | (0‘1‘D) | (2‘'1‘1) || ¢
(oz‘0'71-) | (0‘z‘L) || (0g‘1-%2-) | (0‘1%) || (01-‘1°6) | (0‘T‘2) || (0z‘1-"21-) | (0‘1'T) | (8‘'1°1) || 1

| imopemy || g Héq | Taq “a | Ta | "Pa | az | wog | tag || #
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Construction 16.4.1 (Base):
We pick the following function.

3B, = 0.989028379852613x x5x6 + 0.7340323603768162023 26
+0.9383753201753552325 6 + 0.3393179191919247 w4526
+0.649822960090401 29747576 + 0.582373999640213 13247576
+0.3539117970942482 2276 + 0.160360451666156 202216
+0.267511914379556232276 + 0.110625148626521 11 2527 (16.24)
+0.11711929601565529 7377 + 0.089719860490504 737377
+0.820490527048718x 1 24527 + 0.487051129121177 05242527
+0.392781180105981z32 4577 + 0.839333450337773x 2227
+0.753182202403554 292277 + 0.519756066830027 x 37227

It is checked via Sage [51] that the base is smooth and of the correct codimension.

Construction 16.4.2 (GUT):
We pick

Squt = 0.2417425434195952 1 76 + 0.801228849161860x 226
+0.432085830206161x376 + 0.300089241240703x1 27 (16.25)
+0.286717978324859x927 + 0.807949402715996 2307

Sage [61] confirmed that the GUT is smooth and of the correct codimension.

Construction 16.4.3 (The elliptic fibration):
For the elliptic fibration we pick the following functions.

ay = 0.665801789799261z2x¢ + 0.6696649041200522 1 7976
+0.31843539589395653x6 + 0.8295336546396297 1 1376
+0.865654510031526151376 + 0.0341480184712135x 376
+0.58046386550479522 27 + 0.500320022518483x 1 w27
+0.208509205382034 2327 + 0.441200276585968 21 2327
+0.0552895324802994 15377 + 0.96971085681134422 2,

asq = 0.788002465577774x3xs + 0.43906968053931 723 x5
+0.13798605101356 12 2326 + 0.874619184264689x3x¢
+0.56230048914741023 256 + 0.3298391996467802 97376
+0.801050951715531 2352376 + 0.5239392956 167587 1 7276
+0.203937616308565x003216 + 0.50203484936810523 76
+0.298737666994317x3 27 + 0.496643608788407 22 2927
+0.912400586812497x, w327 + 0.85281422551823 7w 527
+0.24891597539221222 2527 + 0.8650929738254292 | w9377

166,277



CHAPTER 16. APPLICATION TO MODEL BUILDING - A TEASER

as2

Q4.3

+0.690062985617382x32577 + 0.897542003372793 2 2327
+0.082268955327107Tzo2327 + 0.484256802362263 527

= 0.686598371466560x1x6 + 0.73687709821345623 w516
+0.519887608005832x3 2216 + 0.6311215035974662 1 2526
+0.523916095921866x316 + 0.540171387853479x3 156
+0.77417738223841623 29236 + 0.478051853456718% 121376
+0.4890797736244 77232516 + 0.96689692096390873 1276
+0.337380994053327x1 m973w6 + 0.48746263208141 1232326
+0.578893438222033x w316 + 0.17548203024897 1292376
+0.0719383254616413x376 + 0.3820732620234347 17
+0.692613178728784 3 w927 + 0.3739150489722922 x327
+0.593037827943180x x37 + 0.0579722711581433x 527
+0.257991537789341 3 2327 + 0.960658931792121 23 x5 2577
+0.4529261728917292 22x327 + 0.267573462371527x5 w377
+0.56637726663234523 2327 + 0.082846715528933621 207527
+0.865574210986096 225257 + 0.5449722624240581 w317
+0.0372063843633103z52327 + 0.20328671686 7415527

= 0.20039029876210023x¢ + 0.686140096451894x w076
+0.7397289765398993 w376 + 0.80324743259548Tx2 w326
+0.5047033881191292 2326 + 0.557865317402868252¢
+0.225701312612143z 2376 + 0.046473486383350623 29376
+ 0.2592507569476041:%:5%3:3% + 0.85864153813423430@%1:3%
+0.0748948037831674x5316 + 0.41665272321946 103 131

+ 0.971655475179566x%x2x§x6 +0.9651 12632872295x1$§x§x6
+0.87455866246011873 2316 + 0.89065731150640623 1526
+0.7066272286352567 2956 + 0.1310472908662682 256
+0.208293062208944x x376 + 0.57621269341016 1297376
+0.967416113084352576 + 0.190152053193513 2527
+0.991630829448392x 1 x527 + 0.352306555543267 23 2327
+0.993527895225648z2 w327 + 0.7881791334560027, w427
+0.6853924638999162527 + 0.958791956684563x w327
+0.68094312382496423 291577 + 0.540208674830397 23 230377
+0.124729049492497 1 w3 2527 + 0.20095817077362025 0577
+0.35680346562804923 1227 + 0.095853060035976 7w w0032,
+0.819356258009017 2 22227 + 0.268023672600283 55377
+0.595208783195890x3 x57 + 0.7779258843066062 1 120517
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Lo 0 6 0 0 Lo 0o 0 0 0
2 2R 2 N S 2 2R 2 S
V.| 0 15 45 0 0 V00 0 0 0 0
2 I 2R 2 S 2 2R 2 S
Vi| 0 64 40 0 0 wWwio 4 1 0 0
2 R 2R 2 SR S 2 R 2 TR S
L]0 45 0 0 0 £J0 0 0 0 0
[ [H° H' H* H® HY| [ [H° H' H® H® H%|

Table 16.2.: The E;- and FEsy-sheet in the calculation of h* (Chg, £1) in model #10 on
the toric ambient space CP? x CP' x CP*.

+0.736419813783850x3 w3 w7 + 0.862244928722523 11 w5377
+0.794027013298842z5 7577 + 0.996627270641613x527

CLGZO

Sage [61] verifies that all curves Cyg, Cs,, and Csp are of the correct codimension.
In addition we checked that (g is smooth. The corresponding smoothness checks
for Cs,, and Csy were cancelled after two days of running Sage [51] on a Windows
7 system with i7 quad-core processor in a virtual machine equipped with 3GB RAM

and 1 CPU.

Consequence:
The above-presented sections describe a special representative geometry of model
#10. We can thus proceed by computing the cohomologies of £, L5 and L3. To this
end we use our Mathematica notebook as presented in to compute the
Ey-sheet. We display the FEj-sheets as well as the generic Fs-sheets in Table 169,
Mable T63 and Mable T64. From this we conclude

o hO (010721) =4 and h,l (Clg,Zl) =1

e h0(Cs,.L2) =6 and h' (Cs,,, L2) =3

e RO (C5H,Zg) =9 and ht (C5H,Zg) =9

So this special representative of model #10 is ruled out if we allow for no exotics.

Remark:
A question that we have to leave open here is the following.

Is it possible to choose other sections such that the cohomology groups on
Cho, 5, and Csg are tuned to the desired values?

Let us mention though, that in principle this question is answered by the technology
presented here. Answering it only hinges on sufficient computational power.
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L0 0 0 1092 0 Y0 0 0 0 0
U . Voo il b e
V.| 0 0 1014 1599 0 V|0 0 6 3 0
N oo T
Vi| 0 0 1428 504 0 V|0 0 0 0 0
2 Lo L 2 T
L, 0 0 420 0 0 L] 0O 0 0 0 0
| |H° H' H* H® H'| | |H° H' H?> H* H*|

Table 16.3.: The E;- and FEs-sheet in the computation of h? (Ck

L5) in model #10
5m>
on the toric ambient space CP? x CP' x CP'.

L]0 0 0 462 0 Lo 0o 0 0 0
2 T S 2 R 2 S
Va| 0 0 440 530 0 V|0 0 9 8 0
I T S R 2 I 2 R S S
Vi| 0 0 465 60 0 Vilo 0 1 0 0
2 I 2 T S 2 2R 2 2 S
L) 0 0 33 0 0 L]0 0 0 0 0
[ [H° H' H? H*® H'| [ |H° H' H® H® H']

Table 16.4.: The E;- and Es-sheet in the calculation of h? (Csg, £3) in model #10 on
the toric ambient space CP? x CP' x CP*.
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Conclusions And Outlook

In type IIB and F-theory model building one wishes to compute the spectrum of
massless string zero modes. This task leads under simplified assumptions to the
computation of cohomology groups of pullback line bundles. In many applications
to physics, the geometry is build from toric varieties. This is because toric vari-
eties are mathematically well-understood and easy to handle. In particular one can
write computer programs that compute intersection numbers, Chern classes, indices,
.... A prominent example of such a software is Sage [61]. Consequently computing
the spectrum in many model building applications boils down to understanding the
answer to the following question.

Given a smooth and compact normal toric variety X, a holomorphic line
bundle £ on X and C' c¢ X a submanifold. How does one compute the
cohomologies of L|,?

This is the question that we adressed in this thesis. Let us briefly recall the answer.

1. For every holomorphic line bundle £ on Xy there exists a divisor class D ¢

2. Every analytic submanifold C' c Xy, turned out to be even an algebraic subman-
ifold, i.e. cut out by a finite number of polynomials Q1,...,Q,.

3. The cohomologies of L|, are then related to the cohomologies of certain line
bundles on Xy via the sheaf exact Koszul sequence

The ambient space cohomologies can be computed via the fast cohomCalg al-
gorithm. Then a novel approach to computing the pullback cohomologies from
this sequence is the use of exactness. This is implemented in [53]. We pointed
out in that in general however, exactness is not enough to determine
the pullback cohomologies.

4. The core of this thesis was then to go beyond these exactness calculations. To
this end we presented in Parf TVl the Koszul spectral sequence and established
it as the optimal approach to computing pullback cohomologies. In particular
we present all the information that is needed to perform these computations in
principle.
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For practical applications in the model building, this principle knowledge is not
enough. It must be possible to handle this computation even when the cohomology
classes are hugh and one wishes to obtain the result in a timely fashion.

In a first attempt to achieve this goal we present a Mathematica notebook that
enables us to compute the F;-sheet of the Koszul spectral sequence. The source code
is displayed in and we present a brief manual in chapfer T9.

Whilst this notebook enables us to compute a first approximation of the pullback
cohomology groups it is not yet a full practical answer to the given question. Rather
it needs to be extended such that is can also compute the higher sheets in the Koszul
spectral sequence. For most model building applications it would even be sufficient
to implement this functionality only up to the F3-sheet. Unfortunately this extension
faces the following two problems.

e On the one hand we could use the standard construction in order to obtain the

d.-maps with r > 2. This construction was described in Eecfion T32. In par-
ticular we pointed out that for this approach to work we need the information
about the Ey-sheet. This information unfortunately is not accessible from the
fast cohomCalg algorithm but needs to make use of the chamber counting.
In conclusion this way of constructing the maps is certainly possible to imple-
ment in a computer. The calculation that we presented in Eection 134 should
however motivate that implementing this functionality will take quite some time.
In addition, based on the fact that the performance of the chamber counting
algorithm presented in[61] performs slower than cohomCalg, one should expect
that the so- obtained program would perform slowly too.

« In principle a slow program is not a problem, in practice however it is. So one
would hope to find a faster algorithm. A hint towards such a faster construction
is given in the mathematics literature where it reads that the maps d,. with r > 2
are ‘natural’. But of course 'maturalness’ is not accessible for a computer and
one has to look more carefully into the construction to determine what natural’
is suppose to mean.

Given that we work on a toric variety Xy, which is a generalised Flag variety at
the same time, we know from the Bott-Borel-Weil theorem that the cohomology
classes of holomorphic line bundles are labeled by representations of certain Lie
groups. Intuitively this means that the cohomology groups come equipped with
a tensor structure. In this context 'natural’ then means, among others, that
these tensor structures are to be respected.

In [58] model building on direct products of CP" have been performed. Such
toric varieties are known to form generalised Flag varieties. Therefore a 'natural’
construction for the maps d, with r > 2 arises from the demand to respect the
tensor structures.

For model building however, a freedom in choice of ambient toric variety is
desirable. Therefore one can ask the following question.

Is a smooth and compact normal toric variety Xy, a generalised Flag
variety?
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Our proposition is that the answer to this question is affirmative and we for-

mulate a proposition for a simplified construction of the maps d, with r» > 2 in
D 4.

Let us emphasise that these are propositions. Turning these propositions into solid
statements is left for future work. In particular extending the Mathematica notebook
to give a full practical answer to the computation of pullback cohomologies is left for
future work.

Whilst the Mathematica notebook is to date not yet complete in the above sense,
it can be used to go one step beyond the Koszul extension of cohomCalg [53]. We
exemplified such an application in ghapter 16. A particularly interesting application
would be to exploit the proposal to understand the G4-flux in F-theory from Chow
groups and Deligne cohomology [87]. Such applications are reserved for future work.
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A. Line Bundles, Divisors And
Chern Classes

A.1. (Pre-) Sheaves And Sheaf Cohomology

A.1.1. Introduction

We now give a brief introduction to the topic of sheaves. For alternative brief in-
troductions consult [67, BR]. For a more careful treatment the interested reader is
refered to [d4, 66, 45, [71].

A.1.2. Presheaves

Definition A.1.1 (Presheaf):

A presheaf F' of Abelian groups on a topological space M is a map which assigns to
every open subset U ¢ X an Abelian group F'(U) and to every pair U,V of open
subsets of M with the property V c U a group homomorphism

S F(U) - F (V) (A1)

such that

o rY =id for all U c M open

o for any three open subsets W c V c U of M it holds rf, = ry, o 1Y

Remark:

The notion of a presheaf can be defined on a given category with values in a second
category. Whilst this point of view if far more general than the one given in the above
definition, for our purposes though, it will suffice to work with the above definition.

Example A.1.1:
Consider a topolgical space M. Then define for U ¢ M open

FU):={f:U-C, fis constant} (A.2)

Any such set F' (U) forms an Abelian group. As restriction maps we pick the ordinary
restriction of functions. Then this structure forms a presheaf.
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Definition A.1.2 (Presheaf Homomorphsm):
Let M a topological space and F, G presheaves on M. Then we define that a presheaf
homomorphism f: F' - G is a collection

{fr: F(U)->G(U) ,UcM open } (A.3)

of group homomorphisms, such that for any two V c U ¢ M open, the following
diagram commutes.

FUy L G )
(re)Y | Y Vra)Y

FV) ——G(V)

Note:

There are natural notions of kernel, image and cokernel of a presheaf homomorphism.
All of them are presheaves. In particular this allows to define the notion of a complex
of presheaves.

Lemma A.1.1:
A sequence 0 > F - G - H — 0 of presheaves F,G, H on a topological space M is
presheaf exact precisely if for any U ¢ M open, the induced sequence

0> F(U)>GU) > H(U) >0 (A.4)

is exact.

A.1.3. Sheaves

Definition A.1.3 (Sheaf):
A sheaf F' of Abelian groups on a topological space M is a presheaf of Abelian groups,
which satisfies in addition the following three conditions.

(S1) Let U = {U,},.; an open cover of U c M open and s,t € F'(U) with the property
sly, = ty, Viel (A.5)

Then it holds s =¢.

(S2) Let U = {U,},.; an open cover of U c M open and {s; € F'(U;)}..; a family with
the property

Si|UimUj =5 UinU; Vl,j el <A6)
Then there exists s € ' (U) with s|;, =s; for all i € I.

(S3) F (@) is the zero group.
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Example A.1.2:

We first give an example of a presheaf that is not a sheaf. To this end let M a
topological space which is not connected. Then the constant functions on M with
the ordinary restriction of functions form a presheaf. However they do not form a
sheaf. This can be seen as follows.

For simplicity let us assume M = U uV with UnV =@ but U,V both connected.
Then we consider the functions

se:U—->C, 2z~ 0, s1:V->C,zm1 (A.7)

Consequently sg € F'(U) and s; € F' (V). This setup now satisfies the requirements
for (S2) since UnV = @. However there does not exist a constant function

ssM—-C, zec, c € C constant (A.8)

with the property
8|y, = S0, 8|y, = 51 (A.9)

since 0 # 1. Thus (S2) is not satisfied and the constant functions on M do not form
a sheaf.

Remark:

If we replace the constant functions in the preceeding example by the locally constant
functions with ordinary restriction of functions, then this structure does form a sheaf
on M. This is a manifestation of the more general rule

Sheafifying means to make properties local.

Consequently the continous, the differentiable, the smooth and the holomorphic func-
tions on M with ordinary restriction of functions do form sheaves on M as all these
properties are local properties.

Notation:

Let M a complex manifold. Then O, is the sheaf of holomorphic functions, O3,
the sheaf of non-vanishing holomorphic functions and M3, the sheaf of meromorphic
function on M which are not identically zero on any connected component of M. T

Definition A.1.4 (Sheaf Homomorphism):
Let M a topological space and F, G two sheaves on M. Then a sheaf homomorphism

fF -G (A.10)

is a homomorphism of presheaves.

!The symbol O is used to represent holomorphic functions in order to honour the great achieve-
ments of the japanese mathematician Kiyoshi Oka in complex analysis.
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Note:

Let M a topological space, F', G two presheaves on M and f:F — G a presheaf
homomorphism. Then there are natural notions of kernel, image and cokernel of f
and all of them are presheaves. Given that F is a sheaf it turns out that ker (f) is
a sheaf also. However, even if F' and GG are both sheaves, then the presheaf image
need not be a sheaf.

Example A.1.3:
To illustrate this fact let us consider M = C and the sheaf homomorphism

O->0", frexp(27mif) (A.11)
Let us then consider the open subset
Ui={z¢eC, |z|]>1} (A.12)

which we cover by
1 1
U, = {zeU, Re(z)<§}, U, = {zeU, Re(z)>—§} (A.13)
This is illustrated in [Figure A-1. Now we consider the functions

f1:U; - C* | z»%, forUs > C* | z»%, (A.14)
Note that both functions agree on U; n U, and that both admit a holomorphic log-
arithm since Uy, U, are both simply connected. Therefore f;, fo are in the image of
the above sheaf homomorphism.
If the presheaf image was a sheaf, it would satisfy property (S2), i.e. since fi, fo are
local sections in the presheaf image there would exist a function f:U — C* with the
properties

« flUi=1i
o f admits a holomorphic logarithm

The first requirement implies f:U - C* | z — % This function however is known not
to admit a holomorphic logarithm since U is not simply connected.

Lemma A.1.2 (Generated Sheaf):
Let M a topological space and F' a presheaf on M. Then there exists a smallest sheaf
F on M which contains F' as a subpresheaf. F'is known as the generated sheaf.

Consequence:
One thus defines that for two sheaves F,G on a topological space M and a sheaf
homomorphism f: F' - GG one has

o The sheaf image of f is the generated sheaf f (F').
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U Us

Figure A.1.: Subsets Uy,Us; c C used to illustrate that the presheaf image need not
be a sheaf in general.

o The sheaf cokernel of f is the generated sheaf coker (f).

Note:
This notion now allows for the defintion of complexes of sheaves.

Lemma A.1.3:
A sequence 0 - F; — I3, — F3 — 0 of sheaves on a topological space M is sheaf exact
precisely if induced sequence of stalks

0— (Fl)p - (Fg)p — (F3)p -0 (A.15)
is exact at every point p € M.

Remark:
The above lemma is quite important in that it shows that sheaf exactness is a local

property.

‘ Sheaf exactness can be checked stalkwise. ‘

A.1.4. Sheaf Cohomology

Lemma A.1.4 (Godement Resolution):
Let F' a sheaf of Abelian groups on a topological space M. Then F' admits a Gode-
ment resolution, that is there exist a sheaf exact sequence

0-F—»FO 5@ p@ (A.16)

where the sheaves F'() are all flabby and F(® is the Godement sheaf of F. This
resolution is known as the Godement resolution or the canonical flabby resolution.
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Definition A.1.5 (Sheaf Cohomology):
By application of the global section functor I' one can obtain a long sequence from
the Godement resolution

0->TFO -TF® - TRp® & (A.17)

which is no longer exact. One now defines the cohomology of the sheaf F' as the
cohomology of this long sequence and denotes it by H (M, F).

Remark:
It holds H* (M, F)=TF =F (M).

Definition A.1.6 (Acyclic Sheaf):
A sheaf F' of Abelian groups on a topological space M is acyclic precisely if

H*(M,F)=0 V¥n>0 (A.18)

Definition A.1.7 (Acyclic Resolution):
Let F a sheaf of Abelian groups on a topological space M. An acyclic resolution of
F'is a long sheaf exact sequence

O0->F—>Fy—»>F—>F-... (A.19)
where the sheaves F; are acyclic.

Remark:
The cohomology of a sheaf F' of Abelian groups on a topological space M can be
computed from any acyclic resolution of F.

Note:

In general the computation of the cohomology groups of a sheaf is involved. How-
ever, under certain nice conditions, one can compute sheaf cohomology from Cech
cohomology. Let us emphasise though, that Cech cohomology and sheaf cohomology
are by no means the same, but completely different structures that happen to give
the same answer under special circumstances.

A.2. Cech Cohomology

A.2.1. Introduction

In this section we will introduce the notion of Cech cohomology. For alternative brief
introductions to the topic we refer the intersted reader to [67] and [38]. More careful
treatments are to be found in [44], [66], [45] and [71].
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A.2.2. Cech Cohomology - Definitions

Definition A.2.1 (Cech Cochain):

Let M a complex manifold and U = {U,},.; an open cover of M. We consider the
sheaf O3, on M and introduce the notion of Cech cohomology for that sheaf. To this
end we make the following definitions.

..... ap = UggN+--NU,,. This set is open by the definition of topology since all
sets U, are open.

o For pe Nu {0} we define Z? := {(a, ..., ) € IP*1 | o # ;Vi,j € {0,...,p}}.

e Now we set

CUoy)= 1 O (Uss,) (A.20)

-----

"""""" (ag,...,ap)eZP’
Still we want to impose the additional requirement of total antisymmetry, by

which we mean here

SO0y Qi@ yerestp = <A21)

We denote the so-obtained families by C? (U, O%,).

