Math 313/513, Spring 2022 Martin Bies

Homework 7 — Theory
Due: Thursday, March 31 — 10:00 EST

Problem 1T: Determinants — Generalities [10 Points]

1. You were given A € M(3 x 3,R) and performed the following row operations:
e Added the first row to the third row.
e Swapped rows 2 and 3.
e Scaled row 2 by the number 4.

3 2 1
You arrive at E= | 0 —1 2 |. What is det(A)? Explain your answer.
0 0 4

2. Let A € M(4 x 4,R) with det(A) = 7 and b € R*. Argue that AZ = b has
exactly one solution.

3. Solve A% = b with Cramer’s rule for

~1 31 R
A=| 2 3 3| eMBx3R), b=]|3 (1)
3 56 6

Hint: Verify det(A) # 0, as otherwise Cramer’s rule does not apply.

Problem 2T: Determinants and applications [10 Points]

1. Show that the Vandermonde determinant satisfies (a; € R)

2 n—1
1 a af ... af X
1 ay a ... a} "
det S ; - H (a; — aj). (2)
C ) ’ ' 1<i<j<n
2 n—1 - -
1 a, a; ay,

2. You are given points {(z;,;) € R?*|1 <i < n and x; # x; whenever i # j}. We
are looking for a polynomial

P(z) = ap+ a1z + agx® + -+ ap_12" (3)

with P(z;) = y; for all 1 <14 < n. Under what condition does a unique P exist?



Problem 3T: A first encounter with diagonalization [20 Points]

In this problem, we find a basis in which a linear transformation is diagonal.

1. Compute the polynomial chs(A) = det(A — AI) € R[)] for

—2 -2 -2
A=| -2 1 -5]. (4)
—2 -5 1

2. Find the three zeros A1, As, A3 € R of this polynomial.

3. Find linearly independent vectors ¥}, Ui, 73 € R? with

Aﬁlz)\l'ﬁl, AUQZ)\Q'UQ, Aﬁgz)\g‘ﬁg. (5)

4. Find the base change matrix 7,5, where By = {€1, €3, €3} and By = {0, Uy, U3 }.

5. For the linear transformation ¢4: R* — R? with A = Ag,5,, compute Ag,p,.
Hint: You should find that Ag, 5, is diagonal.