« If the indexing set [ is finite, then we define C? (U, 03,) to be the trivial group
for p > |1].

Example A.2.1:
Let M a complex manifold with open cover U = {Uy}. Then we have

. OO (U,03,) = O3, (Uy) since the total antisymmetry is trivially satisfied in this
case.

. Cr(U, O3,) is the trivial group for p > 1.

Example A.2.2:
Let M a complex manifold with open cover U = {Uy,U;}. Then we have

. CO (U,03,) = 03, (Up) x O3, (Uy). Thus to describe an element x € Co Uu,0z,)
we pick two holomorphic functions

f03 Uo - C*, fl: U1 - C” <A22)

and obtain = = (fo, f1). Note that z = z,, has just one index, namely «, and that
this index can take two different values, namely 0, 1. The antisymmetrisation
condition that we impose does not operate on these different values that o can
take but on different indices. Since x has just a single index, namely «, the
antisymmetrisation condition is still trivial.
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. O U,03,) = 03, (UynUy) x O3, (U nUyp). Following the above procedure we
describe an element y =y, 5 € C (U, O3,) by picking holomorphic functions

f, g: UO N U1 - C (A23)

so that yo1 = f and yi9 = g. To finally obtain and element in C'! U,03,) we
impose in addition the total antisymmetry, i.e. we enforce

1
yaﬁ = — (A24)
Ysa

Thus we have to require 390 = y11 = 0. In addition we have yy; = y%, or equiva-
lently f = %. Consequently we can write

1 «
Y = (Y00, Yo1, Y10, Y11) = (07 g ?70) eC! U,0x) (A.25)

for f e O3, (UynUy), or in a more condensed notation

y:(ﬂ%)eélﬂhO&) (A.26)

« All higher Cech cochain groups are trivial.

Definition A.2.2 (Boundary Operator):
We wish to define a map

5,2 CP (U, 03) - CP*H (U, O%) (A.27)
To this end recall that an element a € C? (U, 0F,) is a tuple with one entry an, o,
for each p-tuple (ay,...,a,) € ZP and the total antisymmetry imposed. Also recall
that

Uag,...ap € OF1 (Uag,.ap) (A.28)

Then we define

p+1 &

d Qay,....a ol a'(_l) & ) A .29
p[( v p)(ao .... Ofp)gzp 1] (kg) A0 G Gp+l Uao ..... p+1 (Oéo ..... Oép+1)EIP+2 ( )

This family forms an element of CP*1 (U, 0%,) as is readily checked.

Remark:
We will supress the index p on ¢, and simply write 0 instead.

Example A.2.3:
Let us consider a complex manifold M.
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« Let U = {Up} an open cover of M. Then by our earlier findings we know
a=(fo)eC'(U,0;,) for foe O, (Up). Then

-1 -1
Ay - A
W0lWag,ay "0 "M Uag a4 )(ao,a1)eI2

(A.30)

5a:(aal-a

We see that the antisymmetry is taken care of automatically. Now note that
since I = {0} we must have ap = a; =0. So

Ja=(1,1) (A.31)

which is the identity in the multiplicative group of pairs of nowhere vanishing
holomorphic functions. Thus da is trivial. This matches our earlier finding that
for U = {Uy} the Cech cochains CP? (U, 03,) are trivial for p > 1.

e Now let us consider another open cover of M, namely U = {Uy, U; }. In this case

we have 5
a=(fo, 1) €C°(U,O}) (A.32)
where f; € O3, (U;). Following the above logic we then find
fi fo )
oa) == , = A.33
( ) (fO Uo,1 fl Uo,1 ( )

In general this is non-trivial as opposed to the case U = {Up}. Still the higher
Cech cochain-groups are trivial again.

Remark:

o Note that 6% =0, as is readily checked.

+ By means of the coboundary maps § we obtain the Cech complex for the open
cover U given by

0 COU,0%) > CT WU, 05) S C*WU,05) S ... (A.34)

Definition A.2.3 (Cocycles and Coboundaries):
Let M a complex manifold and ¢/ an open cover of M. Then we define

o The cocycles are given by 2
ZE U, 0% = {a e CF (U, 0%) ; da =1} (A.35)
o The coboundaries are given by
B*(U,03) = {aeC*(U,03,) ; Fbe C*1 (U, 03;) such that a=3db} (A.36)

Remark:
We define that BY (U, Oj,) is trivial.

2Recall that O3, is a multiplicative group with identity 1.
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Example A.2.4:
For U = {Uy, U, } we have by our ealier considerations

. 20U, 0%) = CL U, 0%
. BLU,0,) = {(

fo
> f1

o) e )

Definition A.2.4 (Cech Cohomology Group):
We define the Cech Cohomology groups as the following quotient groups

HY Uu,oz,) =2z%U,0;,) |B* U, 03,) (A.37)
or equivalently as the cohomologies of the Cech complex
0-C(U,0%, )—>Cl(Z/{O )—>CQ(Z/{(’) )—> (A.38)

Note:
The Cech cohomology groups are coset spaces, i.e. objects differing by a coboundary
are considered the same, which in addition carries the structure of an Abelian group.

Example A.2.5:
Let U = {Uy, U, }. Then we have

o HO(U,0%,) = Z°U,03%,) since B (U,03,) is trivial.

. H! U,03,) = {[(f()l,ﬂ)] , fo1 € C)]*V[(UoﬂUl)} where (f()l,ﬁ) ~ (901,9%) iff
there exist fy € O3, (Up) and f; € O, (Uy) such that

fo(2) .
go1(2) = 2) “for(2) VzeUy (A.39)

Remark:
Although we have introduced Cech cohomology for the sheaf O}, only, it should be
clear that this construction generalises to any sheaf of Abelian groups on a topological
space M.

Definition A.2.5 (Leray Cover):
Let M a complex manifold and &/ an open cover of M. The open cover U is a Leray
cover precisely if for any sheaf F on M it holds

Hi(M,F)= H (U,F) (A.40)

Remark:

We will make use of the fact that the affine open cover of a smooth and compact
normal toric variety is known to be a Leray cover in the later parts of this thesis. In
the first part we will one make moderate use of such covers.
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A.3. Holomorphic Line Bundles Cohomologically
And The Picard Group

A.3.1. Holomorphic Line Bundles Cohomologically

Definition A.3.1:
Let M a complex manifold and U an open cover of M. Then we introduce the
following terminology.

o The elements of H' (M, O3,) are holomorphic line bundles.

« The elements of H! (U, O3,) are holomorphic coordinate line bundles with re-
spect to the open cover U.

Consequence:

Thus a holomorphic coordinate line bundle with respect to an open cover Y = {U,,}
of a complex manifold M can be represented by a family G = {gas € O3, (Uap)}
such that

ael

a,Bel

o gup(2) = ﬁ for all z € Uyp

o G0 (2) 98y (2) = gay (2) for all z € Uyp,

This family however is not unique, since it only has to represent an element of
H'(U,03,). So if we pick a family S = {f, € O3, (Us)}, ., and construct from it

G' = {9&5 = %

then G’ represents the same coordinate line bundle.

ael

o € Oy <Ua5>} (A1)

a,pBel

Uap

Definition A.3.2 (Equivalent Holomorphic Coordinate Line Bundles):

Let M a complex manifold. We consider two open coversU = {Ua},; and V ={V,} _;
for I, J suitable indexing sets. Then consider two holomorphic coordinate line bundles
L and L’ with respect to U and V. Let them be represented by the families

G ={gap c O* (Ua”UB)}a,ﬁep H={h,, ¢O" (Vaan)}%VEJ (A.42)
Now we construct a new open cover of M as
W:={U,n Vﬂ}a,,u = AW} erns (A.43)

In particular we can restrict the functions g.3 and h,,, to intersections W,,nW,. This
gives

CG={Ger €O Wit W) inernys  Hi={lar € 0" (W W)}, oy (A44)

These families now represent holomorphic coordinate line bundles with respect to the
same open cover W.

We now define that £ and L are equivalent holomorphic coordinate line bundles pre-
cisely if the holomorphic coordinate line bundles represented by G and H respectively,
are equivalent in the sense that they lie in the same class in H! W, 0z)).
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Remark:
This definition is independent of the chosen representative families G, H for £ and
L' respectively.

Note:

Given a complex manifold M with Leray cover #. Then we can represent a holomor-
phic line bundle by a holomorphic coordinate line bundle with respect to the Leray
cover U.

A.3.2. The Picard Group

Note:

Let M a complex manifold. The holomorphic line bundles on M are the elements
of H'(X,0;,). Given that U is a Leray cover we can represent holomorphic line
bundles by holomorphic coordinate line bundles since we then have an isomorphism

H' (X,0%)=H (U,0%) (A.45)

Remark:

H'(U,O3,) corresponds to the coordinate line bundles of the open cover U of the
complex manifold M. We can represent the elements of H'(U,0%,) by a Cech
cochain. In particular we can define a group action between Cech cochains as

o {9as} {905} = {905 95}

o {908} = {93}
Thereby H' (U,O;,) becomes an abelian group.

Note:
One can show that this group action carries over to H! (M, 0},) giving it a structure
of a group - the so-called Picard group. It is denoted as

Pic (M) = H' (M, 0*) (A.46)

Let us mention that the above mentioned group operation of Cech cochains become
tensor product and dual bundle construction at the level of sheaf cohomology.

A.4. Holomorphic Line Bundles Topologically

Comment:

Not only can one define holomorphic line bundles, but also continous, differential,
smooth line bundles. The latter are in principle accesible via the topological definition
that we will give momentarily. However as we are not interested in just any line
bundles but holomorphic line bundles, we give the definition of a holomorphic line
bundle from a topological perspective. To obtain e.g. a smooth line bundle one has
to replace the word holomorphic everywhere in the following definition by smooth.
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Definition A.4.1 (Representative Of A Holomorphic Coordinate Line Bundle):
Let M a complex manifold. Then a representative of a holomorphic coordinate
bundle £ is a collection of data (L, m,U = {Us} s> {%a}acs) as follows

o L is a complex manifold with dim¢ (L) = dim¢ (M) + 1.

e The map m: L — M is holomorphic and satisfies
7t (p)2C, Vpe M (A.47)

e U is an open cover of M.
e The maps ¢,:U, x C > 7=1 (U,) are biholomorphisms.
Remark (Transition Functions):

Let us consider a representative of a holomorphic coordinate line bundle on a complex
manifold M given by the data (L, m,U = {Us} 7 » {®a}aer)- Recall that the maps

0aiUy x C - 771 (U,) (A.48)
are biholomorphisms. We consider now p € U, nUg and define the maps

Calippc P} xC>mH () 2C, 9l i Pt xCor7H (p)2C (A49)

These maps are invertible since ¢, and ¢z are biholomorphisms. Consequently we
can consider the map

05"y © Palpyec P} x C > {p} xC, (p,2) = (P, gas (p) - 2) (A.50)

where go5 (p) € C*.

We can repeat this construction for every p € U, n Ug. Thereby we obtain a map
Gop € O3 (UynUg). The collection of all these functions we term the transition
functions for the holomorphic coordinate line bundle (L, 7,U = {Us} 1 s {Pat oer)-

Consequence (Properties Of The Transition Functions):

By construction, the transition functions have the following properties.
* Jap € Oy (Ua nUp)
e Gap (D) gpa(p) =1forall peU,nUp
e 9o (P) 93y (D) gya (p) =1l for all pe U, nUsn U,

Construction A.4.1 (Minimal Defining Data):
Let M a complex manifold and U = {U,},.; an open cover of M. Moreover let us
consider the family G = {gas € O}, (Ua N Us)}, 4., such that

e 9up(P)gsa(p)=1forall peU,nUs
e 9as (D) 98y (P) Gya (p) = 1 for all pe U, nUg n U,
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We claim that from this data we can reconstruct a representative of a holomorphic
coordinate line bundle in the sense presented above. We outline the steps to achieve
this.

1. Construct the space S := Uyer Ua x C.

2. Now define an equivalence relation on S as follows. For (p,z) € U, x C and

(¢,y) € Ug x C define
(p,2) ~(¢,y) < p=qand 2 = gog (p) -y (A.51)
3. Now construct L := S/ ~. Note that S carries the product topology and L the

quotient topology. In particular both S and L become complex manifolds.

4. Now we define the projection map as
mL—> M, [(p,x)]~p (A.52)
5. Finally we construct the trivialisations ¢, as
pailaxC a7 (Ua) , (p,2) = [(p,2)] (A.53)

Definition A.4.2 (Equivalence Of Representants):
Let M a complex manifold and U = {U,},; an open cover of M. We consider
the families G = {gap € O3 (Ua N Up)}, 5o and G' = {gl5€ O3, (Ua Uﬁ)}aﬁd. We

assume that
* 9o (P) 980 (P) = 9o (P) 95, (p) = L for all p e Uy N Up
* 9as (P) 98y () Gra (P) = 9.5 () 95, (P) e (p) = L for all pe Up nUp n U,

From the above we know that the families G and G’ thus describe a representative of
possibly different holomorphic coordinate line bundles. We define that G and G’ are
equivalent iff there exists a family S = {f, € O3, (Uy,)}.., such that for all pe U, nUp
it holds

ael

9o (p) = ff—ﬁ ) (A54)

Definition A.4.3 (Holomorphic Coordinate Line Bundle):

Let M a complex manifold. An equivalence class of representants of holomorphic
coordinate line bundles according to the above definition is a holomorphic coordinate
line bundle.

Remark:

From this it is now apparent that we can also say that a holomorphic coordinate
line bundle on a complex manifold M with respect to an open cover U is an element
of H' (U, 0%,), just as we defined in Eection A3. Thereby we made the connection
between the topological and cohomological perspective of holomorphic line bundles.

187/277



APPENDIX A. LINE BUNDLES, DIVISORS AND CHERN CLASSES

A.5. Divisors, Holomorphic Line Bundles And
Chern Classes

A.5.1. Divisors On Complex Manifolds

Definition A.5.1 (Analytic Variety):
Let M a complex manifold. A subset V' c M is an analytic variety precisely if for
every p € V there exists p € U, ¢ M open and a finite number of holomorphic functions

Ji,---5 fa, € Oar (U (p)) such that
ValUy={zeU,, fi(z)==fu, (2) =0} (A.55)

Remark (Analytic Hypersurface):
An analytic variety V ¢ M of a complex manifold is termed an analytic hypersurface,
if it is locally given by the vanishing of a single holomorphic function.

Note:
An analytic variety is not a manifold as it can have singular loci. For an example of
this consider the manifold M = C? and consider the analytic hypersurface

V= {(21,22)€C2 , 21'2220} (A56)
It is not hard to verify that V' has a singularity at (z1, z2) = (0,0). ©

Definition A.5.2 (Irreducibility):

An alaytic variety V ¢ M of a complex manifold is irreducible precisely if it cannot
be written as the union V =V; uV, of two analytic varieties V7, V5 such that neither
Vi=Vnor V,=V.

Note:
Here are a few facts about analytic varieties V ¢ M of a complex manifold M.

e There exists U ¢ M open with V' c U such that V is closed in the induced
topology on U.

e V has only a finite number of connected components Vi*, ..., V,* and it holds

=

<
Il
—_

v=UV’ (A.57)

(2

o V is irreducible precisely if its smooth locus is connected.

Consequence:
Any analytic hypersurface V ¢ M of a complex manifold can be written as the union

v=Uvr (A.58)
=1

3For this reason analytic varieties play a crucial role in the construction of complex spaces, which
generalise the notion of complex manifolds to ’complex manifolds with singularities’.
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where the V* are the connected components of V. Moreover the sets V* are irre-
ducible, that is we have a decomposition of an analytic hypersurface in its irreducible
components.

Definition A.5.3 (Divisor):
Let M a complex manifold. A divisor D on M is a locally finite formal linear
combination
D= Z aiVi, a; € Z (A59)
iel
of irreducible analytic hypersurfaces V; of M.
Remark:
Locally finite in the above definition means, that for any p € M there exists an open
neighbourhood p € U, ¢ M such that U,nV; # & only for finitely many 7 € I.
Consequence:
N
If M is a compact complex manifold, then any divisor on M is of the form D =} a;V;
i=1
with q; € Z.
Remark (Divisor Group):

Divisors on M naturally form a group under addition induced by (Z,+). This group
is termed the divisor group on M and is denoted Div (M).

A.5.2. Holomorphic And Meromorphic Functions On

Irreducible Analytic Hypersurfaces
Definition A.5.4 (Vanishing Order):
Let M a complex manifold and V' ¢ M an irreducible analytic hypersurface. Consider
p € V. Then there exists an open neighbourhood p € U, ¢ M such that V' nU, is the

zero locus of f, € Oy (U,).
Now consider g € Oy (M). Then there exists a € Z and h € O3, (U,) such that

9y, = f*h (A.60)
One can thus define
ordy, (9) = max{acZ, gl = f*-h} (A.61)

Consequence:

It can be shown that ordy,, (¢) is independent of p. The proof strongly relies on the
fact that V is taken as irreducible here, as this implies that the smooth locus V* is
connected, as we pointed out earlier. We leave the details to [44] and just note that
it thus makes sense to write ordy (g). Moreover it holds for any two g1, g2 € Oy (M)

ordy (g1 - g2) = ordy (g1) +ordy (go) (A.62)
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Remark:
Let M a complex manifold and f e M3, (M). Then the poles and zeros of f form a
discrete subset of M.

Definition A.5.5 (Vanishing Order II):

Let M a complex manifold and f e M3, (M), that is f is a meromorphic function on
M that does not vanish identically. Let V' c¢ M an irreducible analytic hypersurface.
We consider p € V. In particular there exists an open neighbourhood p € U, ¢ M such
that

flo, = 5 (A.63)
with g, h € Oy (U,) relatively prime in Oy (U,). In particular we can define
ordy (f) :==ordy (g) —ordy (h) (A.64)

Definition A.5.6 (Principal Divisor):
Let M a complex manifold and f € M3, (M). Then we define

(f):= ;ordv (f)-V eDiv(M) (A.65)

Divisors of this form are termed principal divisors.
Remark:

+ The principal divisors (f) can uniquely be split as (f) = (f), — (f)., such that
(f)o is the divisor of the zeros of f and (f),., the divisor of its poles.

o In the definition of (f), the sum runs over all irreducible analytic hypersurfaces
VecM. B

A.5.3. Divisors Sheaf-Theoretically

Remark:
Let M a complex manifold and U an open cover of M. Let F' a sheaf of abelian
groups on M. Then there always exists a canonical isomorphism

H°(M,F)z H(U,F) (A.66)
We will make use of this in the following prove.

Claim:
Let M a complex manifold. Then there is a one-to-one correspondance between
divisor D € Div (M) and global section of the quotient sheaf M3, /O, .

4The branch of mathematical logic teaches to only allow sets as indices. We are thus lead to
question if the collection of all irreducible analytic hypersurfaces does form a set for an arbitary
complex manifold. This in fact is not clear, but rather leads to the concept of categories which
we will not touch here. However, let us note that the situation is much better when M is compact
and that this will be the situation that we will focus on.
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Proof

(=)

Let D € Div (M) be given by
D= Z C(,Z‘V;, a; € 7z (A67>
iel

We pick an open cover {U,}, ., of M such that every V; appearing in D has a
locally defining function g;, € Oy (U, ). Then set

fa = H (gia)ai € M?\/l (Ua) (A'68)

from which one obtains a global section of M3,/O3, according to the preceeding
remark.

Let f e (M3,/O3,) (M). Then, again by the preceeding remark, we can pick an
open cover U = {Uy},.; of M and represent f by a family {f, e M3, (U,)}
such that on all intersections U,g it holds

ael

%ﬁe@&(U@mU@ (A.69)
Then for any irreducible analytic hypersurface V c U, nUs we also have
ordy (f) = ordy (f5) (A.70)
Thus we can associate to f the divisor
D =Y ordy (fa)-V (A.71)
%

where for each irreducible analytic hypersurface V' that the sum runs over, we
choose a € I such that V nU, # @ and thus ordy (f,) is defined.

Consequence:
Let M a complex manifold. Then Div (M) = HO (M, M3,/0%,).

A.5.4. Divisors And Holomorphic Line Bundles

Remark:
Let M a complex manifold. Then we consider the sheaves O3, and M7,. Then the
canonical inclusion

O, = M, (A.72)

is a sheaf homomorphism. By considering the quotient sheaf M?,/O3, we then obtain
a short sheaf exact sequence

00— 0y »> My > M, /Oy =0 (A.73)
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The associated long exact sequence in sheaf cohomology then induces a map
[ HO (M, M3,/O3,)  H' (M. O}) (A.74)
by which we can associate to a divisor a holomorphic line bundle.

Note:
Whilst this might look quite abstract at this stage, we will make this map quite ex-
plicit when we discuss holomorphic line bundles from the sheaf-theoretical perspective

in BecfionATH.

Definition A.5.7:
Let M a complex manifold and D € Div(M) = H° (M, M3,/O;,). Then we term
[D] e H (M, 03,) the line bundle associated to the divisor D.

Remark:

Recall that for M a complex manifold, both Div (M) and Pic (M) carry the structure
of an Abelian group. In fact this structure is respected by [-], i.e. the sheaf homo-
morphism [-] is also a group homomorphism. In more concrete terms this means that
for any two D, D' € Div (M) it holds

[D+D']=[D]e[D] (A.75)

Moreover the inverse holomorphic line bundle associated to [ D] is [-D]. This inverse
bundle in addition happens to be the dual bundle in the case of holomorphic line
bundles.

Definition A.5.8:

A holomorphic line bundle L € H! (M, O3,) is trivial iff in any associated holomorphic
coordinate line bundle the transition functions can be taken to be one, i.e. go5(p) =1
for all pe U, nUs.

Claim:
Let M a complex manifold. Then there is a one-to-one correspondance between
trivial holomorphic line bundles and principal divisors on M.

Proof

o Let D a principal divisor on M, that is D = (f) for f e M3, (M). We pick as
local defining data of D the restrictions of the function f, so have { f|U,} for
an open cover U = {U,} of M. In particular this implies that on U, nUj it holds

Jop = & =1 (A76)
Is UanUs

Since however, this holds for any open cover U, the holomorphic line bundle [ D]
is trivial.
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o Conversely let [D] a trivial holomorphic line bundle. Then we pick an open
cover U of M and choose as representative of D a family {f, e M3, (U,)}
with the property

ael

fa
fs

We also know that an equivalent holomorphic line bundle is obtained by picking
a family {h, € Oy, (Ua)},.; and setting

= Jap (A77>

UaﬂUB

ha
9&5 =7

Qo A.78
s Jap (A.78)

UaﬂUg

But since [D] is trivial, we can pick the functions h, such that

This then implies
Ja hﬁ
f_ =0ap = h_ = fa ha'UaﬂUB = fp- h5|UamUB (A'8O)
Bluanug aUanUp

But since M3, is a sheaf, there now exists by property (S2) a meromorphic
function g € M3, (M) with
9y, = foha (A.81)

Consequently D = (g). Since this argument holds true for any representative of
D, the statement follows.

Definition A.5.9:
Let M a complex manifold and D, D’ € Div(M). Then we define the relation

D~D' > 3fe My (M):D=D"+(f) (A.82)

Remark:

An important question is under which conditions divisor classes and holomorphic
line bundles are in one-to-one correspondance. To this end we state the following
theorem [[727].

Theorem A.5.1:
Let M a projective algebraic manifold. Then the sequence

0— H°(M,M;,) - H* (M, M;;]O*) - H' (M,03;) - 0 (A.83)

is exact.
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Consequence:
Exactness implies that the map

[]: H® (M, M;,/O") » H' (M, O}) (A.84)
is surjective. So any holomorphic line bundle £ is of the form
L=[D] (A.85)

for a suitable D € Div (M). But since a holomorphic line bundle stemming from a
divisor is trivial precisely if that divisor is a principal divisor we learn that the map
[-] is also injective. So we conclude that on any projective algebraic manifold divisor
classes and holomorphic line bundles are in a one-to-one relationship.

Remark:
This statement also holds true for compact Riemann surfaces [45].

A.5.5. The Chern Class Of A Holomorphic Line Bundle

Remark:
Let M a compact and complex manifold of complex dimension n. Then the sequence

0-Z->0F 0" >0 (A.86)

is sheaf-exact 8. This sequence induces a long exact sequence in sheaf cohomology,
thereby giving us the connecting homomorphism

S:HY(M,0*) - H*(M,Z) (A.87)
Definition A.5.10 (Chern Class Of Line Bundle):
Let M a compact and complex manifold. Then we know already
Pic(M) = H (M, 0*) (A.88)

Consequently a line bundle £ is an element of H!'(M,0*). This allows for the
definition

c1 (L) :=6(L)e H*(M,Z) (A.89)
We term this the first Chern class of the line bundle L.
Note:

There is a natural map H?(M,Z) -~ H ; (M), so that in an abuse of notation one
sometimes writes ¢1 (£) € Hf iz (M).

Remark:
It holds

* (1 (E ® E’) =C (E) +C1 (E’)
« (L) =-c(£)
5Recall that the existence of a holomorphic logarithm is locally secured, whilst global obstructions

can hinder the existence. This however is not a problem for sheaf exactness, since the latter is
a local property.
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A.5.6. Determining Holomorphic Line Bundles By Their
Chern Class

Remark:
It is also possible to consider smooth line bundles. To this end let us introduce the
following two sheaves

e (s is the sheaf of C* functions on M.
 Cj, is the sheaf of C> functions on M which do not vanish.
Then a smooth line bundle on M is given by an element in H! (M,C},).

Note:
Let M a compact complex manifold. Then there is a sheaf exact sequence

07— Cy —~Cly (A.90)

which allows us to define the Chern class of smooth line bundles in just the same
fashion as we did for holomorphic line bundles.

Consequence:
Let M a compact complex manifold. Then there is a commutative diagram

H' (M,Cy) — H'(M,C:,) —— H?(M,Z)
ot te t
H' (M, 0y) —— H' (M,0%,) —— H2(M,Z)

where both rows are exact and the map in the last column is an isomorphism. Note
that H! (M,Cyr) = 0 since Cy, is flabby. This implies

Holomorphic line bundles are determined by their Chern class up to C*
isomorphism.

Lemma A.5.1:
On the complex projective space CP", the sequence

H' (CP",Ocpn) - H' (CP", Opn) — H? (CP", 7)) (A.91)

is exact and it holds H! (CP", Ocpr ) = 0 since Ocpr is flabby. From this one concludes
that every holomorphic line bundle on CP" is uniquely determined by its Chern class,
that is we have

Pic (CP") 2 Z (A.92)

Note:

The above is just one example of a more general statement. We will later find that on
smooth and compact normal toric varieties, every holomorphic line bundle is uniquely
determined by its Chern class. This we will heavily use.
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A.6. Holomorphic Line Bundles
Sheaf-Theoretically

A.6.1. Definitions

Definition A.6.1 (Oy-Module):

Let M a complex manifold. Then we have the notion of holomorphic functions on
M, which gives us the sheaf Oy, of holomorphic functions on M. An Oj;-module V
on M is a sheaf of Abelian groups, such that

o for each U ¢ M open, the Abelian group V (U) carries the structure of an
Oy (U)-module.

o for V c U c M any two open subsets of M the restriction maps of the sheaf V
are compatible with the module-structure, i.e. are module-homomorphisms.

Definition A.6.2 (Finitely Generated Free Oy-Modules):
Let M a complex manifold. An Ox-module V on M is finitely generated free iff there
exists n € N such that V is isomorphic to OF;.

Definition A.6.3 (Holomorphic Vector Bundle):

A holomorphic vector bundle V on a complex manifold M is a locally free O,;-module,
i.e. an Op;-module such that every point admits an open neighbourhood U such that
V|, is isomorphic to (Op,;)" for some integer n > 0.

Remark:
The integer n need not be the same for all U ¢ M open. For example this can happen
if M is not connected.

Definition A.6.4 (Rank Of A Vector Bundle):

Let M a complex manifold and V a holomorphic vector bundle on M. If there exists
N e M such that V is at every point p € M locally isomorphic to OY, then N is
termed the rank of V.

Definition A.6.5 (Holomorphic Line Bundle):
Let M a complex manifold. A holomorphic vector bundle V on M of rank 1 is a
holomorphic line bundle.

A.6.2. Associating A Holomorphic Line Bundle To A Divisor

Let M a compact Riemann surface, i.e. a complex manifold of complex dimension
one which is compact. Then divisors on M are finite sums of points

D= > D(a)-[a] (A.93)

aeM

One can then define for every U ¢ M open

Lp (U):={f:U - C meromorphic, (f)>-D} (A.94)
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It is not too hard to see that this forms a holomorphic line bundle in the sense defined
in the previous subsection [@5]. This exemplifies the map

[-]: H® (M, M3,]O3) = H (M, 03)) (A.95)

discussed in Eibsecfion AL 4. Let us note two important properties of this mapping.
e HY(M,Lp)= {f:M - C meromorphic , (f) > —D}

o All holomorphic line bundles on compact Riemann surfaces can be obtained in
this way, since there is an isomorphism from the divisors classes on M to the
Picard group of M.

A.6.3. Making Connection With The Cohomological And
Topological Picture Of Holomorphic Line Bundles

Remark:

Let M a complex manifold and £ a holomorphic line bundle on M. Consider in
addition an open cover U = {U,},.; of M. In particular we can consider the sets
L (U,) of local holomorphic sections of L.

It is not hard to verify that there exist functions g, € O3, (U, N Ug) with the property
that the maps

@aﬁ:ﬁ(UaNUaﬁ g E(UB)|UQB s fegap- f (A.96)

are isomorphisms.
The collection {gap € Oy (Uap)}, 5o, does then form the transition function of L.

Consequence:
The sheaf-theoretic picture of line bundles is completely equivalent to the cohomo-
logical and topological picture. We can thus fluently switch between them.

197/277



B. Line Bundles On Compact
Riemann Surfaces

We will now familiarise ourselves with the concepts introduced in Appendix Al To
keep matters as simple as possible we pick the simplest complex manifolds, namely
compact and connected complex manifolds of complex dimension one. These are
known as compact Riemann surfaces.

In this chapter we summarise classical results about holomorphic line bundles on
compact Riemann surfaces. As this is a well-known topic there are many good ref-
erences. Historical references include [[73] and [74]. Of the many available textbooks
we would like to highlight [75], [76] and [45] for information on vector bundles on
compact Riemann surfaces. Background on Riemann surfaces is given in [[77]. In
addition there are many good lecture notes available on the topic of vector bundles
on Riemann surfaces. Of the many we point the interested reader to [78] for a dis-
cussion of vector bundles on Riemann surfaces and to [[79] for more background on
Riemann surfaces.

Finally we mention that a topological classification of compact, connected Riemann
surfaces is given by their genus g € Nyo. A proof of this can be found in [[77]. Through-
out this chapter M, represents a compact, connected Riemann surface of genus g.

B.1. General Facts And Theorems

Theorem B.1.1 (Finiteness Theorem):
Let £ a holomorphic line bundle on M,. Then it holds

o« H' (M, L)=0fori>2
e« HY(M,, L) and H'(M,, L) are finite-dimensional complex vector spaces

Remark (Convention):
Consequently we can introduce for a holomorphic line bundle £ on M, the notion

h' (M, £) := dime (H' (M,, L)) (B.1)

Theorem B.1.2 (Divisor Classes And Holomorphic Line Bundles):

The divisor class group Div (M,) is isomorphic to Pic (M,) = H* (Mg, O?\/I,;)' There
is thus a one-to-one relation between divisor classes and isomorphism classes of holo-
morphic line bundles on M,.
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Definition B.1.1 (Degree Of A Holomorphic Line Bundle):
Let £ a holomorphic line bundle on M. Then we know from the above isomorphism
that there exists D € Div (M) such that £ = L. We then define

deg (L) :=deg (D) (B.2)

Remark (Welldefinedness):

The divisor D € Div (M,) in the above definition is only defined up to linear equiva-
lence, that is up to the addition of a principal divisor. But the degree of a principal
divisor vanishes. Consequently deg (L) is well-defined.

Theorem B.1.3 (Riemann-Roch):
For a holomorphic line bundle £ over M, it holds

WO (M,, L) - h' (M, L) = deg (L) +1-g (B.3)

Remark:
This statement holds more generally for coherent sheaves. Note also that the Euler-
Characteristic of £ is defined via

X (L) = h" (My, L) = h' (Mg, L) (B.4)
In the physics literature this quantity is often refered to as the chiral index.

Theorem B.1.4:
All compact Riemann surfaces of genus g admits a non-trivial meromorphic 1-form
w.

Remark:
One can define the divisor for a meromorphic 1-form in a natural way.

Definition B.1.2 (The Canonical Line Bundle):
A holomorphic line bundle on M is termed canonical precisely if there exists a non-

trivial meromorphic 1-form w on M, such that £ = Lp . We denote the canonical
bundle on M, by K.

Note:
If M, admits more than one non-trivial meromorphic 1-form, then their divisors are
linearly equivalent. Thus the canonical line bundle is well-defined.

Theorem B.1.5 (Duality Theorem):
Let £ a holomorphic line bundle on My, then it holds

Rt (M, L) =h" (M, K& L") (B.5)
Remark:
This is a special form of Serre duality.

Theorem B.1.6:
Let £ 2 L a holomorphic line bundle on M, with curvature form 2 and D € Div (M,).
Then it holds [44]

% f Q=deg(D) =deg(L) (B.6)
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B.2. Simple Consequences

Remark:
By means of the duality theorem, we can rephrase the Riemann-Roch theorem for a
holomorphic line bundle £ on M, as

O (M, L) - h® (M,, K ® £¥) = deg (L) +1-g (B.7)

Claim:
It holds h° (M,,K) = g.
Proof

o Let D e Div (M,) the trivial divisor. We note that this is the divisor of a non-
zero constant function on M,. But since the non- zero constant functions are
trivially meromorphic, we learn that the divisor D is a principal divisor. The
holomorphic line bundle Lp is consequently the trivial holomorphic line bundle
Ly over M,.

o Let us apply the Riemann-Roch theorem to the trivial bundle £y on M,. From
the above we conclude

h? (Mg, Lo) = h" (Mg, K) = deg (Lo) +1-g=1-¢ (B.8)

where we used that the trivial holomorphic line bundle £y has the degree of the
trivial divisor, which is zero.

« We can describe H? (M,, Ly) explicitely as
H° (My, Lo) = { f: My » C meromorphic , (f) >0} (B.9)

But since M, is compact it follows from the maximum modulus principle that
these are the constant functions and the constant functions only ®. Thus

HO (M, Lo) = C (B.10)

Putting all the pieces together we find h% (M, K) = g. ]

Claim:
It holds deg (K) = 2g - 2.

Proof
Let us apply the Riemann-Roch theorem to K. Then we find

1O (M,,K) - h0 (M, Lo) = deg (K) - g + 1 (B.11)

From the previous result it follows immediately g—1 = deg (K) —g+ 1 which concludes
the proof. n

!By convention the function f = 0 satisfies (f) > D for any divisor D € Div (M,).
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Claim:
Let £ a holomorphic line bundle with deg (£) <0, then h° (M,, £) = 0.

Proof
Let D e Div(M,) be the divisor of £. Then we know

H®(M,, L) = {f: My - C meromorphic, (f) >-D} (B.12)

But deg (D) < 0. We are thus looking for meromorphic functions on M, with positive
degree. But this can only apply to functions that are holomorphic on the entire
Mg, since all other meromorphic functions have a divisor of vanshing degree. Yet
holomorphic functions on all of M, are constant by the maximum modulus principle.
Finally, since deg(f) > 0 they must have at least one zero of order one. But then
these functions are identically zero on all of M,. Thus

H° (M, L) ={f:M,~C, z~0} (B.13)
This concludes the proof. [ |

Theorem B.2.1 (Vanishing Theorem of Kodaira):
Let £ a holomorphic line bundle on M, with deg (L) >2¢g—1. Then h' (M, L) = 0.

Proof
By the duality theorem

h' (M, L) =h° (M, K& L") (B.14)
But deg (K ® LY) = deg(K) —deg (L) = 29 -2 - deg(L) < 0. The statement now
follows from the preceeding one. [

Claim:
Let £ a holomorphic line bundle on M, with deg (£) = 0. Then it holds

o« WO(My,L)=1 <= L=L,.
o« WO (M,,L)=0 <= L%L,.
Proof
We first pick D e Div (M,) such that £z Lp.
o Let us first consider the case of £ = £y. But it holds

L=L <:>erM]*\4g(Mg):D:(f) (B.15)
Consequently this is the case iff there exists f € /\/l]*wg (M,) such that
H (Mg, L) = {g € M3, (M,) , (9) 2 ()} (B.16)

Now it is easy to see that g = f-h with h € Oy, (My) which in addition gives
an isomorphism. So we conclude

Lz2Ly < H(My,L)=Oy, (M) =C (B.17)

where in the last step the maximum modulus principle was applied.
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» Now we consider the case of £ # Ly. But we know
LELy <P feMy, (My):D=(f) (B.18)

Consequently D is not linearly equivalent to any principal divisor. Then we
recall

HO (My, £) = {g e My, (M) , (9) >-D} (B.19)

Now it is easy to see that since D is not the divisor of meromorphic function,
all elements in H? are functions that are holomorphic on all of M,. But since
M, is compact, these functions have to be constant. Since D is not a principal
divisor (and thus not linearly equivalent to the trivial divisor), D includes at
least one pole. This forces all elements in H° (M, £) to have at least one zero.
Putting everything together we conclude

L#Ly < hO (M, L)=0 (B.20)

This concludes the proof. [

B.3. Spin Bundles

Remark:

The first two Stiefel-Whitney classes vanish on compact and connected Riemann
surfaces. Thus compact and connected Riemann surfaces are orientable (as is any
complex manifold) and in addition admit spin structures [S0].

Definition B.3.1 (Spin Divisor And Spin Bundle):
Let Dg the canonical divisor on M,. Then we define
o D eDiv(M,) is a spin divisor precisely if 2D = Dy.

« A holomorphic line bundle £ on M, with £ = L is a spin bundle precisely if
D e Div (M,) a linearly equivalent to a spin divisor.

Remark:

Michael Atiyah proved in [43] that on M, there exist 229 linearly independent spin
divisors. Consequently there are 229 different spin-bundles on M,. The choice of a
spin-structure on M, is thus far from unique. Moreover he pointed out that

o 2971.(29 - 1) spin structures have at least one non-trivial section.

o 2971.(29 + 1) spin structures either have no or at least two (linearly independent)
non-trivial sections.

The same statements were also proven by David Mumford in [&1].

Note (Open Question):

Let £ a holomorphic line bundle on M, that describes a bosonic theory. To add
fermionic degrees of freedom to that theory one considers the bundle £ ® S with
a spin bundle S chosen from the 229 possible ones. Subsequently one makes the
following identification
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« HY(M,,L®S) are the chiral fields in the theory.
o« H'(M,,L®S) are the anti-chiral fields in the theory.

Minimal information on the chiral and antichiral fields in the theory is the number
of their generators. Thus we are asking for knowledge about h°(M,,L®S) and
h' (Mg, £L®S). By the vanishing theorems presented in the previous section we can
deduce the answer from the Riemann-Roch theorem for the following cases.

1. deg(L® S)<0:
This implies h° (M,,L®S) =0 and bt (M, L®S)=g-1-deg (L®S)

2. deg(L®S)>2g-1:
This implies h? (My,L®S) =deg(L®S) -g+1 and ht (M, L®S) =0

This leaves unanswered the cases 0 < deg (L ® §) < 2g—1. Making use of deg (S) = g—1
we find that the holomorphic line bundles £ to be studied in more detail are the ones
that satisfy

l-g<deg(L)<yg (B.21)

In fact, determining h° and h' for these bundles and for arbitary genus g is very hard
and to this day remains an open question in mathematical research. What we can
do easily however, is to close this gap for g =0 and g = 1. This we will outline in the
preceeding sections.

Remark:

Before we do this, we would like to say one more word on the ambiguity of choosing
the spin bundle. In many situation there are additional constraints on the spin
bundle to be satisfied and those constraints can under certain circumstances fix the
spin bundle uniquely. In fact in any good physical situation they should do so. An
example of such constraints and how they fix the spin bundle can be found in [19,

pp. 58].

B.4. Line Bundles For g = 0 And g =1

Example B.4.1 (g = 0: The Riemann Sphere):
Let us consider a holomorphic line bundle £ on a compact Riemann surface of genus
g =0. To this end let deg (L) = m. Then an easy analysis shows

0 m>0

-(m+1) m<0

m+1 m>0

, B.22
0 m<0 ( )

h° (Mg’[’) = { ht (Mmﬁ) = {

Note in particular that the left-open cases as mentioned in kecfion B3 cannot occure
in the case ¢ = 0. We thus conclude that on the Riemann sphere one can only
have either non-trivial holomorphic or non-trivial antiholomorphic sections, but never
both.
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Example B.4.2 (g = 1: The Complex 2-Torus):
In this case one finds from the preceeding results

m m>0 0 m >0
WO (M, L) = 1 m=0and L= L, WM, L) = 1 m=0and L =L,
7 0 m=0and L¢Ly’ 7 0 m=0and L %L,

0 m<0 -m m<0

(B.23)
where m = deg(L). Note that the case m = 0 corresponds to the left-open cases
mentioned in Eecfion B3, With the results on degree zero bundles, we are however
able to solve this case. From the above result we read off that on the 2-torus one can
in fact have both chiral and antichiral fields - namely for the trivial bundle.

Remark:

For any divisor D of degree 0 which is not the trivial divisor it holds h° (M, L) =
h' (My, L£). Still if D is the trivial divisor both dimensions jump by one. Therefore
the above example shows that the dimension of the cohomology classes can jump as
we vary the divisor D.

B.5. Comparing Holomorphic Line Bundles Of
Different Degree

Remark:
Our task is now to compare holomorphic line bundles of different degree on compact,
connected Riemann surfaces. We will make use of the following definition.

Definition B.5.1:
Let M, a compact connected Riemann surface of genus g. Then we define for d € Z

Divy (M) == {D e Div(M,) , deg (D) =d} (B.24)

Claim:
Be D e Divy (M,) arbitary but fixed. Then the following map

¢:Divg (M,) - Divg (M,) , D~ D+ D (B.25)

is an isomorphism.

Proof
e Be D’ € Divy(M,) a divisor. Then we set

Do := D' = D e Divy (M,) (B.26)

Thus D' = D + Dy € im (). Hence ¢ is surjective.
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o Let D', D" e Dy (M,) two different divisors. Then we consider
o(DY=D'+D, @o(D")Y=D"+D (B.27)
But from D’ + D" it follows ¢ (D') # ¢ (D"), proving that ¢ is injective.
Consequently ¢ is an isomorphism. [

Consequence:
The map ¢ induces an isomorphism

& Picy (M) — Picy (M,) (B.28)

We thus conclude that there are as many equivalence classes of holomorphic line
bundles of degree d; as there are equivalence classes of holomorphic line bundles of
degree dy on any compact and connected Riemann surface M, of genus g.
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C. The Appell-Humbert Theorem

In this chapter we will be interested in compact, connected and complex Lie groups
X of complex dimension d, i.e. a compact connected complex manifold of dimension
d equipped with a group structure such that the maps

XxX->X,(z,y)»z-y X->X,zoa! (C.1)

are holomorphic. Throughout this chapter, X will represent such a structure.

The Appell-Humbert theorem gives a classification of all holomorphic line bundles on
such spaces. In particular the complex 2-torus is therefore covered. After introducing
the Appell-Humbert theorem in its general form we will specialise to the case of
a complex 2-torus to get a better feeling for the interplay between divisors and
holomorphic line bundles.

Finally we mention that this theorem dates back to works of Appell [82] and Humbert
[83] around 1890 and was later generalised by Lefschetz in 1921 [84]. A particularly
nice exposition of this material can be found in [85] to which we will refer for several
proofs.

C.1. Classification Of Holomorphic Line Bundles
On Complex Tori

C.1.1. Complex Tori

Definition C.1.1 (Lattice):
Let V a complex vector space of complex dimension d. Then any basis B of V' over
R is made up of 2d elements, i.e.

B: {Ul,...7U2d} (02)

Via the Abelian group structure of V upon addition, the elements of B generate a
group
2d
AB = {Z a;-vV;, a; € Z} (CB)
i=1

We term any such group Ap a lattice in V' (of full rank).

Remark:
Let V' a complex vector space of complex dimension d. Then any lattice Ag in V
satisfies A = Z2?, since a lattice is a free and finitely generated Abelian group.
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Remark (The Exponential Map):
Let G a connected matrix Lie group and its associated Lie algebra. Consider the
exponential map

g->G, X—expX (C.4)
Then first recall the following fact.

For every A € G there exists a finite number of elements in the Lie algebra
Xq,...,X,,egsuch that A=expX;----- exp X,.

In particular note that in general for a connected matrix Lie group, the exponential
map is not surjective. To see this consider the non-commutative and simply connected
matrix Lie group SL (2,C). Then we have

A- ( }} 4 ) € SL(2,C) (C.5)

Still for every X € s[(2,C) it holds exp X # A. This is pointed out in [S6], page 49.
More information on the exponential map can also be found in [86], from where we
quote the following two important facts.

1. If G is a commutative and connected matrix Lie group, then the exponential
map is surjective, i.e. for every A € GG there exists X € g such that A =exp X.

2. If G is a compact and connected matrix Lie group, then the exponential map is
surjective.

3. If G is in a simply connected and nilpotent matrix Lie group, then the exponen-
tial map is a homeomorphism.

Theorem C.1.1:
Let X a compact, connected and complex Lie group of complex dimension d and
V=T, (X). Then the following holds true.

o X is commutative. As a consequence of the above remark we thus know that
the exponential map
mV->X (C.6)

is a surjective group homomorphism.

o Moreover ker (7) = A ¢ V is a lattice (of full rank). Consequently we have by
means of the exponential map

X=2V/A=CYA (C.7)
Proof
The proof can be found in [85]. [ ]

Definition C.1.2 (Complex Torus):
Let V' a complex vector space of dimension d and A c V' a lattice (of full rank). Any
complex manifold X which is biholomorphic to V'//A is termed a complex torus.
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Consequence:
Any compact, connected and complex Lie group X of dimension d is a complex torus
with X = C?/A.

Remark:
Recall the following two facts.

o HP(C9 Oca) =0 for p>1.
o HP (Cd,(’)(’éd) =0 for p>0.

Consequence:

In we identified the elements of H'! ((Cd, O(?:d) with holomorphic line bun-
dles on C?. Since this cohomology group is trivial, we conclude that all holomorphic
line bundles on C? are trivial.

A different means to justify this result is to use the homotopy axiom [&0] - C?¢ can
be contracted to a point. This property is termed point-homotopic. The homotopy-
axiom states that on a point-homotopic topological space, every smooth line bundle
is trivial. Applied to C¢ we obtain, as special case, that all holomorphic line bundle
on C? are trivial.

Remark:
Let X a compact, connected and complex Lie group of dimension d. Then we can
consider the surjective homomorphism

mV2Cl— X =ClYA (C.8)

Now let £ a holomorphic line bundle on X. The pullback line bundle 7* (£) is a line
bundle on V. From the above observation and V = C? we conclude, that this bundle
is trivial, i.e.

(L) 2V xC (C.9)

The important consequence is now, that 7 induces an isomorphism which allows us
to represent every holomorphic line bundle on X as a space of the form (V x C) /A
with a so-called lift action A of the lattice A c V. Understanding these lift-actions
is therefore equivalent to understanding all holomorphic line bundles on X. To this
end we first give a brief introduction to the subject of group cohomology.

C.1.2. Disgression - Group Cohomology

Remark:

So far we have introduced sheaf cohomology and sheaf-valued Cech cohomology. In
the next subsection we will however need to make use of a different cohomology, the
so-called group cohomology. Group cohomology can be approached in a manner very
similar to Cech cohomology. For that reason we will introduce it in this fashion. For
more details see [87].
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Definition C.1.3 (G-Module):
A G-Module is an abelian group M together with a action of the group G on M,
such that every element of G acts as an automorphism of M.

Example C.1.1:
We construct the Z-module R. To this end we define a map

p:Z - Aut(R) ,ne[psR->R, x—x+n] (C.10)
Then (R, p) does form a Z-module.

Remark:

The notion of a module is often introduced to mean ring module. This notion we use
when we state that a holomorphic line bundle on X is locally free Ox module. Still
it is possible to generalise this notion to mean group module, as we just did. Note
in particular that a field module is a vector space.

Definition C.1.4 (Chains):
Let G a group and M a G-module. Then we define for n € N,y the cochains as

C™ (G, M) = {f:G" > M)} (C.11)

Note:
The definition of group cochains is much simpler than the notion of a Cech cochain.

Definition C.1.5 (Boundary Operator):
We now define the boundary operator d*:C" (G, M) — C™*! (G, M) as follows. Let
peC"(G,M), ie. ¢:G™ - M. Then (d"p):G""1 - M is defined by

(d"0) (g1, gn+1) =910 0 (G2 - - Gns1)
+ Z (_]‘)Z 2 (917 -3 9i-1,9i © Gi+1, 9i+2,5 - - - 7gn+1) (Cl2)
=1

(D" 0 (9151 90)

Remark:

o The term g1 0 ¢ (9g2,...,gns1) is determined by the action of the group G onto
the G-module M.

o It is easily checked that d"*! o d” = 0. Consequently we have a complex
& d! d?
0-C°(G, M)~ C'(G,M)~>C*(G,M) ~ ... (C.13)

Definition C.1.6 (Cocycles And Coboundaries):
Let G a group and M a G-module. For n € N,y we define

o Z"(G, M) =ker (d™) to be the n-th cocycle group.
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e« B"(G,M)=1im (d™!) to be the n-th coboundary group if n > 1. In addition we
define BY (G, M) = {0} - the trivial group.

Consequence:
From d"*!'odm = 0 it follows that B" (G, M) c Z» (G, M) is a subgroup. This fact
enables us to consider the following quotient groups.

Definition C.1.7 (Group Cohomology Groups):
Let G a group and M a G-module. Then the n-th group cohomology class is defined
by

H"(G,M):=2"(G,M)|B" (G, M) (C.14)

or equivalently as the cohomologies of the complex

0-C(G,M)S ot M)y S 2GS (C.15)

Example C.1.2:

We will now give an example of the above strategy which we will use in the next
subsection. Let G = A c C a lattice. Since OF (C) is an Abelian group upon multi-
plication, the following A-action makes it a A-module

P:AxOFL(C) > OLH(C) , (u,e) » [EC>C* | 2z f(z+u)] (C.16)

Thus we can consider the group cohomologies H? (A, Of (C)). One finds
¢ CO(A,04(C)) - {e € O (C))
o Let (e) e C°(A, 0 (C)). Then its boundary is the function

3(e);:A>0c(C) ,u—[eC>C*, z»e(z+u)] (C.17)
+ An element of C! (A, Of (C)) can be represented by a collection
E={e,cO:(C)} e (C.18)

+ In addition it holds E € Z' (A, Of (C)) precisely if for all uy,u; € A and z € C it
holds

Cuyruy (2) = €y (2) - €y, (2 + 1) (C.19)

Consequently an element of H!'(A,Of (C)) is an equivalence class of collections
{e, € O (C)} ., such that
o For all uy,uy € A and any z € C it holds ey, 4u, (2) = €4, (2) - €uy (2 +u1).

+ Two collections {e, € Of (C)} ., and {e], € Of (C)}, ., are equivalent precisely
if there exists h € OF (C) such that for all u e A and z € C it holds

h(z+u)

“ey (2) (C.20)
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C.1.3. Pullback Bundles In Group Cohomology

Construction C.1.1 (Complex Structure On X):

Recall that X is a connected, compact and complex Lie group of complex dimension
d. We already found X = V//A for A c V a lattice. In particular we have a projection
map

mV X (C.21)

Since X is compact and connected we can find a finite open cover V = {V;},_,_, of X
in which each V; is connected. Then note.

o For every V; € V there exists W; c V' open and connected such that the following
is a disjoint union
(V) =Ju+W; (C.22)
ueA
o Letm, = W\Wi. Then 7m;: W; - V; is a biholomorphism.

o If VinV, # @, then there exists a unique u;; € A such that
’7T;1 (ViﬂVj):ﬂ'{l (V;n‘/})+uij (C23)
By these means we can related the complex structures on X and V.

Remark (Cech 1-Cocycle On X):
Recall that a Cech 1-cocycle G € Z! (V,0%) is a collection G = {g;; € O% (Vin ‘/j)}lsi,jgn
such that

. gij(z):gﬁ—l(z) for all ze V;nV;
* 9ij (2) gk (2) = gir (2) for all ze V;nV;n 'V,

We found earlier that certain equivalence classes of such Cech 1-cocycles encode
holomorphic line bundles.

Construction C.1.2 (Holomorphic Line Bundles From Group 1-Cycle):
Let E={e, €O} (V)}, a € 2 (A, O5 (C?)) a group 1-cocycle. We will now construct
a Cech 1-cocycle G on X = V/A from E.

1. Whenever V; n'V; # @ there is a unique u;; € A with the property
T (VinVy) = mt (Vin Vi) +uy (C.24)
Hence we can use this uniquely determined u;; to define a function
Gij:VinV; - C* | x> (euij o W{l) () (C.25)

Especially this implies g;; € O% (X).

2. Now consider the collection G' = {g;;} ; ;).;» where I c {1,... ,n}? so that V;nV; #
@. It is not too hard to verify from the cocycle conditions on the group 1-cycle
E, that the following holds true
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o gij () gjr () =g (z) for all x e V;nV; NV,
o 9ij(2) = gy forall zeVinVj

Thus G is a Cech 1-cocycle. In fact more is true, as we will learn momentarily.

Definition C.1.8 (Lift Action):
Let B = {e, €Oy (V)},n € H (A, 0F) a representative of the equivalence class.
Then this representative induces the following A lift action

MAx (VxC)m (VxC), (u,(z )~ (z+u,e,(2)- f) (C.26)

Remark:
Note that for h e O, (V), the equivalent representative

h
E'= {Mfu (2) € O (V)} e H' (A, 0%) (C.27)
h (Z) uel
gives a seamingly different lift-action
AAXx(VxC)r (VxC), (u,(zf)) (z +u, %eu (2)- f) (C.28)
z
Still this action is well-defined in the following sense.

Theorem C.1.2:
There is a natural isomorphism H' (A, Of) 2 H! (X, 0% ) induced by

{ea€ Oy (V)}yen = (VX C) /A (C.29)
Proof
A proof can be found in [R5]. n
Consequence:

Group 1-cocycles on V and Cech 1-cocycles on X are thus equivalent descriptions
for holomorphic (coordinate) line bundles on X. In the following we will prefer to
take the group 1-cocycle perspective. In particular one then terms a group 1-cocycle
{e. € O0F (V) } a multiplier set for the encoded holomorphic line bundle.

C.2. First Chern-Class From Group 1-Cycle

Remark:
A holomorphic line bundle on X is an element of H!(X,0%). In addition the
sequence

0>7Z—0x = 0% >0 (C.30)

is sheaf exact and thus induces a long exact sequence of cohomology. In particular
it induces a connecting homomorphism

5 H' (X,0%) - H? (X, Z) (C.31)

which takes a holomorphic line bundle on X to its first Chern class.
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Lemma C.2.1:
Let X 2 V/A a complex torus. Then there is an isomorphism

ErH?(X,Z) > H*(\,Z) (C.32)
Proof
The proof can be found in [85]. [ |
Note:

Let E = {e, € O;, (V)} e H (A, 05,) a holomorphic line bundle. Recall that V' = C?
and that C? is simply connected. From complex calculus it then follows that any
ey € OF (V) has a holomorphic logarithm. Thus there exist functions f, € Oy (V)
such that

e (2) = e¥ihe®) yyeV (C.33)

The cocycle condition for e, then implies

fu2 (Z+u1)+fu1 (Z)_fu1+u2 (Z)GZ (034)

But the functions f, are holomorphic, so in particular continous. Since V = C? is
connected, this implies that the above sum is a constant function on all of V. Thus
we can consider the collection

{nu17u2 = fu2 (ul) + fu1 (O) - fu1+u2 (O)}(ul,ug)eAQ (035)

where we arbitarily picked z = 0 for evaluation, whilst we could also have chosen any
other z € V. We claim that this collection gives an element in H? (A,Z).

o First we check that this chain is closed, i.e. is a cocycle. This follows since

(dn) (w1, 2, Us) = Ut © Moy iy = Nty sz + M usrus — Ty
= fus (Z+ur +ug) + fu, (Z+u1) = fugius (2 +u1)
~[fus (2 +ur +u2) + furrus (2) = fussunsus (2)]

+ fugrus (2 +u1) + fu, (2) = fursugus (2)

- [fuz (Z+’LL1) + fu1 (2) - fu1+u2 (Z)]
=0

(C.36)

o Next we have to recall that we can alter this collection by a coboundary. To
this end we pick a 1-chain A = {a, € Z} ., which gives

0A = {auz * Oy, a’u1+uz}(u1,uQ)eA2 <C37)
Thus we can alter the above collection to obtain

(C.38)

! = —
{nul,ug = Ny uy + Quy + Quy ~ Quy+ug }(u17u2)5A2

Consequently {mu,,u; }y, uy)enz 1S @ Tepresentative of a class in H? (A, Z).
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Lemma C.2.2:
Let X a complex torus and E = {e, € O}, (V)}, .\
bundle on X. Then we can find f, € Oy (V') with

ey (2) = e¥e®) VeV (C.39)

e H' (A, 0;) a holomorphic line

and via the isomorphism =: H2? (X,7Z) - H?(A,7Z) the first Chern class of the line
bundle given by E is mapped to the class

{nul,w = fU2 (ul) + fU1 (O) - fU1+u2 (0)}(1“7“2)6/\2 € H2 (A7Z) (C40)
Proof
The proof can be found in [85]. n
Remark:

In an abuse of notation we can thus write

C1 (E) = {nu1,u2 = fu2 (ul) + ful (0) - fu1+u2 (0)}(u1,ug)e/\2 € H2 (A7Z) (041)

Lemma C.2.3:
Let X 2 V//A a complex torus. Then there is an isomorphism

Zo: H? (A, Z) > A*Hom (A, Z) (C.42)
Proof
The proof can be found in [85]. n
Note:

Let X a complex torus and £ = {e, € O}, (V)}, .\
bundle on X. Then we can find f, € Oy (V') with

e H'(A,0;) a holomorphic line

ey (2) = 2mu®) yreV (C.43)

and the first Chern class of the line bundle given by E can be considered as the
alternating 2-form

A (E):AxAN—>Z, (up,uz) » fu, (z+ur) + fu, (2) = fu, (z+u2) = fu, (2)  (C.44)

where we used ¢; (F) in an abuse of notation.
Note that the entire class H? (X,Z) is mapped via =5 o Z; to the above alternating
2-form and not to a class of alternating 2-forms.

C.3. The Appell-Humbert Theorem

Theorem C.3.1 (Appell-Humbert):
Let X a compact, connected and complex Lie group of dimension d. Then we have

X=2V/A (C.45)
with A ¢V a lattice and V =T, (X) =z C%
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1. Let H a hermitian inner product on V' such that
E:AxA->Z, (z,y) »im (H (ug,us)) (C.46)

is an integer-valued, skew symmetric form on V.

2. For any such hermitian inner product H there exists a (not necessarily unique)
map a:A - {z€C, |z| =1} = U (1) with the property

o (uy +ug) = e ™ E2) Loy (uy)) o (ug) Yy, ug € A (C.A47)

Given the data (H,«) we then have the following important results.
o By setting
eV = C, 2z a(u) e mHw) 3 Huw) (C.48)
the collection {e, € OF, (V)},., gives an element in H' (A, O},) which defines a
holomorphic line bundle L (H,«) on X.

o The first Chern class of L (H,«) is mapped via Zy o Z; to the integer-valued,
skew symmetric form E given above.

e Any line bundle on X is isomorphic to a line bundle L (H,«) for a uniquely
determined pair (H,«).

e The holomorphic sections of L (H,«) are one-to-one to holomorphic functions
s € Oy (V) which satisfy for any z € V and any u € A

s(z+u)=a(u) e™HEW-FHWY 4 () (C.49)

Proof
The proof can be found in [85]. [ |

Remark (Relation With Gauge Theories):

The first Chern class will in the situation of complex tori be easily related to the
connection 2-form, which is physically interpreted as the field strength. Then the
above theorem tells us that the field strength is not all the data that we need to
specify a gauge theory on the torus. Rather we need in addition the function . This
function can be interpretated as a representation of the group U (1) which links the
above holomorphic line bundles to U (1) gauge theories. In addition one can set

o (u) = e (C.50)
for some real valued function A\: A - R. Then the sections transform according to
s(z+u) = MW mHEW-FH ) (1) (C.51)

The quantity ¢\ (u) - 7H (z,u) = $H (u,u) is then closely related to the connection
1-form of L (H,«) which in the physics literature is known as the gauge field. More
information on this relation can be found in [80].
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C.4. Example - Holomorphic Line Bundles On
The Complex 2-Torus

C.4.1. Hermitian Forms On The Complex Plane

Remark:
We wish to consider a connected, compact and complex Lie group X of dimension
d =1. Then we know

X zC/A (C.52)

with A c C a lattice. Though all complex 1-tori are topologically equivalent, not all

of them are biholomorphically equivalent. Rather the lattice A can always be written

as
A=Z+Zr (C.53)

where 7€ Fyy = {z € H, |2| > 1,|R ()| < 4} lies in the fundamental domain of the mod-
ular group SL(2,Z). In particular note that 7,7 € Fy with 7 # 75 correspond to
biholomorphically distinct complex tori, so that 7 can be identifed as the complex
structure modulus.

In conclusion, there is a one-to-one correspondance between points in F{y and biholo-
morphic equivalence classes of complex tori of dimension d = 1.

Note (Convention):
We will denote the complex 2-torus with complex structure modulus 7 € Iy by C ;.

Lemma C.4.1:
Every Hermitian form on C is given by

H,:CxC-C, (u,v)»a-u-v (C.54)
for suitable a € C.

Remark (Associated Skew-Symmetric Form):
To the Hermitian forms H, (a € C) we now associate skew-symmetric forms

Ei:AxA—C, (up,uz) ~»im (H, (u1,u2)) (C.55)

However, we have learned in the previous chapter that for the construction of holo-
morphic line bundles on C; ; we have to restrict to such hermitian forms H, such
that F, is integer-valued. Thus we require that for any two uq,us € A it holds

Ea (U,l,UQ) €7 (056)

An easy calculation shows that this leads to the requirement

a=— @ (C.57)

where m € 7Z is arbitary.
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Consequence:
For the construction of holomorphic line bundles on C,; . we consider the Hermitian

forms .
1T1Tm:C><C—>(C,(w,z)l—>M meZ (C.58)

im (1)’

with associated real-valued, skew-symmetric form

EmIA x\A—7Z , (al + blT, as + bQT) = m [Cllbg - Clzbl] <C59)

C.4.2. The a-Map And The Group 1-Cycles

Remark:
Now we focus on the map a: A - U (1) with the property

o (uy +ug) = e En () o (4 - o (uy) (C.60)

We will argue that for given FE,, these maps are labeled by a point b € C, ;. This
implies that all line bundles on C,; . are labeled by a pair (m,b) with m € Z and
be Clﬂ"

Note (Convention):
We can find a map A:A - R such that

A= {zeC, |z|=1 =U(1) , uwr ™ (C.61)

Consequence:
The requirement « (u; + uy) = e”™Em(uu2) . o (u1) - o (uy) is then equivalent to

AMug +ug) =X (uy) + A (ug) — wE,, (ug,up) + 277 Vg, us € A (C.62)

Construction C.4.1 (Group 1-Cycle):
Given the real-valued, skew-symmetry 2-form FE,,, and the map «, the group 1-cocycle
{eq € OF (C)} ., encoding the holomorphic line bundle L (H,,, «) is given by setting

i\ _ 'Wmﬂ _ 7\tmﬂu
eu (Z) - 67’ (u) un(‘r)z 2im(7) (C63)
For ease of notation we define

mmu Tmuu

b(u)=1i\(u)- 2 ()

(C.64)

Then the transformation behaviour of the function « dictates that for wu;,us € A it
holds

a(uy +ug) =a(uy)+a(ug)

b(ur +ug) =b(ur) +b(uz) +a(u) uy+2miZ (C.65)
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Remark:
Recall that we can alter a group 1-cocycle by a function 3 € Of (C) without changing
the encoded element in H' (A, OF). We pick

* Az2+Bz mm ;
: — > = — B=—-i-)(1 .
g:C—->C*, zme : 2 (1)’ i-A(1) (C.66)
Then one readily verifies that the new group 1-cocycle {e], € O (C)}, _, is given by
el (2) = e W=t (W) (C.67)
where
! / ! . / ﬂ-m7—2 .
a(1)=0(1)=0, a' (1) = 2mim, V(r)==——-iAN(1)7+b(7) (C.68)
2im (7)

and all other values are determined by [Equafion C.65. Thus we can represent the
original group 1-cocycle in a condensed notation by

el (2) =1, el (2) = e2mim=+t'(1) (C.69)

Comment (Summary):
We have thus concluded that all line bundles on C,  are classified by group 1-cocycles
{eq € O (C)},, which can always be taken to be of the form

e1(2) =1, e, (2) = e2rim=+t(r) (C.70)

with all other elements determined by the cocycle condition.
Consequently we can indeed specify all line bundles on C; by a pair (m, b’ (7)) with
meZ and b’ (1) € C. We will find later that o' (7) € Cy .

Notation:
From now on, we agree on the simplified notation

b (1) > b (C.71)

Remark (Meromorphic Sections):
Meromorphic sections of the holomorphic line bundle L (m,b) are one-to-one with
meromorphic functions F:C — Csubject to the condition

F(z+1)=F(2), F(z+7)=e>™mF (2) VzeC (C.72)

A major task will be to find all holomorphic functions that satisfy these conditions
for given (m,b) and also to find (at least) one non-trivial meromorphic section.

Remark:

Holomorphic functions with the above property are known as theta functions. In
principle we could now introduce the notion of theta functions and thereby relate the
task of finding all holomorphic sections of L (H,«) to the study of theta functions.
Details on this can be found in [85], [44] as well as [88]. In this thesis however we
prefer to follow a different path and construct all holomorphic and meromorphic
sections in a more hands-on fashion.
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C.4.3. Elliptic Functions, Divisor Classes And Cohomology
Classes
Definition C.4.1 (Elliptic Function):

A function f e M (C) is an elliptic function with respect to the lattice A = Z + Zt
precisely if for all z € C it holds

fGE+1)=f(2),  [f(z+7)=[(2) (C.73)

Remark:

« The constant function f:C — C, z ~ a is an elliptic function.
« Elliptic functions are one-to-one to meromorphic functions on C, .

o It follows from the third theorem of Liouville, that any holomorphic elliptic
function is constant [29].

Proposition:
Let g € C with |g| < 1. Then consider the product
agC* > C,t—(1-t)-[](1-g"t)-(1-¢"t") (C.74)
n=1

It holds

e The above product converges uniformely on compact subsets of C* to a holo-
morphic function aq (t) € O (CL.).
e a,(t) has simple zeros at the points ¢t = g for n € Z and has no other zeros.
o It holds
0 (gt) = (1-t1)-“q—(t)=-%-aq (1) (C.75)
Proof

o The first two points follows from theorem 15.6 in [89].

e The transformation formula simply follows from computation as follows:

o(at) = (1= [T (1-g"1) (1-g'1)
- (1-qt) ﬁ (1-¢"t) (1-¢"t™)
-|a=m 0= T -]

n=0

=}L@w0—fﬂfﬂl m%ﬂl@__)fnlq ﬂ

n=1 =1

T1a-en]|(1-7) 00

(1--) a () )

(C.76)
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im (2)
im (2)
-
(1)
[b]
(+1) Re (2) Re (2)
(a) The divisor D as divisor in Cy ;. (b) The divisor D as divisor in C.

Figure C.1.: The divisor D = (+1) [0] + (1) [b] once as divisor in C;, and once as
divisor in C. Note that the gray-shaded C, ; is represented in the standard fashion
by a parallelogramm in C corresponding to the lattice A = Z + Zr.

This concludes the proof. [

Consequence:
Let us set q(7) = €™ with 7 € Fy the fundamental domain of SL (2,Z). Then we
have |¢(7)| <1 and can define the function

A:C > C, 2+ ay) (e7) (C.77)

This function has the following properties
« A is an entire function.
o A has simple zeros at z € A =7Z + Z7 and no other zeros.

o A satisfies
A(z+1)=A(2), A(z+71)=-exp(-2miz)-A(z) (C.78)

Remark (Divisors On C, ,):
A divisor D on C, , is a finite formal sum

D- z<> ] (C.79)

where a; € Z and [p;] € Cy ;.

Example C.4.1:
We illustrate the divisor D = (+1)[0] + (=1) [b] with [b] € C; , in [Figure C1.
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Remark:
We can consider a divisor D € Div (C, ;) also as a divisor on C. To this end [p;] is to
represent an equivalence class of a point in C with respect to the lattice A = Z + Zr,

namely
(pi]={pi+m+nt, mneZ} (C.80)

Example C.4.2:
We exemplify this association in [Figure C.1].

Remark:
Recall that one can associate to any f € M (C) a divisor div (f) € Div(C) which
covers the zeros and poles of f counted with their multiplicites a;.

Claim:
Counsider the divisor .
D =Y (a;) [p:] € Div(Cy,) (C.81)
=1
which satisfies T . .
>ai=0, Yy (n)[p]=0 (C.82)
i=1 i=1

Then there exists f € M (C) such that D = div (f).

Proof
First let us separate the set of points in C; ; according to

Z ={z},;={ points p; in C; ; with a; >0 }

P = {p]}jeJ = { pOlntS p] ln Cl,’r Wlth aj < O } <C83)

Note that the sets Z, P are finite.

We identify the points z;,p; € C, ; with a representative in C. Though the choice of
representative is not unique, the following function does not depend on that particular
choice

11 A(s s
J:C > C wnnﬁ((z p;)) (C.84)

i=1 j=1

This is because this function is elliptic with respect to the lattice A = Z+ Z7 which in
turn stems from the properties of the function A introduced earlier in this subsection.
Finally one easily checks div (f) = D. This proves the statement. [ ]

Theorem C.4.1 (Abel Theorem For Complex 2-Torus):
Let D =Y7",(a;)[p:] € Div(Cy,). This is the divisor of a meromorphic function on
C,, if and only if

« deg(D)=%ia;=0

e Y7, (a;)[pi] =0 with respect to the additive group action on C; , respectively.

!The second equation is to be read as an equation in the abelian group Ci -
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Example C.4.3:
Let us consider some divisors on C; ; and determine whether they are divisors of a
meromorphic function on C .

» Consider D; = (+1) [p] for [p] € C, . arbitary. Then however
deg(D1)=1%0 (C.85)
So D is not the divisor of an elliptic function.
o Next let Dy = (+1) [p] + (-1) [¢] with [p] # [¢] € C; . Then
deg(Dy) =(+1)+(-1)=0 (C.86)

However with respect to the abelian group structure upon addition on C, ; the
divisor D is not trivial since

(+1) [p] + (=1) [q] = [p] - [4] # [0] (C.87)
since we required [p] # [¢].

« Now consider D3 = (+1) [p] + (1) [¢] where [p],[q] € C,,. With the example
of Dy one immediately verifies that D3 is the divisor of an elliptic function if
and only if [p] = [¢], i.e. D3=0.

o Finally consider

1+T] (C.88)

p-(3 0+ ]3]+ [5]+ 0] 5

This non-trivial divisor is easily checked to be the divisor of a meromorphic
function.

Remark (Notation):

o The line bundle L (m,b) is encoded by the group 1-cocycle {e, € O (C)} .\
where
e1(2) =1, e, (z) = e2mimab (C.89)

and all other elements are given by the cocycle condition.
o For the line bundle L (m,b) we set
S (m,b) :={FeM{(C), F(2+1)=F(z) and

. C.
F(z+7)=emF (2)} u{0} (C.90)

e Moreover we set

H (m,b) = S (m,b) nOc (C) (C.91)

Claim:
For every f € S (m,b)—{0} there exists an elliptic function e: C - C and a holomorphic
section h € H (m,b) — {0} such that

f(z)=e(2)-h(z) VzeC (C.92)
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Proof
Let feS(m,b)-{0} and h e H (m,b) — {0}, then the function
= f(2)
:C->C, z+~ )
e ) 2 ) (C.93)
is an elliptic function. [ |

Remark:

To every f e M (C) one can associate a divisor div (f) € Div(C). In particular this
applies to all non-trivial meromorphic sections of L (m,b), to which one can even
associate a divisor in Div (C, ;) since their poles and zeros are periodic with respect
to the lattice A =Z + Zr.

Remark (Divisor Class Group):
Let D, E € Div(C; ;). Then linear equivalence of divisors is defined as

D~FE < 3feM*(Cy,):D=E+div(f) (C.94)
The associated equivalence class is denoted [D].

Note:

The Abel-Theorem in its special version to elliptic functions thus gives us an easy
means to construct divisor classes and to decide when divisors belong to the same or
distinct divisor classes. Note however that the situation is much more involved for
connected and compact Riemann surfaces of genus g > 2. To see this consult [A5] or
[77] to study the Abel-Theorem in its general form.

Definition C.4.2 (Divisor Of A Line Bundle):

Consider the line bundle L (m,b). Then let s € S (m,b) - {0} a non-trivial meromor-
phic section. Then we know that the divisor of s is a divisor on C, ; so that we can
set

div(s) = D e Div(Cy ;) (C.95)
We now define that L (m,b) has divisor
D (m,b) =-D (C.96)

Note:

e The minus sign in the above definition appears there on purpose.
« Note that the divisor of L (m,b) depends on the chosen section s. Still this
assignment is well-defined in the following sense.

Lemma C.4.2:
The divisor class [D (m,b)] is well-defined, i.e. independent of the choice of the
section s € S (m,b) —{0}.
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Proof
Let us consider s,t € S (m,b) — {0}. We will prove that their divisors are linearly
equivalent and thus define the same divisor class.

To this end we first note that we can find elliptic functions e, e’: C - C and holomor-
phic sections h, h' € H (m,b) — {0} such that for all z € C it holds

s(z)=e(z)h(z), t(z)=€e(2)h (2) (C.97)
But then by definition of linear equivalence
div (s) ~div (h), div (t) ~ div (h') (C.98)

Now note that the quotient 1 is again an elliptic function, so that div (k) ~ div (h').
But since linear equivalence is an equivalence relation, this implies

div (s) ~div (t) (C.99)
which concludes the proof. ]

Remark:

Due to the identity theorem of complex calculus the zeros of a meromorphic function
are discrete. This has been used to argue that the quotient ¢ is a (special) meromor-
phic function.

In fact a more general statement holds true - on a connected Riemann surface the set
of meromorphic functions does form a field. The prove makes use of the identity the-
orem on Riemann surfaces. Since C is a connected Riemann surface, this statement
justifies that the inverse of the holomorphic function A’ is a meromorphic function
on C.

Corollary:

Consider the line bundle L (m,b) with divisor D (m,b) € Div(C; ). Then one finds
HO(Cy., L(m,b))2{feS(m,b),div(f)>-D} (C.100)

Remark:

We agree on the convention, that the function that vanishes identically satisfies this
inequality for every divisor D € Div (C, ;).

Proof

Consider again the line bundle L (m,b) with divisor D (m,b) € Div(C, ;). By defini-
tion, there exists s € .S (m,b) — {0} with the property

div(s)=-D (C.101)
We can now consider the map
¢: H (m,b) > H*(Cy -, L(m,b)) , fr f-s (C.102)
This map is an isomorphism. Therefore we conclude
H (m,b) = H*(C,,, L (m,b)) (C.103)
This suffices for the proof. ]
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Remark (Summary):

We conclude that it suffices to find a single non-trivial meromorphic section of the
line bundle L (m,b) to determine its divisor class. As for its first cohomology class
we have H (m,b) 2 H°(Cy,, L (m,b)) so that we need to find all of its holomorphic
sections.

C.4.4. All Holomorphic Line Bundles With m =0

A Meromorphic Section For All Degree 0 Bundles

Remark (Task): B
Our task is to find a non-trivial meromorphic function F:C — C such that

F(z+1)=F(2), F(z+71)=e¥m=. F(2) " b F (2) (C.104)

Any such function is a non-trivial meromorphic section of the holomorphic line bundle
L (0,b) and allows us to determine the divisor class of this holomorphic line bundle.

Comment:
Recall that we defined back in Eubsection C 43 the function

/LC—»C,zk+(1—ﬂfi(1—qWJ(1—¢%4) (C.105)

n=1

with t = €?™2 and ¢ = €?™7. We argued that this function has the following properties.
o A is an entire function
o A has simple zeros at A = Z + Z7 and not other zeros
e A(z+1)=A(z)and A(z+7)=—-e2m2. A(2)

Claim:
Let b € C arbitrary but fixed. Then the function

A(- )

21

F:C->C, z+~ A02)

(C.106)

has the following properties
+ Fye M:(C)

o Fj has simple poles at A = Z + Z7 and simple zeros at % + Z+ Z7 but not other
poles nor zeros.

o It satisfies
Fy(z+1)=Fy(2), Fy(z+7)=¢e"-F,(2) (C.107)

Proof
All of these properties follow from the properties of the function A (z). [
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im (2)

b
(+1) [27”] Re(2)

Figure C.2.: The divisor of L (0,b).

Consequence:
The holomorphic line bundle L (0, ) has divisor class represented by the divisor

D (0.0) = (+1)[0] + (-1) [i] (C.108)

211

This divisor is illustrated in Figure C.2.

Remark:
Note that deg (D (0,b)) = 0 which matches m since we are considering the case m = 0.
Classification Of Degree 0 Divisors

Claim:
Let D e Div(C, ;) with deg (D) = 0. Then there exists a unique [p] € C; , such that

D~ (+1)[0] + (-1) [p] (C.109)
Proof
Let us write .
D=3 (a@)-[n] (C.110)
i=1
with a; € Z the weights and [p;] € C; ;. Then we define the point
[p] = [Z_aipi] €Cir (C.111)
i=1
and the divisor
D' =(+1)-[0]+ (-1) [p] (C.112)

Then we consider

E:J)—DH:zxag-mg+(—n[m+(+nlz}ﬂm4 (C.113)

iel iel
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This is a degree 0 divisor which is trivial in C; .. Thus by the Abel theorem D is the
divisor of a meromorphic function on C,; ; and we have D ~ D’.

Now let us show that [p] € C; , is unique. To this end let us assume that there existed
[p],[q] € Cy, such that

D~ (1) [0]+(-1)[p], D~ (+1)[0]+(-1)][q] (C.114)
Thus since the equivalence of divisors is an equivalence relation, we must have
(+1)[0] + (1) [p] ~ (+1) [0] + (-1) [4] (C.115)
This however implies that
D= (+1) [0]+ (-1 [p] = ((+1)[0] + (-1) [g]) (C.116)

must be the divisor of a meromorphic function on C, ;. In particular this requires by
the Abel theorem

D=(-1)[p]+(+1)[a) =0 (C.117)
which is equivalent to [p] = [¢]. Thus [p] € Ci, is uniquely determined which
concludes the proof. [

Moduli Space Of Degree 0 Bundles

Consequence:
From the preceeding we find the following

e The parameter b can take any value in C such that % lies in the fundamental

parallelogramm of the lattice A = Z + Z7. Thus we have
be{(2mi) N+ (2miT)pu, 0< A\, u<1}:= M, (C.118)
o The following map is an isomorphism.

9003./\/10 - PiCo ((Cl,T) s b— L (O, b) (0119)

We have thus classified the degree zero holomorphic line bundles on C, . as the points
of My = CLT‘

First Cohomology Class

Remark:
To determine H° (C, ,, L (0,b)) we have to find all holomorphic sections of L (0,b).
These are given by holomorphic functions F:C — C such that

F(z+1)=F(2), F(z+1)=€"F(2) (C.120)

where b e M,.
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Claim:
Let b e My. Then it holds

* HO (CI,T7L(070));(C
e HY(Cy,,L(0,0))={0} for b#0

Proof
We are looking for all entire functions F:C — C subject to the conditions

F(z+1)=F(2), F(z+7)=¢"-F(2) (C.121)
If such a function does exist, its Laurent series must be of the form

F(z)=) ant" (C.122)

nez

with ¢ = e2™*, In particular this implies

F(z+7)=) a.q"t" (C.123)

nez

where ¢ = €?™7. On the other hand we have by the second requirement

Fz+7)=) a,e’t" (C.124)

nez

From the identity theorem of power series we thus conclude that for all n € Z it holds
an = q"e" - ay (C.125)

Recall im (7) > 0, so that ¢ # 1. Consequently for n # 0 it holds ¢"e® # 1, so that we
conclude a,, =0 for n # 0. As for n =0, we have to satisfy

ag = e’ ag (C.126)

This is trivially satisfied for any ag € C if b = 0. Otherwise it forces ag = 0. Thus we
find

» For b=0 we have H(C,,,L(0,0)) ={F:C—>C, 2~ qyeC} zC

o For b+ 0 we have H°(C,,,L(0,b)) ={F:C—->C, z~ 0} 2 {0}

All so-obtained functions are in fact holomorphic. This concludes the proof. ]

C.4.5. All Holomorphic Line Bundles With m > 0
A Meromorphic Section For All m >0 Bundles

Remark:
We are looking for non-trivial meromorphic functions F:C — C subject to the condi-
tions

F(z+1)=F(2), F(z+7)=e™m=b . F(2) (C.127)

as these allows us to determine the divisor of the line bundle L (m,b).
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Figure C.3.: Divisor D (m,b) of the holomorphic line bundle L (m,b).

Claim:
The function
Alz-L2-m
F™:C»C, zm ( 27H12) (C.128)
A(z)

has the following properties
e F™ e M5(C).

« It has simple zeros at z = 5= + 2
e 2

A= % + 2 + 7+ Z7 and no other zeros.

+
o It has poles of order m+ 1 at z € A = Z + Z71 and no other poles.

e It holds

F (241) = E™ (2), F™ (2 47) = 2mm=b I () (C.129)
Proof
This follows from the properties of the function A (z) as introduced in Eubsection C473.
|
Consequence:

L (m,b) has divisor class represented by the divisor

D(m,b):(m+1)[0]+(—1)[%+%] (C.130)

which is illustrated in [Figure C.3.

Note in particular that this divisor has degree m. This proves together with our
findings for the line bundles L (0,b) that m is the degree of the holomorphic line
bundles L (m,b).
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Classification Of Degree m Divisors

Claim:
Let D € Div (C, ;) with deg (D) = m. Then there exists a unique [p] € C; , such that

D~ (m+1)[0]+(-1)[p] (C.131)

Proof
Let us write

D= Z (w;) - [pi] (C.132)

iel
with w; € Z the weights, [p;] € C;, the points and I an appropriate finite indexing
set. Then we define the point

[p] = [z; _wipi] eCy, (C.133)

and the divisor
D'=(m+1)-[0]+(-1)[p] (C.134)

Then we consider

E:D—U:zxwy@4+pm—nmp¢ﬂﬂz—wm] (C.135)

iel iel

This is a degree 0 divisor which is trivial in C; .. Thus D is the divisor of a mero-
morphic function on C, ;, so that
D~D' (C.136)

Now let us prove that [p] € C;, is unique. To this end let us assume that there
existed [p],[¢] € Cy ; such that

D~(m+1)[0]+(-1)[p], D~ (m+1)[0]+(-1)[q] (C.137)
But since equivalence of divisors is an equivalence relation, this implies that
D = (+1) [p] + (-1) [q] € Div (X) (C.138)

is the divisor of a meromorphic function on X. In particular this implies that D is
trivial. But then [p] = [¢], and the uniqueness property follows. This concludes the
proof. ]

Moduli Space Of Degree m Bundles

Consequence:
From the preceeding we find the following
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o The parameter b can take any value in C such that QLM % lies in the fundamental

parallelogramm of the lattice A = Z + Z7. Thus we have
be{(2mi) A+ (2miT)pu—mim , 0< A\ p<1}:=M,, (C.139)
o The following map is an isomorphism.

Om: My, = Picy,, (Cy7) , b L(m,b) (C.140)

We have thus classified all holomorphic line bundles of degree m > 0 on C, ; as the
points of M,, 2C, ..

First Cohomology Class

Remark:
We are now looking for the most general holomorphic functions F:C — C such that
for m € Nyg and b € M,,, it holds

F(z+1)=F(2), F(z+7)=e¥mm=t.[(2) (C.141)

Claim:
All non-trivial holomorphic functions F: C - C which satisfy for b € M,,, and m € N,
the conditions

F(z+1)=F(2), F(z+7)=e¥mm=t.[(z) (C.142)
can be written as )
F(2)=Y a-H™ (2) (C.143)
1=0
for ag,...,a,_1 € C arbitary and
Hl(m) (Z) — Z 627ri7'k[%(k—1)+l]e—b~k627ri(km+l)z (0144)
keZ

Proof
If such a holomorphic does ever exist, it follows from the condition F'(z+ 1) = F'(2)
and F' being entire, that its Laurent series is of the form

F(z)=) a,-t" (C.145)

nez

where t := €?™* and a,, € C for all n € Z. Then we find in particular

F(z+7)=) a,q"t" (C.146)

nez

where ¢ := e?™". On the other hand the second condition

F(z+71)=e"™meb. F(2) (C.147)
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is equivalent to
F(z+7) =) ansme’t” (C.148)
nez
Comparing [Equafion C.140 and [Equaftion C.148 we then find that for any n € Z it
holds

Anam = "¢ lay, (C.149)
Thus we can choose the coefficients ag, ..., a,,_1 € C arbitary and describe all other
coefficients via .
Apmat = q 2 F7D L gFlebkg, (C.150)
where k€ Z and 0 <[ <m —1. Now one easily confirms
m-1
F(2)=Y a-H™ (2) (C.151)
1=0
with
Hl(m) () = Z o2tk B (k=1)+1] o~k 2mi(km+D)z (C.152)
keZ

Finally we have to check that these functions are in fact holomorphic functions. For
this task we refer the interested reader to [85], where a proof ot this is given. This
then concludes the proof. ]

Lemma C.4.3:
The functions Hl(m) (#) are linearly independent over C.

Consequence:
For m > 0, the space of holomorphic sections of L (m,b) is an m complex-dimensional

vector space with basis B = {Hém) (2),..., Hg’f)l (z)} This implies

H°(Cy.,L(m,b)) = C™ (C.153)

C.4.6. Spin Bundles

Remark (Canonical Divisor On Complex 2-Torus):

On C,; we have a non-trivial meromorophic 1-form given by dz. Its divisor is the
trivial divisor. As any divisor linearly equivalent to this divisor is termed a canonical
divisor we can state this observation as Dy = 0.

Consequence (Spin Divisors):
By definition, a spin divisor Dy € Div (C, ;) is such that

9D, ~Dx =0 (C.154)

We know from the above that deg(Dx) = 0. This implies deg (D) = 0. By the
classification of degree 0 divisors on C, , we thus conclude

Dy~ (+1) [0] + (=1) [p] (C.155)

where p € M. The constraint 2D, = 0 has precisely four solutions, namely
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= oR e O

The four spin bundles on C, , are thus L (0,0), L (O, %), L (0,

=T~ T < T

lo|
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D. What Is A Toric Variety?

D.1. Introduction

In this chapter we briefly introduce toric varieties. Our main source of reference will
be [62]. Here we omit the proofs of all statements in the spirit of a brief introduction
to the material. Therefore we mention that all proofs can be found in [52]. For an
alternative careful introduction to toric varieties the interested reader is refered to
[Ga].

D.2. (Toric) Varieties

D.2.1. Varieties

Definition D.2.1 (Affine Variety Of A Finite Number Of Polynomials):
Let fi,..., fs € Clzy,...,2,]. Then

V(fi, -, fs) ={xeC" fi(x)=-=fs(x)=0} (D.1)
is an affine variety.

Definition D.2.2 (Affine Variety Of An Ideal):
Let I c C[zy,...,2,] an ideal. Then

V(I)={zeC", f(z)=0Vfel} (D.2)
is an ideal.

Remark:
The ring C[zy,...,2,] is Noetherian by the Hilbert Basis Theorem.

Consequence:
It holds V (f1,...,fs) =V (I) with I = (f1,..., fs) the ideal generated by the poly-
nomials f1,..., fs € Clxy,...,x,].

Example D.2.1:
C" and {x € C" | x1-x9 =0} are affine varieties.

Definition D.2.3 (Projective Variety):
Let Fy,...,Fs e C[zy,...,z,] homogeneous polynomials. Then

V(F,....F)={2¢CP", F,(2) == F, () =0} (D.3)

is a projective variety.
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Note:
When we talk about varieties in the following, we mean either an affine, a projective
or abstract variety.

Remark:
In the theory of algebraic groups (C*)" is termed the n-dimensional complex torus.
This is what will be so 'toric’ about toric varieties.

Claim:
(C*)" is an affine variety.

Proof
The map
n 1
e (C)" = C"™ | (ty,...,t,) (151, atnat ; ) (D.4)
L N
gives an isomorphism (C*)" 2V (zy----- Tpi1 — 1). (]

Definition D.2.4 (Zariski Open):
Let W c V' two varieties. Then we term the complement V — W Zariski open.

Note:
This notion extends to a topology - the Zariski topology.

Consequence:
(C*)" ¢ Cn is Zariski open.

Definition D.2.5 (Irreducible):
A variety V is irreducible if V' cannot be written as the union of two proper subvari-
eties V1, Vo, ie. V =V3uVs,, such that V3 #V and Vo # V.

D.2.2. Toric Varieties

Definition D.2.6 (Toric Variety):
An irreducible variety V' is a toric variety precisely if it satisfies in addition the
following two requirements.

« (C*)" is a Zariski open subset of V

o the action of (C*)" on itself extends to an action of (C*)" on V.

Example D.2.2:
(C*)" and C™ are toric varieties.

Claim:
CP" is a toric variety.
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Proof
CP" is an irreducible variety. Let now z,...,z, its homogeneous coordinates and
consider the isomorphism

©: (CH)" > CP" | (t1,...,tn) = (1,t1,...,tn) (D.5)

Thereby we can identify (C*)" with CP" -V (21 ...x,) which is Zariski open. Fi-
nally we write the torus action as

(t1,...,tn) - (ag,a1,...,an) = (ag,t1a1, ..., thay) (D.6)

This then shows that CP" is a toric variety. ]

Comment (General Remarks):
We will see that points p = (p1,...,pn) € Z™ are imporant in the study of toric
varieties.

e The Laurent monomial of p is defined by
= tPn (D.7)

which gives a function y?: (C*)" - C* which is termed a character.

o A l-parameter subgroup A\?:C* - (C*)" is defined by
NP (t) = (... tP") (D.8)

In particular toric varieties V are generically just (C*)" with some additional infor-
mation. Given that the toric variety V is affine, then this addtional information is
determined by which Laurent monomials ¢? are defined on V.

D.3. Cones And Affine Toric Varieties

D.3.1. Cones

Definition D.3.1 (Rational Polyhedral Cone):
A rational polyhedral cone o c R" is a cone generated by finitely many elements of
7" as

o={ap1+--+ap eR", a; 20} (D.9)

with pq,...,p € Z™.

Definition D.3.2 (Strong Convexity):
Let o c R™ a rational polyhedral cone. Then ¢ is strongly convex precisely if on(-0) =

{0}

Comment:
We will be mostly interested in strongly convex rational polyhedral cones. These we
abbreviate as scrapc.
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Definition D.3.3 (Dual Cone):
Be 0 c R™ a scrapc. Then its dual cone ov c R" is

o"={meR", (m,u) >0 for all ue o} (D.10)

Note that in this expression (m,u) is just the usual dot product on R™.

D.3.2. Affine Toric Varieties

Remark:
Let o c R” a scrapc. Then we want to associate to it an affine toric variety U, c CL.

Construction D.3.1:

o By Gordan’s lemma, the set oV nZ" is a finitely generated semigroup over Z,

that is there are myq,...,m; € 0¥ N Z"™ such that every x € 0¥ nZ" is of the form
T=aymy+-+amy, a; € Ly (D.11)
o Given the generators my,...,m; € oV nZ", we consider the map

0 (CHY" = Cl, (L, tn) > (XY™ (e tn) e X™ (H, 0 t)) (DA12)

o Now define U, as the Zariski closure of the image of (C*)" under the map ¢,
ie.

U, = 2 ((C)") (D.13)
Lemma D.3.1:

e The map ¢:(C*)" - U, is an inclusion of the algebraic torus, which makes U,
an affine toric variety.

o The Laurent monomials ¢" extend to functions U, — C given by projection of
U, c C! onto the i-th coordinate.

o For every m € 0¥ nZ", the Laurent monomial t™ extends to a function on U, .

e U, is the smallest toric variety on which all the t™ are defined.

Definition D.3.4:
The affine toric variety U, associated to the scrapc o ¢ R™ is termed the normal toric
variety associated to o.

D.3.3. Coordinate Rings

Definition D.3.5 (Coordinate Rings):
Let V an affine variety. Then the ring of polynomial functions over V' is the coordinate
ring of V.
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Example D.3.1:
The affine variety C* has coordinate ring C[zy,...,x,].

Lemma D.3.2:
Let U, c C! the normal affine variety associated to the scrapc o ¢ R”. Then consider

Span {t™, meo'nZ"} cC [tl,tfl, . ,tn,tgl] (D.14)

It is not too hard to prove that this forms a ring which is usually denoted by
CloY nZ]. Finally it holds

C[ov nZ"] is the coordinate ring of U,

Consequence:
The coordinate ring of U, is thus made of all polynomial expressions in the Laurent
monomials ¢™:.

D.3.4. Normality

Definition D.3.6 (Normal Varieties):
A variety V is normal if its local rings are integrally closed in their field of fractions.

Remark:
The toric variety U, associated to a scrapc o c R" is always normal by construction.

D.4. Fans And Toric Varieties

D.4.1. Toric Varieties From Fans

Comment:
We now intend to build more general toric varieties by gluing together affine toric
varieties that contain the same algebraic torus (C*)".

Definition D.4.1 (Fan):
A fan X in R” is a finite collection of scrapcs in R™ such that
e ogeX and 7 a face of o, then 7€ X.
e 0,7€X, then cnTeX isa face of o and 7.
Remark:
Let > a fan. Then each o € ¥ gives a normal affine toric variety U,. Now let 7 a
face of 0. By definition of a fan, then 7 is a scrapc contained in Y and thus gives

another normal affine toric variety U.. In particular one can regard U, as a Zariski
open subset of U,.

Definition D.4.2:
Given a fan ¥ in R”. Then the variety Xy is obtained from the affine varieties U,
with o € X by gluing together U, and U, along their common open subset U,n,.
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Theorem D.4.1:

e Xy is a normal toric variety for a fan ¥ in R”.
o Let V a normal toric variety. Then there exists a fan ¥ in R such that V' ¢ X5.

Note:
The normal toric variety Xy associated to a fan 3 in R” is an example of abstract
varieties, i.e. it can happen that Xy is neither an affine nor a projective variety.

D.4.2. Properties Of Toric Varieties And Properties Of Fans

Note:

There is a close relation between the properties of a fan ¥ in R and the structure of
the associated normal toric variety Xy. It is this relationship among others makes
toric varieties easily calculable.

Lemma D.4.1:
There are one-to-one correspondances between the following objects:

o The limits limy A% (t) for u € |X] = Uyex 0 where Y] is termed the support of
the fan X.

e The cones o € Y.

o The orbits of the torus action on Xx.

Definition D.4.3 (Smooth And Simplicial Cones):
Let 0 c R™ a cone. Then we define

e 0o is smooth precisely if it is generated by a subsest of a basis of Z".
o 0 is simplicial precisely if it is generated by a subset of a basis of R".

Theorem D.4.2:
Let Xy the normal toric variety associated to the fan ¥ in R?. Then we have the
following important results.

1. Xy is compact precisely if |X| = R"
2. Xy is smooth precisely if every o € ¥ is smooth.
3. Xy, has at worst finite quotient singularities precisely if every o € 3 is simplicial.

Lemma D.4.2:

Let ¥ a fan in R® and Xy the associated normal toric variety (which need not be
smooth nor compact). Assume that there exists o € ¥ a scrapc with dimg (o) = n.
Then Xy, is simply connected.

Consequence:
A normal toric variety Xy is compact precisely if the fan 3 in R™ satisfies the relation

5| =R" (D.15)

But since X is a finite collection of scrapcs, there must then exist o € ¥ with dim (o) =
n. Consequently all compact toric varieties are simply connected.
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D.5. Homogenisation

D.5.1. Homogeneous Coordinates

Remark:
The goal is to describe a normal toric variety Xy as a quotient

Xs=(C"-2)/G (D.16)
for some variety Z ¢ C" and some group G c (C*)".

Construction D.5.1:

Let > a fan in R”. Then by Gordan’s lemma, there are primitive elements of the
1-dimensional cones p; of 3, i.e. there exist n; € p; N Z" which generate p; over R. We
now associate to each primitive element a variable ;.

Example D.5.1:
Consider the fan ¥ in R? whose maximal cones are as follows

o1 =Cone (ey,e2), o09=Cone(ey,—e;—e2), o3=Cone(ey,—e;—e3) (D.17)
This fan is smooth and the primitive elements of the rays are
ny =ep, N9 = €9, ng =—€1 — € (D18)

By the above prescription we now associate to each primitive element n; a formal
variable z;.

Definition D.5.1 (The Exceptional Set):

Given a fan ¥ in R™ and having associated variables xi,...,z, to the primitive
elements ny,...,n, of its rays pq, ..., p,, then we define for o € ¥
17 =[] (D.19)
n;¢o

Subsequently we set
Z=V (a7, 0ex)cC (D.20)

Remark:
It suffices to define Z only using the maximal cones of X.

Example D.5.2:
Continuing with the above example, one finds

Z=V ($0,$1,$2) = {(0,0,0)} C (C3 (D21)
Definition D.5.2 (The Group G):
We now define G ¢ (C*)" by

G = {(ul, o) €(CH H,ugm’”") =1 for all m e Z”} (D.22)

1=1

240/277



APPENDIX D. WHAT IS A TORIC VARIETY?

Lemma D.5.1:

It holds (p1,. .., u,) € G if and only if
[Tl = T = o =TTl =1 (D.23)
i=1 i=1 i=1

Example D.5.3:
Following the preceeding two examples it is readily checked that

G={(p, 1) , peC}=C” (D.24)

This also gives the standard action of C* on C3. With Z given in the previous
example we conclude that the quotient construction that we have just performed
yields

(C*-0)/C* (D.25)

Theorem D.5.1:
If X5 is the normal toric variety associated to the fan ¥ in R” such that the primitive
elements ny,...,n, of its rays span R", then it holds.

1. Xy is the universal categorical quotient (C" - Z) /G.
2. Xy is a geometric quotient (C" - Z) /G if and only if Xy is simplicial.

Consequence:
In the remainder of this thesis we want to focus on normal toric varieties Xs, which
are both compact and smooth. Compactness implies that nq,...,n, indeed span

R™ whilst smoothness ensures that ¥ is smooth and therefore also simplicial. Con-
sequently any smooth and compact normal toric variety can be represented as a
geometric quotient (C" - 7) /G.

Remark:

Consider the polynomial ring S = C[z1,...,z,]. Then the action of G induces a natu-
ral grading of this ring. To see this consider f = f (z1,...,2,) € Sand (u1,..., ) € G.
Then the natural action is given by

(1seos i) - = (pazn, .o ) (D.26)

This induces a grading on .S as follows.

Lemma D.5.2:
It holds deg (z]*---z7") = deg (:E?lxgr) precisely if there exists m € Z™ such that for
1 <7< r it holds

a; = b; + (n;,m) (D.27)

Definition D.5.3:

e Thering S =C|[xy,...,x,.] together with the above grading is the homogeneous
coordinate ring of Xsy.

o f €S is homogeneous precisely if all monomials appearing in f have the same
degree.
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D.5.2. Triangulisations

Remark:

In the physics literature one usually focuses on smooth and compact normal toric
varieties. Those, as we have just learned, can always be represented as a geometric
quotient (C" - Z2) /G for some affine variety Z ¢ C" and a group G. In particular
both, the variety Z and the group G need to be known, to specify a smooth and
compact normal toric variety uniquely.

Still oftentimes given the group G there is a unique choice for the variety Z such that
the above geometric quotient becomes a smooth and compact normal toric variety.
This leads to the following definitions.

Definition D.5.4 (Irrelevant Ideal):

For a smooth and compact normal toric variety Xy, the exceptional set Z appearing
in the geometric quotient is an affine variety in C". Therefore we know that there
exists and ideal Bx,, c C[xzy,...,2,] such that Z =V (Bx, ). We term this ideal Bx,,
the irrelevant ideal of the toric variety Xs.

Definition D.5.5 (Stanley-Reisner Ideal):
For a smooth and compact normal toric variety Xy, the Stanley-Reisner ideal Isy is
the Alexander-dual of the irrelevant ideal Bxs..

Consequence (Construction Of The Stanley-Reisner Ideal):

Consider a smooth and compact normal toric variety Xy. The primitive elements
in the rays p; of ¥ be denoted by n; with 1 <4 < [¥(1)]. In addition we denote
the scrapc generated by n;,,...,n; as (n;,...,n;, ). Finally we associate to each
primitive element n; a formal variable x;.

Given this notation, the Stanley-Reisner ideal of Xy is given by

ISR = Hl‘ij s (nil,...,nim> ¢ Y)c C[Jil,...,l"g(l”] (D28)
k=1

Definition D.5.6 (Triangulisation):
Let G c (C*)" a group acting on C". Then the following set is a triangulisation of
the group G

T :={Isg cClxy,...,2,] , (C" =V (Isr)) /G is a smooth, compact toric variety}
(D.29)

Note:
Triangulisations can be computed with the computer program Sage [61]. We give an
example of the necessary sourcecode.

Example D.5.4 (Stanley-Reisner Ideal From Sage [51]):

The Stanley-Reisner ideal for CP* can be obtained from Sage [51]. To this end we
need to know the ray generators of the fan of CP*. Those can be taken of the following
form

Uy =€, Up=€z, U3=€3, Ug=€y, Us=—€ —€x—€3—¢4 (D.30)
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Given this knowledge we perform the following commands in Sage [51]

e points=matrix([ [ 1, 0, 0, 0,-1],
[o, 1, 0, 0,-1],
Lo, 0, 1, 0,-1],
[ 0, 0, 0, 1,-1] 1) .transpose()

e p = PointConfiguration(points.transpose()
.augment (vector([0,0,0,0])) .transpose())

e p=p.restrict_to_star_triangulations((0,0,0,0))
e p=p.restrict_to_fine triangulations()

e p=p.restrict_to_regular_triangulations(True)

e tria=p.triangulations_list()

e len(tria)

The last line of code returns ’1’. This is the number of triangulisations admitted
by the entered ray generators. We will now save all triangulisations in the variables
triangl and evalute the single triangulisation in this case via ’[0]’. If there are more
triangulisations one has to replace ’[0]" by e.g. ’[1]’ to take a look at the second
triangulisation.

e triangl=[[i[:-1] for i in j] for j in trial

« fan=Fan(triangl[0],points)

e tor=ToricVariety(fan,coordinate_names=’x1 x2 x3 x4 x5’)
e tor.Stanley Reisner_ideal()

The last command returns the desired result.

"Ideal (x1*x2*x3*x4*x5) of Multivariate Polynomial Ring in x1, x2, x3, x4,
x5 over Rational Field"

Thus we have Igg = (2179232425) € C[21, 29, 23, 74, 75] for CP*, just as expected.
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Notebook

(*Routines From The Koszul-Extension—Notebookx)
(*Routines From The Koszul-Extension—Notebookx)

s (*Routines From The Koszul-Extension—Notebookx)

5 cohomCalgPath = NotebookDirectoryl[];

(*Please fill in the name of the executable e.g. "cohomcalg.exe" for |
Windows and "./cohomcalg" for Linuxx)

(*Default for Windowsx)

cohomCalgExecutable = "cohomcalg.exe";

(*Setting directory ... *)

2> SetDirectory[cohomCalgPath];
s (*Generate temp file for more efficent calculations *)

TempFile = FileNamelJoin[StringJoin[{"cohomCalgKoszulExtension.in"}]];

5 streaml = OpenWrite[TempFile];

Close[stream1];

¢ (*This file contains the monomial data and is deleted once you choose \

a different ambient spacex)
MonomFile = StringJoin[TempFile, ".monoms"];

(*Three small routines that convert the Mathematica input to the \
proper input format of the C++ implementation of cohomCalg *)

; (*Converts the variety specifications to the proper string needed by \

cohomCalgx)

; ConvertMathematicaToCpplnput[Variety_] := Module[{i, j, StringVariety },

StringVariety =
For[i =1, i <= Length[Variety[[1]]], i++,
StringVariety =
StringJoin[ StringVariety , "vertex ", ToString[Variety [[1, i ]]],
"|GLSM:(", ListToStringWithoutBracket[Variety [[3, i ]]], "):"];
I;
StringVariety =
StringJoin[ StringVariety , " srideal [",
ListToStringWithoutBracket[ReconvertSR[Variety [[2]]]], "1;"];
Return[StringVariety |;

l;

 (*Converts a list to as string without the bracketsx)

ListToStringWithoutBracket[ list_ ] := Module[{i, StringList },
StringList = ToString]list [[1]]];
For[i =2, i <= Length[list], i++,
StringlList = StringJoin[StringList, ",", ToString[list [[i ]]]]:
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12 I;

i3 Return[StringList |;

14 I;

15 (*Converts the SR ideal into the correct cohomCalg input string)
16 ReconvertSR[SR_] := Module[{i, j, StringSR, ListStringSR },
w7 ListStringSR = {};

18 For[i =1, i <= Length[SR], i++,

19 AppendTo|ListStringSR, ToString[SR[[i, 1]]]];

50 For[j =2, j <= Length[SR[[i]]], j++.

51 ListStringSR [[i]] = StringJoin[ListStringSR[[i]], "*"];
52 ListStringSR[[i]] =

53 StringJoin[ListStringSR [[ i ]], ToString[SR([[i, j ]]]I;

54 I;

55 ];

56 Return[ListStringSR];

o

5o (*Generates the requested command for a given variety and line bundlex)
60

61

62 GenerateRequestCommand[AmbientVariety_, LineBundles_] :=

63 Module[{i, j, command, StringAmbientVariety, StingLineBundle},

62 StringAmbientVariety = ConvertMathematicaToCpplnput[AmbientVariety];
65 command =

66 StringJoin["!", cohomCalgExecutable, " ——integrated ——in=\" ",

67 StringAmbientVariety |;

6o  For[j =1, j <= Length[LineBundles], j++,

70 StingLineBundle = ToString[LineBundles[[j, 1]]];

For[i =2, i <= Length[LineBundles[[j]]], i++.

StingLineBundle =

StringJoin [StingLineBundle, ",", ToString[LineBundles[[j, i ]]]I;
l;
75 (*¥Turn off use of the monomfile as | can then (without having to \
76 delete it explicitely ) use other ambient spacesk)

77 command = command <> " monomialfile off; ";

78 command =

79 StringJoin [command, " ambientcohom O(", StingLineBundle, "); "];
80 ];

81 command = StringJoin[command, "\" ", TempFile];

s2  Return[command];

83 ];

5 (*Useful routines from mex)
se (*Useful routines from mex)
7 (*Useful routines from mex)

o

od

88

so (*Gives a vector from weights which allows to rephrase the problem as \
oo linear equationx)

o1 VarGenerator[Weights_, Variables_] := Module[{var},

o2 var = Array|

03 If [Weights[[#]] == {-1}, {-1 -
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Variables[[#]] }, {Variables[[#]]}] &,
Length[Weights]];
Return|var];
]
(*Print the rationom corresponding to a list )
Rationom[m_] := Module[{Rat},
Rat = Array[Symbol[StringJoin[ToString[x], ToString[#]]]"(m[[#]]) &.
Length[m]];
Return[Times @@ Rat];
]
(*Modify a list to the right signs+)
RightSigns[Solu_] := Module[{res, w},
(¥Weight vector is last element in given list — extract itx)
w = Solu[[Length[Solu]]];
(*Modify all other entries in solu according the rules dictated by |\
wx)
res = Array[RightSignVectors[w, Solu [[#]]] &, Length[Solu] - 1];
Return[ res |;
]
(*Modify a given vectors according to the rules dictated by the \
weights+)
RightSignVectors[Weights_, Vec_] := Module[{res},
res = Array[If[Weights[[#]] == {-1}, -1 — Vec[[#]], Vec[[#]]] &.
Length[Vec]];
Return| res |;
]
(*Generate Weights from Polynomialx)
GenerateWeightFromPolynomial[P_, N_] := Module[{weights, vars},
vars = Table[Symbol["x" <> ToString]i]], {i, N}|;
weights = Array[If[Exponent[P, vars[[#]]] == 0, {1}, {-1}] &, NJ;
Return|weights];

]

(*Important routine — find all rationomsx)

r (¥*Important routine — find all rationomsx)

FindRationoms[Weights_, BundleCharges_, Relations_, Multi_] :=
Module[{Vars, MyAssumption, MyVec, sol, i, RationomResult},

(*Stepl — Create Variables *)
Vars = Array[Symbol["a" <> ToString[#]] &, Length[Weights]];

(*Step2 -

Reformulate the problem such that mathematica can solve it )
MyVec = VarGenerator[Weights, Vars];

MyVec = Transpose[Relations].MyVec;

(xStep3 — Create Assumptionx)
MyAssumption = True;
Do[MyAssumption = MyAssumption && Vars[[i]] >= 0, {i, Length[Vars]}];

(xStep4 — Solve Problem under created assumption#)
sol = Solve[MyVec == BundleCharges && MyAssumption, Integers|;
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116 (*Steph —

a7 Extract explicit solutions from rules generated by the solve-
148 commandx)

119 sol = Vars /. sol;

150 sol = Join[sol, {Weights}];

151

152 (*Stepb — Reformulate solutions as rationomsx)

1535 sol = RightSigns[sol |;

151 sol = Map|[Rationom, sol];

1
156 (*Step7 -

157 Determine basis of the space taking into account their ~multiplicity x)
1

1

1

1

60 RationomResult = Array[sol[[#]] &, Length[sol]];

61 DO[

162 RationomResult =

163 Join[RationomResult, Array[sol [[#]] &, Length[sol ]]],
164 {i, Multi -1}

165 ];

166 (*Return the result *)

167 Return[RationomResult];

168 ]

170 (¥2 Get Basis Of Vector Bundle Cohomology)
171 (%2 Get Basis Of Vector Bundle Cohomologyx)
(*2 Get Basis Of Vector Bundle Cohomologyx)

1
1
174 (*Get basis of line bundle cohomology by use of cohomCalgx)

175 GetBasisOfLineBundleCohomology[ambToricSpace_, BundleCharges_] :=
176 Module[{cohomology, res, dimA, dim, i, j, P, R, w, help, multi,

177 CohomPolynomials},

17 (*Get result of cohomcalg computation#)

170 cohomology =

150 ReadList[GenerateRequestCommand[ambToricSpace, {BundleCharges}]];

152 (*Strip of unnessary datax)
153 cohomology = cohomology[[1]];

155 (*Step 1 — Strip of unnessary data aginx)
156 cohomology = cohomologyl[[2]];

157 cohomology = cohomology[[2]];

188

150 (#Step 2 — Initialise cohomology vectorx)
100 dim = Dimensions[ambToricSpace[[3]]];

o1 dimA = dim[[1]] - dim [[2]];

192 res = Table[{}, {dimA + 1}];

193

194 (*Step 3 -

105 Fill in all rationoms contributing to the cohomology vectorx)
o6 For[i =1, i <= Length[cohomology], i+,
197 (* Isolate i—th cohomology contributionx)
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195 help = cohomologyl[i]];
199 (*Check to what cohomology group it does contribute %)

200 j = help [[1]];
201 (*Get the polynomial delivered by cohomCalgx)
202 P= help [[2]],

203 (*Generate weight vector from Px)

200w = GenerateWeightFromPolynomial[P, dim[[1]]];

205 (*Determine multiplicity of contribution )

206 If [Variables[P] == {}, multi = P,

207 multi = Coefficient[P, Times @@ Variables[P]]];

208 (*Add the rationomsx)

200 R = FindRationoms[w, BundleCharges, ambToricSpace[[3]], multi];
0 res [[j + 1]] = Join[res[[] + 1]]. R];

(*Step4 — return the result )

Return[res];

]

¢ (*Get Basis of vector bundlex)

217 GetBasisOfVectorBundleCohomology[ambToricSpace_, BundleCharges_] :=
215 Module[{bundleNumb, helpcohomologies, fcohom, i, j, k, help,

219 helpvector },

NONN NN NN
oW N

(* Initialise  variables %)
helpcohomologies = {};

bundleNumb = Length[BundleCharges];
helpvector = Table[0, {BundleCharges}];

TR W W

(*Get Cohomology of the individual bundlesx)
For[i =1, i <= bundleNumb, i++,
helpcohomologies =
Join[helpcohomologies, {GetBasisOfLineBundleCohomology[
ambToricSpace, BundleCharges|[i |]]}];
I;

(*Make vectorsx)

fcohom = Table[{}, {Length[helpcohomologies[[1]]]}];
For[i =1, i <= Length[fcohom], i++,

6 help = {};

(*scan over all bundlesx)

38 For[j =1, j <= bundleNumb, j++,

39 (*scan over the cohomology of each bundlex)

!

W oW NN NN NN NN NN
S © w = < C 0

w W W G
SISO U

3

a1 For[k = 1, k <= Length[helpcohomologies][[j, i []], k++,
2 (*Reset helpvector x)
helpvector = Table[{0}, {Length[BundleCharges|}];

5 (*Make replacement at position j*)

6 helpvector [[j]] = {helpcohomologies[[j, i, k]]};
7 help = Join[help, {helpvector }];

8 I;

OO ODON N NN N NN N NNNNNNNDNDNNNNNNNN NN
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(* if cohomology trivial *)
If [Length[help] == 0,
help = {{Table[{0}, {Length[BundleCharges|}|}, {}}:

'?elp — {help, {}}1

(*add the result *)
fc-ohom[[i]] = Join[fcohom[[i]], help];

i

(*Return the result x)
Return|fcohom];

]

i (*3 Generate Koszul sequence and compute cohomologies thereinx)

77 (*3 Generate Koszul sequence and compute cohomologies thereinx)
(*3 Generate Koszul sequence and compute cohomologies thereinx)

(*Create ordered tuples — needed for creation of Koszul sequencex)
OrderedTuples[n_, k_] := Module[{List1, List2},

Listl = Array[# &, K];

List2 = Table[Listl, {i, n}];

Return[Select[Tuples@List2, Less @@ # &]I;

(*This is a routine used in the creation of the Koszul sequencex)
7 AddDivisors| Divisors_, Labels_, BundleDivisor_] :=
Module[{i, j, Div, DivLength, ReturnDivisors, indices, index},

(*Determine length of the divisors %)
DivLength = Length[Divisors [[1]]];

(* Initialise  ReturnDivisors %)
ReturnDivisors = Table[{}, {Length[Labels]}];

For[i =1, i <= Length[Labels], i++,

(* Initialise  Divx)
Div = Table[0, {DivLength}];

(*Add to Divx)
indices = Labels[[i ]];

For[j =1, j <= Length[indices|, j++,
Div = Div — Divisors][[ indices [[j ]]]];
I;

Div = Div + BundleDivisor;

(*Save Resultx)
ReturnDivisors [[i]] = Div;

l;

Return|[ReturnDivisors]
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302 ]

303 (*Generate the Koszul Sequencex)

301 GenerateKoszulSequence[Divisors_, BundleDivisor_] :=

305 Module[{DivisorNumb, Bundles, Matrices, Tuples, RememberTuples, i, j},
s06  (* Initialise the variable bundles that will be used to save the |\

s07 bundles appearing in the Koszul sequencex)

30s  DivisorNumb = Length[Divisors];

300 Bundles = Table[{}, {i, DivisorNumb + 1}];

310 Matrices = Table[{}, {i, DivisorNumb}];

1
311
s12 (% Fill in the details of the individual bundles and bridging mapsx)
1
1
1

315 Bundles[[DivisorNumb + 1]] = {BundleDivisor};
316 For[i =1, i <= DivisorNumb, i++,

sis (*Get tuples for bunle ix)
319 Tuples = OrderedTuples[DivisorNumb + 1 — i, DivisorNumb];

I (*Create the matrix mapping between bundle i and bundle i—1%)
322 |f[i > 1,
Matrices[[i — 1]] = CreateMatrix[RememberTuples, Tuples];

324 ];

326 (*Create the explicit weights of bundle i*)
327 Bundles[[i]] = AddDivisors[Divisors, Tuples, BundleDivisor |;

320 (¥Remember the current tuples for the construction of the next mapx)

332 RememberTuples = Tuples;

333 ];

335 (*Add final matrixx*)

336 Matrices [
337 DivisorNumb]] = {Array[Symbol["s" <> ToString[#]] &,
338 Length[Divisors]|};

339

320 Return[{Bundles, Matrices}];

341 ]

312 (¥ Correct production of the mapping matrices in the Koszul complexx)
313 CreateMatrix[| Tuples_, FTuples_] :=

324 Module[{BMatrix, i, j, helpArray, helpVector, helpPosition },

316 (*Create BMatrixx)
sa7 - BMatrix = {};

310 (*Compute image for the i—th tuple in [Tuplesx)
350 For[i =1, i <= Length[ITuples], i++,

352 (* initialise  helpVectorx)
3535 helpVector = Table[0, {Length[FTuples]}];
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355 (*run over all elements in the i—th tuple in ITuplesx)
356 For[j =1, ] <= Length[ITuples[[i]]], j++,

358 (*Omit the j—th element of the i-th tuple in ITuplesx)
359 helpArray = Delete[|Tuples[[i]], j];

361 (*determine position of the imagex)
362 helpPosition = Position[FTuples, helpArray];

364 (*set the valuex)

365 helpVector [[ helpPosition [[1, 1]]]] = (-1)"( - 1)
366 Symbol["s" <> ToString[I Tuples[[i, j ]]]];

367 ];

369 (*add result from the i—th tuple in ITuples to BMatrixx)
s70 BMatrix = Join[BMatrix, {helpVector}];
371 ];

73 (*Transpose BMatrix to obtain final result )
. BMatrix = Transpose[BMatrix];

376 (*Return the result *)
377 Return[BMatrix|;

a0 (% Calculate all cohomologies that appear in a sequencex)

ss0 GetAllCohomologiesInKoszulSequence[ambSpace_, KoszulSequence_] :=
351 Module[{i, Cohomology},

ss2  (* initialise variable and add all cohomologiesx)

ss3  Cohomology = {};

ssa For[i =1, i <= Length[KoszulSequence], i++,

385 Cohomology =

386 Join[Cohomology, {GetBasisOfVectorBundleCohomology[ambSpace,
387 KoszulSequence[[i ]]]}]:

388 ];

ss0  (*Return the result %)

300 Return[Cohomology]

391 ]

03 (*4 Fancy Output*)

301 (¥4 Fancy Outputx)

(*4 Fancy Outputx)

395

396

7 (*Generate nice output to display charges of a certain direct sum of \
308 line bundlesx)

300 GenerateBundleOutput[Charges_] :=

wo  Module[{OutputString, i, j, SingleCharge, helpString },

01 OutputString = "";

w2 For[i =1, i <= Length[Charges], i++,

103 (*Get charges of the i—th bundle in the direct sumx)

104 SingleCharge = Charges][[i |[;

105

3¢
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we  (*Generate helpString *)

107 helpString = "\[ScriptCapitalO](";

108 For[j = 1, j <= Length[SingleCharge], j++,

109 helpString = helpString <> ToString[SingleCharge[[j ]]];

110 If[j < Length[SingleCharge], helpString = helpString <> ""];
111 ’

412 helpString = helpString <> ")";

114 (*Add to OutputStringx)

15 OutputString = OutputString <> helpString;

116 If[i < Length[Charges],

a7 OutputString = OutputString <> "\[CirclePlus]"];

118 ],

120 (*Return result x)
21 Return[OutputString];

22 ]

23 (*Check if a vector is trivial or notx)

21 CheckTrivial [Vector_] := Module[{i, res},

25 (#check for non- trivial entries *)

26 res = True;

27 For[i =1, i <= Length[Vector], i++,

28 If [Variables[Vector[[i, 1]]] != {}, res = False];
29 If [Vector[[i, 1]] != 0, res = False];

131 (*return the result x)

132 Return][res];

433 ]

131 (*%Get the global sections defining the algebraic subvariety )
135 GetGlobalSections [ambSpace_, Divisors_] :=

136 Module[{helpcohom, helpsec, res, i, j, CCount},

137

i35 (*get basis of the zeroth—cohomolgy group+)

o res = {{"Section", " Explicit form", "Charges"}};

o CCount = 0;

1 For[i =1, i <= Length[Divisors], i++,

142 helpcohom =

143 GetBasisOfLineBundleCohomology[ambSpace, Divisors|[[i ]]][[1]];
444 helpsec = 0;

145 For[j = 1, j <= Lengthlhelpcohom], j++,

146 CCount = CCount + 1,

147 helpsec =

148 helpsec + Symbol["C" <> ToString[CCount]]* helpcohom][[j]];
449 ];

150 res — Join[

151 res, {{Symbol["s" <> ToString][i]], helpsec, Divisors[[i |]}}];

154 (*return the result x)
155 Return[res];

156 ]

157 MyGenerateRowlI[Polynomial_, Numb_] :=
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155 ReplacePart[Table[0, {Numb}],

159 ParallelMap|

160 ToExpression[StringDrop[ToString[#[[1]]]. 1]] —> #[[2]] &,

161 ParallelMap[Level[#, 1] &, Polynomial, Method —> Automatic],
162 Method —-> Automatic]];

163

161 (xSlow generateRow method replaced by the faster one given abovex)
165 GenerateRow|[Polynomial__, Numb_] := Module[{HelpRow, HelpVar, i},
w6 (* Initialise HelpRowx)

7 HelpRow = Table[0, {Numb}];

168

160 (* Initialise Helpvarx)

170 HelpVar = Array[Symbol["A" <> ToString[#]] &, Numb];

1€

71
172 (*Get all their coefficients )

175 For[i =1, i <= Numb, i++,

172 HelpRow([[i]] = Coefficient[Polynomial, HelpVar[[i ]]];
1

1

l;

177 (*Return result x)

17z Return[HelpRow];

179 ]

150 (*Draw the first sheet of the Koszul spectral sequence with mapsx)
151 DrawFirstSheetWithMaps[ambSpace_, Divisors_, BundleDivisor_,

152 MapSpecifier_] := Monitor[Module|

[
7

75
76

183 {KoszulSequence, Sequence, SequenceMaps, MyCohomologies,

184 bundleNumb, Tabl, Tab2, Tab3, Tabb, PCount, i, j, k, |, numbCohom,
485 help, helpVector, helpVector2, helpRule, helpRule2, helpRule3,

156 helpRule4, helpBasisVec, helpindex, helpEntry, helpCoefficient ,

187 helpCoefficient2 , MyArrow, Sections, helpMatrix, helpMatrix2,

188 helpArray, helpArray2, VariableArray, tStart, tEnd, helper},

190 (*Step 0 — save system time and start computationx)
191 tStart = AbsoluteTime][|;
192 Print["Computation started"|;

194 (*Step 1 — Generate the Koszul-Sequence and the rough mappingsx)
195 KoszulSequence = GenerateKoszulSequence[Divisors, BundleDivisor];
106 Sequence = KoszulSequence[[1]];

w7 SequenceMaps = KoszulSequence[[2]];

s bundleNumb = Length[Sequence];

500 (*Step 2 — Get the cohomologies of all direct—sum line bundlesx)
501 MyCohomologies =

502 GetAllCohomologiesinKoszulSequence[ambSpace, Sequence];
numbCohom = Length[MyCohomologies|[1]]];

(*Step 3 -

506 Get the sections defining the algebraic subvariety and create
s07 corresponding rule x)

508 Tab3 = GetGlobalSections[ambSpace, Divisors];

509 heIpRuIe = {},

253277



APPENDIX E. CODE OF MATHEMATICA NOTEBOOK

For[i =1, i <= Length[Divisors], i++,
helpRule = Join[helpRule, {Tab3[[i + 1, 1]] -> Tab3[[i + 1, 2]]}];
I;

(*Step 4 — Compute explicit mapping matricesx)

helpRule2 =

Array[Symbol["x" <> ToString[#]] —> 0 &, Length[ambSpace][[3]]]];
Tab5 = Table[Table[0, {numbCohom}], {Length[Sequence] — 1}];
VariableArray =

Array[Symbol["x" <> ToString[#]] &, Length[ambSpace[[3]]]];
MCount = 0;

(*check if the user wants any matrices coputedx)
If [MapSpecifier [[1, 1]] == "none",

(*user wants no mappings computed, sox)
Tabb =
Table[Table["not computed", {numbCohom}], {Length[Sequence] — 1}];
MCount =
Length[Divisors]*(Length[ambSpace[[3]]] -
Length[ambSpace[[3, 1]]]);

(*user wants at least some matrices computed, so do it*)

(xCompute the mappings between row i and row i+1%)
For[i =1, i < Length[Sequence], i++,

(*and therein the columns j*)

For[j =1, j <= numbCohom, j++,

(*Check if user wants this map computedx)

If|
MemberQ[MapSpecifier, {i, j}] ||
MapSpecifier [[1, 1]] == "all",

(*user wants this map computed, so do itx)

(*get principal mapping matrix from Tab4x)
helpMatrix = SequenceMaps|[i]];

(* represent the basis spacex)

help = MyCohomologies[[i, j, 1]];

helpVector = Symbol["A" <> ToString[1]]*xhelp[[1]];
For[k = 2, k <= Lengthlhelp], k++,

helpVector =
helpVector + Symbol["A" <> ToString[k]]xhelp[[k]];

I

(*if the domain space is trivial , the mapping is trivial , sox)
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If [! CheckTrivial [ helpVector],

(*the domain is non- trivial ,
so proceed and check if the target space is non—
trivial ... )

If [Length[MyCohomologies[[i + 1, j, 1]]] > 1 || !
CheckTrivial [MyCohomologies[[i + 1, j, 1, 1]]],

(*the target space is non- trivial

so proceed with the real computationx)

(*The situation is non- trivial ,

and the mapping coefficient for each basis element in the \
target space are determind in what followsx)

(*compute the mapped vector —
in particular use the expressions for the global sections *)

helpVector = helpMatrix.helpVector;
helpVector = Expand[helpVector /. helpRule];

(* initialise helpMatrix2x)
helpMatrix2 = {};

(*get the mapping coefficient for each basis element of |
the targetx)
For[| =1, | <= Length[MyCohomologies[[i + 1, j, 1]]], ++,

(*consider the -
th basis vector of the target cohomologies*)
helpBasisVec = MyCohomologies|[[i + 1, j, 1, I]];

(* isolate its single entry and position of that entryx)
helpEntry = Total[helpBasisVec];

helpEntry = helpEntry [[1]];

helpindex = Position[helpBasisVec, helpEntry [[[1, 1]];

(xcompute the coefficient of the -
th target space basis vectorx)
(*this is the most time—

consuming task in the entire notebookx)

(xStep 1 — Compute the coefficient *)
If [Variables[helpEntry] = {},

(*\[Rule] basis vector non- trivial ,
so go through detailed analysis %)

(xstep 1.1: keep only expression in helpArray2,
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that have the correct denominatorx)

(* split the long polynomial image expression into its |

additive partsx)

helpArray2 = Level[helpVector[[ helpIndex, 1]], 1J;
(*get variables in the [-th basis vectorx)
helpArray = Variables[helpEntry];

(*keep only expression of helpArray?2,

that depend on the variables that the |-

th basis vector does depend onx)

helpArray2 =
Select[helpArray?2,
SameQ[Denominator|helpEntry], Denominator[#]] &];

(xstep 2.1: keep only expression in helpArray2,
that depend on the correct variables %)

helpArray2 =
Select[helpArray2,
Intersection[Complement[VariableArray, helpArray],
Variables[#]] == {} &];

(xstep 3.1:
compute the coefficient in the reduced expression via \

the ’'slow’ command coefficientx)

(xstep 3.1: for speed-up, this is parallelised x)
helpCoefficient = ParallelMap|
If [Variables[ Denominator[#]*helpEntry] = {},
Coefficient [Numerator[#], Denominator|#]xhelpEntry]

Numerator[#] /. helpRule2
]

&, helpArray2, Method —> Automatic];

(*Step 4.1:
mathematica might have factorised and thus left |

variables x_i in helpCoefficient2 *)

(*Step 4.1: those we do not consider real coefficients ,
thus we get rid of them nowx)

helpCoefficient =

Select[ helpCoefficient ,
Intersection[Variables[#], VariableArray] == {} &];

(*otherwise the basis vector is trivial
and the coefficient is simply the constant part#)

helpCoefficient =
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666 helpVector [[ helpindex, 1]] /. helpRule2;
667 ];

668 (*drop zeros in helpCoefficient x)

669 (* helpCoefficient =Select[ helpCoefficient ,
670 Variables [#]\[NotEquall{ }&];*)

671 helpCoefficient = Total[ helpCoefficient |;

673 (*Step 2: Use helpCoefficient to assemble matrixx)
675 helpMatrix2 =

676 Join[helpMatrix2, {GenerateRow[helpCoefficient,
677 Length[MyCohomologies[[i, j, 1]]11}1;

679 I;

680

681

682

683 (*otherwise the target space is trivial ,
684 so the mapping is*)

685

686 helpMatrix2 =

687 Table[Table|

688 0, {Length[MyCohomologies[[i, j, 1]]]}], {Length|
689 MyCohomologies[[i + 1, j, 1]]]}];

694 (*otherwise the domain is trivial , so the mapping isx)

696 helpMatrix2 =

697 Table[Table[

698 0, {Length[MyCohomologies[[i, j, 1]]]}]. {Length|
699 MyCohomologies[[i + 1, j, 1][]}];

700 ];

701

702 (*save the user wished matrixx)

703 Tab5[[i, j]] = MatrixForm[helpMatrix2];

705 ,

707 (*user does not want this map computed, sox)

708 Tab5[[i, j]] = "not computed";

709

710 ];

711

712 (*increase the computed—matrix—counterx)
713 MCount = MCount + 1;

715 i (*j—loop finished *)
716 l; (*i-loop finished *)
717 |; (*user check finished *)

257/277



APPENDIX E. CODE OF MATHEMATICA NOTEBOOK

(*Step 5 — Nicely represent the first sheetx)

MyArrow =

Graphics[{LightBlue, Rectangle[{0, 0}, {1, 1}], Black,
Arrowheads[0.1], Arrow[{{0.5, 1}, {0.5, 0}}]},
ImageSize —> Tiny, AspectRatio -> 0.5];

Tabl = Table[{}, {4«xbundleNumb - 2}];

Tab2 = {{"Space", "Basis", "Equivalence Relations",
"Naive Dimension"}};

PCount = 0;

For[i =1, i <= bundleNumb, i++,

(*Get cohomologies of bundle ix*)
help = MyCohomologies|[i]];

(*Look for non- trivial entries and save them to Tab2x)
Forlk = 1, k <= numbCohom, k++,
(*Print [help [[k ,1,1]]]; *)
If[! CheckTrivial [help [[k, 1, 1]]],
PCount = PCount + 1;
Tab2 =
Join[Tab2, {{"P" <> ToString[PCount],
Map[MatrixForm, help[[k, 1]], {1}],
Map|[MatrixForm, help[k, 2]], {1}],
Length[help[[k, 1]]] - Length[help[[k, 2]]]}}I;
help [[k]] = "P" <> ToString[PCount];

help [[k]] = {Map[MatrixForm, help[[k, 1]], {1}],
Map|[MatrixForm, help[k, 2]], {1}]};
I;
I

(*Add information to Tablx)

Tabl[[4+i - 3] =
Join[{GenerateBundleOutput[Sequence[[i]]|}, help];

If[i < bundleNumb,

Tabl[[4xi — 2]] = Table[MyArrow, {j, numbCohom + 1}];
Tabl[[4xi - 1]] =
Join[{MatrixForm[SequenceMaps][[i]]]}, Tab5][[i ]]];
(*Tabl[[4xi-1]]=Table["mappings",{numbCohom+1}];*)

Tabl[[4xi]] = Table[MyArrow, {j, numbCohom + 1}];

I

I;
(*add cohomology labelsx)
Tabl =
Join[Tabl, {Array[
If[# == 1, , Superscript["H", ToString[# - 2]]] &,
numbCohom + 1]}];

(*Step 6 — Print outputx)
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(*Print global sections x)
Print[Style |
Labeled[Grid[Tab3, Frame —> All, Background —-> LightBlue,
Alignment —> Baseling],
Text@Style[
"Global sections defining the complete intersection \

776 subvariety .", "Text"], {{Bottom, Center}}], FontSize —> 16]];

(*Print legendsx)
Print[Style |
Labeled[Grid[Tab2, Frame —> All, Background —> LightBlue,
Alignment —> Baseline],
Text@Style[
"Rationom spaces in the first sheet of the Koszul spectral \
sequence.", "Text"], {{Bottom, Center}}], FontSize —> 16]];

(*Print first sheetx)
helpRule3 =
Array[If [ Divisible [# + 3, 4], # —> Orange, # —> LightBlue] &,
Length[Tabl]];
Print[Style |
Labeled[Grid[Tabl, Alignment —> Center,
Frame -> {1 -> True, -1 —>
True, {{1, Length[Tabl] - 1}, {2, numbCohom + 1}} —> True},
Background —> {Automatic, helpRule3}],
Text@Style[
"First sheet of the Koszul exact sequence and the maps \
therein .", "Text"], {{Bottom, Center}}], FontSize —> 16]|;

(*Step 7 — Signal that the computation is donex)

tEnd = AbsoluteTime|];

Return|

"Computation finished after " <> ToString[tEnd — tStart] <>
" seconds."|;

], Progressindicator |

MCount, {0,

Length[Divisors]+(Length[ambSpace[[3]]] -

Length[ambSpace[[3, 1]]]) I

sos RandomSection[ambSpace_, Charges_] := Module[{MySec, ReplacementTaple},

MySec = GetBasisOfLineBundleCohomology[ambSpace, Charges]|[[1]];
MySec = Map[RandomReal[]*# &, MySec];
Return[Total[MySec]|;

s13 (*Compute E2-sheet under simplified assumptionsx)

ComputeSheetE2[ambSpace_, Divisors_, BundleDivisor_, GlobalSection_] :=

Monitor[Module[

{KoszulSequence, Sequence, SequenceMaps, MyCohomologies,
bundleNumb, Tabl, Tablb, Tablc, Tab3, Tab5, Tabbb, PCount, i, j,
k, I, numbCohom, help, helpVector, helpVector2, helpRule,
helpRule2, helpRule3, helpRule4, helpBasisVec, helplndex,
helpEntry, helpCoefficient , helpCoefficient2 , MyArrow, Sections,
helpMatrix, helpMatrix2, helpArray, helpArray2, VariableArray,
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tStart, tEnd, helper},

(*Step 0 — save system time and start computationx)
tStart = AbsoluteTime[];
Print["Computation started"];

(*Step 1 — Generate the Koszul-Sequence and the rough mappingsx)
KoszulSequence = GenerateKoszulSequence[Divisors, BundleDivisor];
Sequence = KoszulSequence[[1]];

SequenceMaps = KoszulSequence[[2]];

bundleNumb = Length[Sequence];

(*Step 2 — Get the cohomologies of all direct—sum line bundlesx)
MyCohomologies =
GetAllCohomologiesInKoszulSequence[ambSpace, Sequence];
numbCohom = Length[MyCohomologies[[1]]];

(*Step 3 -
Get the sections defining the algebraic subvariety and create |\

corresponding rule %)

(*Tab3=GetGlobalSections[ambSpace, Divisors]; *)

Tab3 = GlobalSection;

helpRule = {};

For[i = 1, i <= Length|Divisors], i+,

helpRule = Join[helpRule, {Tab3[[i + 1, 1]] -> Tab3[[i + 1, 2]]}];
I;

(*Step 4 — Compute explicit mapping matricesx)

helpRule2 =

Array[Symbol["x" <> ToString[#]] —> 0 &, Length[ambSpace][[3]]]];
Tabb = Table[Table[0, {numbCohom}], {Length[Sequence] - 1}];
Tab5b = Table[Table[0, {numbCohom}], {Length[Sequence] - 1}];
VariableArray =

Array[Symbol["x" <> ToString[#]] &, Length[ambSpace[[3]]]];
MCount = 0;

(*Compute the mappings between row i and row i+1x)
For[i =1, i < Length[Sequence], i++,

(*and therein the columns jx)

For[j =1, j <= numbCohom, j++,

(xget principal mapping matrix from SequenceMapsx)
helpMatrix = SequenceMaps|[i]];

(* represent the basis spacex)

help = MyCohomologies|[i, j, 1]];

helpVector = Symbol["A" <> ToString[1]]*xhelp[[1]];

For[k = 2, k <= Length[help], k++,

helpVector = helpVector + Symbol["A" <> ToString[k]]xhelp[[k]];
I;

(*if the domain space is trivial , the mapping is trivial , sox)
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If ! CheckTrivial [helpVector],

(*the domain is non- trivial ,
so proceed and check if the target space is non— trivial ... x)

If]
Length[MyCohomologies[[i + 1, j, 1]]] >1 || !
CheckTrivial [MyCohomologies[[i + 1, j, 1, 1]]],

(*the target space is non- trivial

so proceed with the real computation)

(*The situation is non- trivial ,

and the mapping coefficient for each basis element in the |\
target space are determind in what follows *)

(*compute the mapped vector —

in particular use the expressions for the global sections x)
helpVector = helpMatrix.helpVector;

helpVector = Expand[helpVector /. helpRule];

(* initialise helpMatrix2x)
helpMatrix2 = {};

(*get the mapping coefficient for each basis element of the |\
target *)
For[| =1, | <= Length[MyCohomologies[[i + 1, j, 1]]], |++,

(*consider the |-th basis vector of the target cohomologiesx)

helpBasisVec = MyCohomologies[[i + 1, j, 1, I|]];

(* isolate its single entry and position of that entryx)
helpEntry = Total[helpBasisVec];

helpEntry = helpEntry [[1]];

helpindex = Paosition[helpBasisVec, helpEntry [[[1, 1]];

(*compute the coefficient of the -
th target space basis vectorx)
(*this is the most time—

consuming task in the entire notebookx)

(xStep 1 — Compute the coefficient *)
If [Variables[helpEntry] 1= {},

(*\[Rule] basis vector non- trivial ,
so go through detailed analysis *)

(xstep 1.1: keep only expression in helpArray2,
that have the correct denominatorx)

(* split the long polynomial image expression into its |
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additive parts*)

helpArray2 = Level[helpVector[[ helpindex, 1]], 1];
(*get variables in the |-th basis vectorx)
helpArray = Variables[helpEntry];

(xkeep only expression of helpArray2,

that depend on the variables that the [-

th basis vector does depend onx)

(*helper=Array[SameQ[Denominator[helpEntry], Denominator[

helpArray2 [[#]]]]&, Length[helpArray?2 ]J;
helpArray2=Pick[helpArray2, helper |; x)

helpArray2 =
Select[helpArray?2,
SameQ[Denominator|helpEntry], Denominator[#]] &];

(xstep 2.1: keep only expression in helpArray2,
that depend on the correct variables %)

helpArray2 =
Select[helpArray2,
Intersection [ Complement[VariableArray, helpArray],
Variables[#]] == {} &];

(xstep 3.1:
compute the coefficient in the reduced expression via the |\

'slow’ command coefficientx)

(xstep 3.1: for speed-up, this is parallelised x)
helpCoefficient = ParallelMap|
If [Variables| Denominator[#]xhelpEntry] = {},
Coefficient [Numerator[#], Denominator|[#]xhelpEntry]

Numerator[#] /. helpRule2
]

&, helpArray2, Method —> Automatic];

(*Step 4.1:
mathematica might have factorised and thus left variables |\

x_i in helpCoefficient2 x)

(*Step 4.1: those we do not consider real coefficients ,
thus we get rid of them nowx)

helpCoefficient =
Select[ helpCoefficient ,
Intersection[Variables[#], VariableArray] == {} &];

(*otherwise the basis vector is trivial
and the coefficient is simply the constant partx)
helpCoefficient = helpVector[[helplndex, 1]] /. helpRule2;

Ik
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(*drop zeros in helpCoefficient x)

(* helpCoefficient =Select[ helpCoefficient ,
Variables [#]\ [NotEquall{ }&];*)
helpCoefficient = Total[ helpCoefficient |;

(xStep 2: Use helpCoefficient to assemble matrixx)

helpMatrix2 =
Join[helpMatrix2, {GenerateRow[helpCoefficient,
Length[MyCohomologies|[i, j, 1]]]]};

|5

(*compute kernel of non- trivial mapping matrixx)
Tab5[[i, j]] = Length[NullSpace[helpMatrix2]];
Tab5b[[i, j]] = "Ker =" <> ToString[Tab5[[i, j]]I;

(*otherwise the target space is trivial ,

so the mapping is trivial *)

Tab5[[i, j]] = Length[MyCohomologies[[i, j, 1]]];
Tabbb[[i, j]] = "Ker =" <> ToString[Tab5[[i, j]]I;
l;

(*otherwise the domain is trivial , so the mapping is*)
Tab5[[i, j]] = 0;

Tab5b[[i, j]] = "Ker = 0";

I;

(*increase the computed—matrix—counter)
MCount = MCount + 1;

l; (*j-loop finished *)
|, (*i—loop finished x)

(*Step 5 — Nicely represent the first sheetx)

MyArrow =

Graphics[{LightBlue, Rectangle[{0, 0}, {1, 1}], Black,

Arrowheads[0.1], Arrow[{{0.5, 1}, {0.5, 0}}]},

ImageSize —> Tiny, AspectRatio —> 0.5];

Tabl = Table[{}, {4xbundleNumb - 2}];

Tablb = Table[{}, {4xbundleNumb - 2}];

PCount = 0;

For[i =1, i <= bundleNumb, i++,

(*Get cohomologies of bundle i)

help =

:/IZp[If[Variables[#[[l, 1]]] '={}, Length[#[[1]]]. 0] &,
MyCohomologies|[i ]]];
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(*Add information to Tablx)

Tab1[[4+i - 3] =
Join[{GenerateBundleOutput[Sequence[[i]]|}, help];

Tablb[[4xi — 3]] = Tabl[[4xi — 3]];

If[i < bundleNumb,

Tabl[[4xi — 2]] = Table[MyArrow, {j, numbCohom + 1}];
Tablb[[4xi — 2]] = Table[MyArrow, {j, numbCohom + 1}];
Tabl[[4xi - 1]] =
Join[{MatrixForm[SequenceMaps|[i]]]}, Tab5b[[i ]]];
Tablb[[4xi — 1]] =
Join[{MatrixForm[SequenceMaps[[i]]]}, Tab5[[i 1]];
Tabl[[4xi]] = Table[MyArrow, {j, numbCohom + 1}];

Tablb[[4xi]] = Table[MyArrow, {j, numbCohom + 1}];

Ii

I

(*add cohomology labelsx)

Tabl =

Join[Tabl, {Array[
If[# == 1, , Superscript["H", ToString[# - 2]]] &,
numbCohom + 1]}];

Tablb =

Join[Tablb, {Array[
If[# == 1, , Superscript["H", ToString[# - 2]]] &,
numbCohom + 1]}];

(*Step 6 — compute sheet E2x)

(*use Tablb as backup data, and compute the entries of Tablcx)
Tablc = Table[Table[, {Length[Tablb[[1]]]}], {Length[Tablb]}];
For[i =1, i <= bundleNumb, i++,

(*add legend on the left *)

Tablc[[4xi — 3, 1]] = Tablb[[4*i — 3, 1]];
If[i != bundleNumb,

Tablc[[4xi — 2, 1]] = Tablb[[4xi — 2, 1]];
Tablc[[4%i — 1, 1]] = Tablb[[4xi — 1, 1]];
Tablc[[4*i, 1]] = Tablb[[4«i, 1]];

I

(*compute dimensions of quotient spaces in sheet E2x)
For[j =1, j <= numbCohom, j++,

(*compute dimensionsx)

If[i ==
(* If we compute the row on top just take the kernelx)
Tablc[[4xi — 3, j + 1]] = Tablb[[4*i — 1, j + 1]];

(*If we compute the row at the bottomx)
If[i == bundleNumb,

(+otherwise ker — Imx)

264,277



1082
1083
1084
1085
1086
1087
1088
1089
1090
1091

1092
1093
1094
1095
1096
1097
1098
1099
1100
1101

1102
1103
1104
1105
1106
1107
1108
1109
1110
1111

1112
1113
1114
1115
1116
1117
1118

1119

APPENDIX E. CODE OF MATHEMATICA NOTEBOOK

Tablc[[4xi — 3, j + 1]] =

Tablb[[4xi — 3, j + 1] + Tablb[[4xi — 5, j + 1]] -
Tablb[[4xi — 7, j + 1]];

Tablc[[4*i — 1, j + 1]] = Superscript["H", ToString[j - 1]];

'

(*Otherwise we are somewhere in the middlex)
Tablc[[4xi — 3, j + 1]] =
Tablb[[4%i — 1, j + 1]] 4+ Tablb[[4*i — 5, j + 1]] -
Tablb[[4xi — 7, j + 1]];

(*Print first sheetx)
helpRule3 =
Array[If[ Divisible [# + 3, 4], # —> Orange, # —> LightBlue] &,
Length[Tabl]];
Print[Style |
Labeled[Grid[Tabl, Alignment —> Center,
Frame -> {1 —> True, -1 —>

True, {{1, Length[Tabl] - 1}, {2, numbCohom + 1}} —> True},

Background —> {Automatic, helpRule3}],
Text@Style[
"First sheet of the Koszul exact sequence and the maps \

therein .", "Text"], {{Bottom, Center}}], FontSize —> 16]|;

(*Print second sheetx)
Print[Style |
Labeled[Grid[Tablc, Alignment —> Center,
Frame —> {1 -> True, -1 ->

True, {{1, Length[Tablc] - 1}, {2, numbCohom + 1}} —> True},

Background —> {Automatic, helpRule3} (#/temSize\[Rule]All*)],
Text@Style[
"Second sheet of the Koszul exact sequence and the maps \

therein .", "Text"], {{Bottom, Center}}], FontSize —> 16]|;

(*Step 7 — Signal that the computation is donex)

tEnd = AbsoluteTime]];

Return[tEnd — tStart];

], Progressindicator [

MCount, {0,

Length[Divisors]*(Length[ambSpace[[3]]] -
Length[ambSpace[[3, 1]]]) ]

25 (*Compute model of our choicex)

(xCompute model of our choicex)
Model[ambSpace_, DB3_, DGUT_, G4_] :=
Module[{AntiKB3, Dal, Da21, Da32, Da43, DC10, DC5m, DC5H, DL1, DL2,
DL3, sB3, sGUT, sal, sa2l, sa32, sa43, sC10, sC5m, sC5H,
OutputTable, InputTablel, InputTable2, InputTable3, t1, t2},
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(*Step 0: Signal that the computation startedx)
Print["Started computation."];
tl = AbsoluteTime][];

(*Step 1: Compute necessary divisor classes x)
AntiKB3 = Total[ambSpace[[3]]] - DB3;

Dal = AntiKB3;

Da21 = 2xAntiKB3 - 1xDGUT;

Da32 = 3xAntiKB3 - 2«DGUT;

Da43 = 4xAntiKB3 - 3xDGUT;

DC10 = Dal;

DC5m = Da32;

DC5H = 5%AntiKB3 - 3«xDGUT;

(*Step 2: Compute some sectionsx)

sal = RandomSection[ambSpace, Dal];
sa2l = RandomSection[ambSpace, Da21];
sa32 = RandomSection[ambSpace, Da32];
sa43 = RandomSection[ambSpace, Da43];

(*Step 3: Compute line bundles L_ix)

DL1 = -G4 + (DC10 + DGUT - AntiKB3)/2;
DL2 = 3xG4 + (DC5m + DGUT - AntiKB3)/2;
DL3 = 2G4 + (DC5H + DGUT - AntiKB3)/2;

(*Step 4: Compute random sectionsx)

sB3 = RandomSection[ambSpace, DB3];
sGUT = RandomSection[ambSpace, DGUT];
sC10 = sal;

sChbm = sa32;

sC5H = Expand[sa32xsa2l — sa43xsal];

(*Step 5: Organise the above information in a nice outputx)
OutputTable = {{"Name", "Charge", "Random Section"}};
OutputTable = Join[OutputTable, {{"Base", DB3, sB3}}];
OutputTable = Join[OutputTable, {{"GUT", DGUT, sGUT}}];
OutputTable = Join[OutputTable, {{"al", Dal, sal}}];
OutputTable = Join[OutputTable, {{"a21", Da21, sa21}}];
OutputTable = Join[OutputTable, {{"a32", Da32, sa32}}];
OutputTable = Join[OutputTable, {{"a43", Da43, sa43}}];
OutputTable = Join[OutputTable, {{"C10", DC10, sC10}}];
OutputTable = Join[OutputTable, {{"C5m", DC5m, sC5m}}];
OutputTable = Join[OutputTable, {{"C5H", DC5H, sC5H}}];
OutputTable = Join[OutputTable, {{"L1", DL1, "-"}}];
OutputTable = Join[OutputTable, {{"L2", DL2, "-"}}];
OutputTable = Join[OutputTable, {{"L3", DL3, "-"}}];
Print[Style |

Labeled[Grid[OutputTable, Frame —> All, Background —> LightBlue,

Alignment —> Baseline],
Text@Style[
"Global sections defining the complete intersection \
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1156 subvariety .", "Text"], {{Bottom, Center}}|, FontSize —> 16]];
1187

1188 (*Step 6: Compute cohomologies till E2—sheetx)

1189

1190 (*Start computation of second sheets on C_10%)

1101 InputTablel = {{"Section", " Explicit form", "Charges"}};

1192 InputTablel =

1103 Join[InputTablel, {{Symbol["s" <> ToString[1]], sB3, DB3}}];
1194 InputTablel =

1195 Join[InputTablel, {{Symbol["s" <> ToString[2]], sGUT, DGUT}}];
1196 InputTablel =

1197 Join[InputTablel, {{Symbol["s" <> ToString[3]], sC10, DC10}}];

1ios Print["Start computation on C10 curve"];

1190 Print["Computation finished after " <>

1200 ToString|

ComputeSheetE2[ambSpace, {DB3, DGUT, DC10}, DL1, InputTablel]] <>
" seconds."|;

(*Start computation of second sheets on C_5mx)
5 InputTable2 = {{"Section", " Explicit form", "Charges"}};
6 InputTable2 =
Join[InputTable2, {{Symbol["s" <> ToString[1]], sB3, DB3}}];
08 InputTable2 =
09 Join[InputTable2, {{Symbol["s" <> ToString[2]], sGUT, DGUT}}];
10 InputTable2 =
11 Join[InputTable2, {{Symbol["s" <> ToString[3]], sC5m, DC5m}}];
12 Print["Start computation on C5m curve"];
15 Print["Computation finished after
14
1

<>
ToString|
5 ComputeSheetE2[ambSpace, {DB3, DGUT, DC5m}, DL2, InputTable2]] <>
16 " seconds."|;

18 (*Start computation of second sheets on C_5Hx)
InputTable3 = {{"Section", " Explicit form", "Charges"}};

0 InputTable3 =

1 Join[InputTable3, {{Symbol["'s" <> ToString[1]], sB3, DB3}}];

2 InputTable3 =

3 Join[InputTable3, {{Symbol["s" <> ToString[2]], sGUT, DGUT}}];
InputTable3 =

Join[InputTable3, {{Symbol["s" <> ToString[3]], sC5H, DC5H}}];
Print["Start computation on C5H curve"];
Print["Computation finished after " <>
ToString|
9 ComputeSheetE2[ambSpace, {DB3, DGUT, DC5H}, DL3, InputTable3]] <>

30 seconds."|;

~ (=] S8

NN ONONN NN N NN R
» N -

1

2 (*Step 7: Signal end of computationx)
i3 t2 = AbsoluteTime]];

1

Return|
35 "Finished the computation after " <> ToString[t2 — t1] <>
36 " seconds."|;

37 ];
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